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Address of the President 
Sir Robert Robinson, at the 
Anniversary Meeting, SO November 1948 


On behalf of the Fellows of the Royal Society the following telegram was sent on 
16 November to His Majesty the Eling; 

‘We your loyal and dutiful subjects the President, Council and Fellows of the 
Royal Society of London beg leave to offer our respectful and sincere felicitations 
on the birth of the Prince.’ 


A message was also sent to Her Royal Highness The Princess Elizabeth as follows: 

‘The President, Council and Fellows of the Royal Society of London send their 
respectful and sincere congratulations to Your Royal Highness on the happy 
event of the birth of the Prince.’ 


We have received gracious acknowledgements in the following terms: 

‘Please convey to the Council and Fellows of the Royal Society the sincere 
thanks of the Queen and myself for their kind message on the birth of our 
grandchild. 

GEORGE R.’ 


‘We are most grateful for your kind message of congratulations.’ 

ELIZABETH AND PHILIP.’ 


Award of Medals, 1948 

The Copley Medal is awarded to Professor Archibald Vivian Hill, C.H., for 
his outstanding contributions to the physiology of muscular processes. 

Towards the end of the nineteenth century physiologists discerned a field of 
investigation of the physical and chemical phenomena involved in the character¬ 
istic activity of muscle and nerve, but the questions propounded could receive no 
satisfactory answers, chiefly owing to the lack of adequate methods. Hill, during 
the last thirty-five years, has applied profound mathematical skUl and a flair for 
the design and management of delicate instruments to the provision of a sound 
basis for experimental and theoretical advance. In his hands the thermopile w’as 
developed into an instrument of great precision and delicacy, and conditions for its 
use in relation to the material studied were established so as to provide significant 
results. 

The work on heat production in muscle has led to a picture within a< frarnework 
which can accommodate many contemporary biochemical studies in a harmonious 
fashion. Attention has constantly been paid to ensuring the thermodynamic sound¬ 
ness of the systems suggested.. Moreover, he was able to exploit some of his fin d in gs 
on isolated muscle in the course of a study of the dynamics of muscular contraction 
in the living body, including that in the human subject. 

[V] 
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A natural extension of Hill’s researches has enabled him to contribute notably to 
our knowledge of the heat production and excitability of nerve. Previous workers 
failed to detect any heat production in nerve tissues, but HUl demonstrated the 
definite thermal changes that are associated with the passage of impulses. These 
were found to be so small that no one-way contemporary chemical reaction coi^d 
account for them. It would be necessary to postulate reversible changes which 
proceed in both directions. This was a main factor in the elaboration of the modem 
view that the nerve impulse results in an altered state of polarization of the essential 
surface membranes. The heat change which occurs after the passage of the impulses 
was found to be small but definite, and was related to the energy expended in the 
recovery of the membrane. 

Hill has made contributions of great distinction in other fields, and among other 
topics investigated by l^im is that of the physical chemistry of the oxyhaemoglobin 
equilibrium in the blood. 

TTi'll has been a source of inspiration to many pupils, collaborators and colleagues 
and has founded a school of research. His eminent services to physiology have been 
possible as the result of a happy combination of wide basic knowledge of the 
physical sciences, unusual skill in the design and execution of experiments, 
a philosophic outlook, and above aU the curiosity and ambition to attack some of 
the most difficult problems in biophysics and biochemistry. 

The Etjmb'OBD Medal is awarded to Professor Fbanz Etobn Simon, C.B.E., for 
his distinguished researches on the properties of matter at low temperatures. 

The school of low-temperature physics which Simon has created at Oxford is one 
of the leading centres of such research in the world and has achieved highly 
important results in the spheres of both theory and practice. 

' ' ' ' ~ lamics was brought into service in the develop- 

ir reaching the temperatures of liquid helium in 
)w temperatures adiabatic expansion of helium 
uld absorb sufficient heat to liquefy the bulk of 
specimens under examination to liquid helium 
mable supplies of Uquid air are available, it 
bo carry out investigations at the lowest attain- 
which is inexpensive and simple to operate, 
[ue in this field have been made by Simon and 

roved methods many interesting observations, 
ledge, have been made. Outstanding problems 
role played by impurities, have been solved, 
IX has been explained. The peculiar properties 
m to this state have been investigated inten- 
pproach to absolute zero has been stated very 
clearly by Simon and progress has II^Ben made in new methods for reaching this 
temperature. More recently, extended^quipment has facilitated the study of the 
properties of atomic nuclei oriented in magnetic fields. 
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Simon has made significant contributions to the elaboration of devices for the 
separation of isotopes and to the design of plants in which thermodynamic con¬ 
siderations are of predominating importance. 

He has aptly illustrated the thesis that, in the world of modem physios, discovery 
and the progress of theory follow surely on the introduction of new and powerful 
tools of research. 

A Royal Msdal is awarded to Professor Habold Jbi'itbbys for his fundamental 
investigations in theoretical geomeohanics. 

Much of JeflBreys’s well-known book The Earth (1924, 1929) is based on his own 
work, and this is especially true of the section on near earthquakes. However, the 
book owes its unique position not only to these original contributions but also to 
the skin and insight shown in the building up of a self-consistent picture of the earth 
from the very diverse and apparently contradictory materials Available at the time 
when it was written. Its great influence has been due to the width of interest and 
the critical skill as well as to the depth of learning of its author. 

During the thirties Jeffreys’s main interest was in seismology. In a series of papers 
he has discussed the available observations in detail and reduced the errors in the 
seismological time-tables by a factor of 10 or more. This work has had ah important 
effect on our knowledge of the earth’s interior, and has yielded numerical informa¬ 
tion of surprising accuracy, and, for example, the radius of the earth’s central core 
is now known with an accuracy of a few kilometres. 

Some of his early papers and the book Scierdific Inference show' an interest in the 
philosophical basis of the scientific method and in the theory of errors. This was 
intensified by the difficulties he met in adequately treating the seismological travel 
times, to which orthodox ‘least square ’ methods are mapplioable. The discussion of 
these observations led to a series of papers on significance tests, and, finally, to 
a book, The Theory of Probability, in which he discusses de novo the whole problem 
of the relation between observation and ‘physical quantities’. The departures from 
orthodoxy have not proved universaEy acceptable, but it is generally agreed that 
Jeffreys has made an important contribution to a subject on which the last word 
has not yet been said. 

Other topics to which Jeffreys has made material contributions are pure mathe-, 
matiOB, the origin of the moon, the constitution of the planets, hydro- and aero¬ 
dynamics. In particular, he gave the first mathematical discussion of the theory of 
. aerofoils of finite thickness. 

Other less relevant examples of the catholic interests of the Plumiah Professor 
of Astronomy and Natural Philosophy could be cited. Whether as a ^cialiized 
applied mathematioian or as a teacher and leader of research, the eminent Services 
he has rendered are most ■vridely reoognijhd. 

A Royal Mblal is awarded to Professor James Gray, CJB.B., for his dis¬ 
tinguished work on the mechanism of posture and locomotion in ve^brate and 
other animals. 

In 1933 Gray, by the use of cinematography, analj^ed the forces involved in the 
progression and turning of fish with long and short bodies. The inquiry reached 
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full development during the last ten years with the extension of these studies to 
vertebrates generally. In 1936 he discussed the swimming of dolphins, raising the 
hydrodynamical problem of the tj^pe of waterflow past an undulating body. Later 
he analyzed the locomotion of Amphibia and of snakes. The results of this part of 
the work led to a discussion of the mechanics of the tetrapod skeleton which was 
fundamental and placed an important part of the comparative anatomy of vertebrate 
animals on a functional basis for the first time. ,His work shows that the whole body 
of a tetrapod must be considered as a single functional unit, changes in the tension 
of one muscle being accompanied by a demonstrable pattern of changes in other 
muscles. Gray analyzed and described the mechanical problems solved by tetrapods 
standing and moving over ground of var3dng slope and smoothness; he has also 
analyzed the neuro-muscular phenomena responsible for the evident co-ordination 
of action. He showed the importance of peripheral reflexes in the initiation and 
maintenance of swimming movements in fish. This led him to the problem of the 
origin of locomotory patterns. His experiments on the neuro-muscular system of 
annelids showed the major importance of patterns of peripheral stimuli. 

This work, summarized in a Oroonian Lecture, was later greatly extended by 
demonstration of the importance of peripheral reflexes in the locomotor activities 
of toads. It was found that there was no positive evidence for the existence of 
central rhythm in these animals, while, on the other hand, the proprioceptive 
reflexes arising from the muscles provide an adequate basis for locomotor action. 

Gray’s work is responsible for an important change in the direction of research in 
the comparative anatomy o‘f vertebrates. Before its appearance skeletal structure 
was examined in extraordinary detail, and yet little or no attention was paid to 
musculature and to the relation of structure to the whole system in' action. More 
than any other. Gray has shown that comparative anatomy is certainly not a dead 
N^cience. 

Davy Medal is awarded to Professor Edmund Lakglby Hiest for his 
distll||^hed contributions to the chemistry of the carbohydrates. 

Thelffl^^ demonstration of the six-membered ring structure of an aldose deriva¬ 
tive was o&red by Hirst & Purves in their study of methylxyloside which was 
published iil^23. Since then, in collaboration with Sir Norman Haworth over 
a number of ylj^ and independently. Hirst played a great part in the establish¬ 
ment of fundamefetals in the field of carbohydrate structure. His prolific experi¬ 
mentation is charaSSjterized by the highest accuracy and has afforded conclusive 
answers to many qu^fipns of importance. 

Of his joint work iir^ Birmingham School the foUowing must be cited: the 
recognition of pyranose al^furanose forms of the simple sugars, the isolation of 
a crystalline furanoside for ratefcst time, and the determination of the constitution 
of sucrose and other disacchaBl|Bs. 

His independent work on optiiSi rotatory dispersion in the carbohydrate deriva¬ 
tives introduced new methods of a^ck of the constitutional problems which were 
ofi immense service in his later worB^n the constitution of vitamin C. In that 
investigation of outstanding merit he dd^rmined the structure of ascorbic acid and 
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studied a large number of related products. In 1933 he shared in the synthesis of 
ascorbic acid and in the study of the physiological activity of the synthetic vitamin. 

His researches on the polysaccharides have been conspicuously successful over 
a wide field, largely because of his development of new methods of end-group assay 
in the determination of structure. He has apphed these methods successfully to 
starch, glycogen and other polysaccharides, and to him we owe many advances in 
our knowledge of the nature of alginio acid, the plant gums and pectic substances. 

The regularities and irregularities that have been disclosed have been of equal 
ipterest and unexpectedness. 

Hirst has been a pioneer in unrayeUing the complexities of carbohydrate archi¬ 
tecture, and to him must be attributed much of our present knowledge of this group 
of such great biological significance. 

The Dabwin Medal is awarded to Professor Ronald Atlmer Fisher for his 
distinguished contributions to the study of biological evolution. 

A general principle that is consistently developed in Professor Fisher’s writings is 
that the course of evolution is not controlled by mutation but by selection operating 
upon the heritable variability which Mendelian recombination supphes. 

In 1928 he was the first to suggest that dominance is the product of selection 
operating in the gene complex of the organism. This theory he tested and confirmed 
experimentally with domestic poultry, and later with mice. 

The implications of his concept extend beyond the dominance phenomena, and 
underlie the whole theory of the modification of genic effects through selection 
acting on the gene complex. This enables a character, even when under unifactorial 
control, to be adjusted to the needs of the organism. To Darwin, selection was 
a nlbohanism for rejecting the bad and conserving the good; it is largely to Fisher 
that we owe the view that it may mitigate the bad and enhance the good, effects of 
the hereditary units. , 

The studies of Fisher on abundance and variability, the first of them undertaken 
in collaboration, have provided means for proving in general terms the proposition, 
imphcit in the modem concept of evolution, that genes having minute favourable 
effects are in process pf being spread through populations and are bringing about 
evolutionary change at the present time. 

Fisher’s methods of population analysis, developed from 1930 onwards, have 
made it possible to study the numerical aspect of animal communities with an 
exactitude previously unattainable. 

The special opportunities for evolutionary study presented by polymorphism 
have always attracted Fisher, and he has repeatedly analyzed the balance of selec¬ 
tive agencies which may be involved. This point of view is apparent in his extensive 
work on human serology. He has also studied a polymorphism which had especially 
interested Darwin, that of the heterostyled plants, and he has extended the subject 
to elaborate the general theory of crossing-over in polyploids: a pioneer work of 
wide application. 

Fisher’s great contributions to statistics and to experimental design have provided 
tools now deemed essential to the quantitative biologist. But they are fundamental 
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aJso to the experimental studies of evolution which havd become so important 
a feature of modem biological research. 

The Htohbs Mbdal is awarded to Sm Hobeet Watsoit-Watt, O.B., for his 
pioneer researches in radiotelegraphy. 

Watson-Watt has been a leader in the field of radio research since the early 
nineteen-twenties. He began to work on the subject of atmospherics in 1915, 
paying attention at first to the subject of the direction of arrival. He published 
the first English studies on this subject, establishing the ‘cum-solar ’ swing of the 
place of origin throughout the day. He developed the cathode-ray direction-finder 
as a means for fi-ndiug the direction of arrival of individual atmospherics. This 
proved of immense value in the location of thunderstorms during the war. With 
a number of collaborators he later studied the wave form of atmospherics. 

He has been the leading exponent of the use of the cathode-ray oscillograph for 
a great variety of purposes in physical research. ’ ‘ 

Watson-Watt was the leader of the earliest British work on radar, or radiolocation 
as it was then called. Although the basic principles were known, enormous technical 
difficulties had to be overcome before radar could be developed in the form of an 
operational instrument. That these difficulties were in fact overcome was due, in 
this country, more to Sir Eobert Watson-Watt than to any other man. He is now 
turning with equal insistence to the peacetime applications of radar, especially in 
the service of civil aviation. 

I wish to thank Fellows of the Society and members of Couhoil for assistance in 
preparing notes on the achievements of the Medallists. 


Sir Alfred Egerton now lays down his office as Physical Secretary of the Society. 
During the past ten years he has shown a deep concern for the Society’s welfare and 
’'%e utmost willingness to undertake onerous duties. 

'**^srould like to remind you of some of his many activities. In the early days of 
193^^ was chiefly instrumental in the creation of a Central Register of Scientists. 
The s^l^cance of this action by the Society was by no means exhausted by the 
cessatioil^ hostilities. Almost in the first month of the war he took a leading part in 
persuadingl^ War Cabinet to set up a Scientific Advisory Comnodttee. These efforts, 
after initial l^tecks, succeeded in October 1940, and the Committee functioned 
usefully during ^e war period and was the forerunner of the present Advisory 
Comnoittee on Sci^ific Policy. I cannot deal at length with his itervices in a more 
personal capacity, fokpample, to the Ministry of Fuel and Power, but we rec^ill with 
gratitude his interest % the reorganization of the Gassiot Committee and in the 
survey, which the Societ;^i|onducted, of the needs of fundamental science after the 
war. He has been an ever-wjelcome guest overseas, and has a distinguished record 
as an ambassador of science. Sis great services to the Empire Scientific Conference 
of 1946 and its offspring, the Scientific Information Conference of the present year, 
are fresh in our memory. He worked zealously, carefully and effectively—^an un¬ 
usual and difficult combination—aM the results will benefit every part of the 
Commonwealth in which scientific activity exists. 
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Sir Alfred mil continue to act as virtual representative of the Society in several 
important capacities; if I may mention just one as an example, it may be as 
a member of the Scientific Advisory Council for the Festival of Britain 1961. 

We shall not be able to take so much advantage of his habitual generosity as in 
the past, but, in case of need, we shall certainly seek his help and advice. 

You have just elected Professor David Brunt as the Physical Secretary of the 
Society. To him we offer the most cordial welcome and good wishes coupled with 
thanks for his wiUmgness to assume the duties and responsibilities of the office. 

One of the most valuable of the traditions of the Society is our claim to exercise 
initiative when the circumstances suggest a new departure. So far as I am aware it 
has not previously been thought desirable to designate any person as Honorary 
librarian to the Society, but the Council felt that the present Chairman of the 
Library Committee had given services which were probably without precedent. 
Professor Andrade’s knowledge of the older scientific literature is unrivalled and 
has been freely available to the great advantage of the Society. 

The retirement of Mr H. W. Eobinson as Librarian occurred at the end of March 
of this year. He joined the Staff in 1902 and assisted the chief clerk and the 
Librarian; in 1910 he became Library Assistant and in 1930 Assistant Librarian. 
He has been Librarian since 1936. His work for the Society and its Library has 
been invaluable, and we may recall with special gratitude the care he showed in the 
safe bestowal of our treasures in the time of danger. An earnest student of the 
history of science, he has paid special attention to the study of Robert Hooke on 
whose life and work he is a recognized authority. In expressing our gratitude for 
his devoted labours, we note with pleasure that Mr Robinson will continue to assist 
Professor TumbrJl in editing the Newton Letters. 

The outstanding event of the past year in connexion with the Society has been 
the Scientific Information Conference. We welcomed delegates from the countries of 
the Commonwealth and also from the National Academy of Sciences of the United 
States, and from U.N.E.S.C.O'. It can thus be claimed that the whole of the 
English-speaking ‘ scientific world was well represented. More than half of aU 
scientific literature is written in English, and in making such a comprehensive 
review of scientific information services, I think the Society may be judged to have 
taken a thnely initiative. We were gratified by the interest shown by FeHows and 
the time and energy so freely given by them to ensure the success of the Conference. 

Your Coimcil received from the Conference many recommendations dealing with 
the publication of papers reporting original work, abstracting services, reviews and 
annual reports, library services, classification and indexing, and other relevant 
matters. It has been decided to implement these, as far as proves possible, with the 
aid of a Treasury grant, and for this purpose the Council has set up an Information 
Services Committee which has just held its first meeting. I beheve that an energetic 
follow-up of the recommendations will result in real progress. The value of the 
Conference itself, irrespective of these recommendations, should not be under¬ 
estimated. Divergent points of viow were advocated, and many of the difficulties 
besetting the free and, rapid communicaticm of new knowledge woto- at least 
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recognized as the restilt of discussion and, in many cases, were removed. The 
problem is a complex one, and its solution demands both due regard for traditional 
methods and an acute appreciation of novel techniques. 

Having given this lead the Society will now be expected to play an increasingly 
important part, nationally and internationally, in improving scientific information 
services. 

It is doubtful whether the general progress of science has ever been more 
impressive than at the present time, and this fact emphasizes the importance of 
adequate outlets for the publication of the great volume of original work that is 
being poured out. Formidable archives are undoubtedly accumulating. To meet 
the demand many new journals have been founded and here is a short list of them. 
Agricultural Ohemicala, Baltimore, 1946; British Journal of Pharmacology and 
Chemotherapy, U.K., 1946; Hungarica'Acta Ghimica, Budapest, 1946; Journal of 
Colloid Science, H.Y., 1946; Journal of Polymer Science, N.Y., 1946; Zeitschrifi f’Sr 
Naturforschung, Wiesbaden, 1946; Acta Chemica Sca/ndinavica, 1947, Chem. Soo. 
Denmark, Finland, Norway and Sweden; Arwlytica Chemica Acta, N.Y., 1947; 
BiochemicaetBiophysicaActa,lii.Y. 194:7;DieMakromolekulare CAemie, Basle, 1947; 
Food Technology, N.Y., 1947; Heredity, London, 1947; Journal of Glaciology, U.K., 
1947; Nucleonics, N.Y., 1947; Acta CrystaMographica, U.K., 1948; Acta Physica 
Austriaca, Vienna, 1948; Annali di Qeofisica, Bnme, 1948; AustraUom Journal of 
Scientific Research, Australia, 1948; Deutsche Hydrographische ZeitscJmft, Hamburg, 
1948. Furthermore, the Scientific Reviews are constantly being extended in scope; 
one can even be thankful that they show a tendency to overlap. Nature, playing 
a more important part than ever before, is now supplemented by Research, whilst 
Endeavour, Science Progress and Discovery worthily maintain our reputation in the 
field of popular exposition. The press is far better informed on scientific affairs 
.^an was the case a few years ago, and we can anticipate useful autocatalysis in 
ti^e reaction between public appreciation and pubHc information. 


A year 'sgo I mentioned the formation of a committee to study the means 
whereby addi^jate accommodation for the scientific societies may be made available, 
and tactful re&gpce to its activities will be found in the Report of Council. Without 
being too indiscrl^ it is possible to provide some further information on a subject 
of great interest t^.the Fellows of the Society. In the first place the Scientific 
Accommodation Cominittee has so far considered only the long-term problem, and 
it is matter for congratulation that representatives of so many interested parties 
reached full agreement on this aspect. It was unanimously agreed that the institu¬ 
tion of a Science Centre would provide the best solution. Naturally everybody 
would like to know where that will be and exactly what the proposal involves. In 
regard to the first point a specific suggestion is being explored, and we hope that it 
will soon be possible to announce a definite outcome such that a suitable site will 
be allocated for the eventual creation of a worthy science centre. It is unlikely that 
this site wifi, please everybody, but we have reason to believe that a large majority 
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will welcome it in view of the many advantages secured. In any case we have the 
assurance that favourable consideration wiU be given by Ministers to transference 
to a better site, should such be found. 

The course of the discussion showed that the co-operation of several scientific 
societies depended on that of the Royal Society, and your representatives accepted 
the fiattering implications, though not without some hesitation. To speak directly; 
that means willingness, if necessary in the general interest, to leave Burlington 
House and to function as the heart of the Science Centre located elsewhere. 

The elaboration of so far-reaching a scheme is not at aU a simple matter and 
involves polypartite negotiations and agreements. The Fellows of the Society will 
be directly consulted on the major issue just so soon as it can be put to them in 
a precise form. 

One possibly related matter may be adumbrated at this early stage, so that we 
may think about it. 

The Report of Council mentions the reconstitution of a ‘Rutherford Memorial 
Committee ’ which has various schemes under consideration. At the last meeting of 
this Committee I ventured to suggest that, as one aspect of the Memorial, a ‘ Ruther¬ 
ford HaU ’ of noble design should form a part of the Science Centre, and this was 
given general approval by the Committee and later by Council. 

Unfortunately, I must now turn from these roseate dreams of future glory to an 
incident of the present which has rudely disturbed our peace of mind. It is possible 
that our information is incomplete, or even inaccurate, but it is probable that we 
have ascertained the more important facts of the case. 

I refer to the report that eminent Russian biologists have been constrained to 
subscribe to interpretations of the data in the field of genetics which they had 
previously rejected, or perhaps had thought unworthy of serious consideration. 
According to Pravda ‘The Academy of Sciences forgot that the most important 
Principle in Science is the Party Principle’. That is a forthright declaration which 
leaves little scope for ambiguity. The incident is evidently of political rather than of 
scientific importance, and the Royal Society is not concerned with politics. 

We regret that the Academy of Sciences of Moscow has broken off its long 
correspondence with us. We trust that the new conditions will not seriously impede 
the advance of biological science for which such qualifications as ‘Western’ are as 
irrelevant as they would be for a multiplication table. We impute no blame and 
express no opinion as a body, but that does not mean that we must take no 
cognizance of the occurrence which may have some lessons for us, at least by way of 
analogy. For example, we may observe that Governments are not infallible, yet 
must be obeyed. This refiection should make us more than ever alert to preserve 
intact the prized freedom of science in our own domain. Actually no direct attack 
is likely here, and should the unexpected happen it wiU certainly not be along the 
fines of compelling us to espouse some particular scientific theory or doctrine. Con¬ 
ceivably it could take the more subtle form of control of the character and direction 
of our scientific work. There is immediate danger in the current deprecation of 
frmdamental research, not of course absolutely, but relatively, in comparison with 
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technological applications. I hope it mil be the opinion of all Fellows that the 
Boyal Society should, tahe a leading part in upholding our ideals and in clarifying 
ideas on these topics and particularly in insisting on the vital role which the highest 
kind of disinterested investigation must play in the life of the co mm unity. It is 
certainly not sufficiently realized that the body scientific can only flourish when all 
its organs are in a healthy cbndition. As in a biological equilibrium there is a natural 
interdependence between pure and apphed research. Pure science is fertilized by 
the advance of technology and vice versa. It would be quite consistent, though 
lamentable, to tahe up the position that we will have no more research at all and 
devote our energies to the exploitation of present knowledge. But it is impossible 
to dissect the elements of real progress. If we isolate one of the limbs of the 
organism it wifi, not grow and will soon die. 

I do not propose to add more than brief comment on new scientific discovery. It 
will be conceded that the great privilege of addressing the Fellows of the Royal 
Society is not without its own peculiar embarrassments. For example, I have 
recently delivered two lectures sununarizing results of many years in my own field 
of work. If I venture on other ground I shall be speaking as an amateur to some of 
the leading specialists in the world. 

Without attempting any kind of assessment of values, or any completeness of 
survey, I will mention a few things that have been brought to my notice in recent 
months, often as the result of casual conversation. 

Two years ago I referred to the very great value of spectroscopic methods for the 
study of complex molecules of organic compounds. Sine© that time there have been 
striking applications of both ultra-violet and infra-red absorption measurements 
which have solved some otherwise intractable problems. But one difificulty that 
threatened to impede progress was the management of minute quantities of 
^terial, especially in the sohd state. 

l)te €. R. Burch, Warren Research Fellow, has built a refle'eting nnoroscope which 
is pell^tly achromatic, and this has now been harnessed to an xfltra-violet 
speotrohiBter by Barer, Holiday and Jope and to an infra-red spectrometer by 
Thompsoh,»j^er and Cole. In the latter case the spectral range from 1 to 14/t 
can be cov^^ and the results are identical with those obtained with larger 
specimens in r^e usual apparatus. 

The spectra ofl^le biological cells or single crystals weighmg less than 10~’ g. 
have been measur A Polarized infra-red radiation has also been used, and this 
promises to open up a n^w method for study of biological specimens, such as muscle 
fibre, in which orientatictei exists, as well as new possibilities for crystal analysis. 
This arises from the relati(^ existing between absorption and orientation of the 
vibrating groups whence the angle between certain characteristic bonds and the 
crystal axis can be determined. Measurements have already been made vrith 
minute quantities of new antibiotics and similar substances in connexion with their 
identification, or the diagnosis of their molecular groups. 

The importance of this advance for organic chemists and biochemists caimot be 
exaggerated. It will surely lead to the routine study of the infra-red absorption of 
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many new compounds, and the relation between the spectra and constitution will 
therefore become still better known. As the method thus increases in power the 
demand for its help must also become more insistent. 

I am most grateful to Dr H, W. Thompson for advance news of this remarkable 
development in technique, details of which will be published in a short time. Soon 
we shall all be repeating the wistful inquiry that ends Barrie’s play: ‘ How much do 
they cost—^those machines ? ’ 

I cannot pretend to be competent to discuss apphed mathematics, astronomy, or 
physics, but it is obvious even to the vminitiated that great advances are being made 
in our knowledge of the mesons and of nuclear fission. 

Sir George Thomson in his Bakerian Lecture gave a fascinating account of the 
evidence provided by study of the efifects of cosmic rays on atoms, whilst Professor 
Lawrence with the aid of his new synchro-cyclotron has been able to produce 
mesons in the laboratory for the first time. 

Professor E. A. Milne’s forthcoming book will evoke lively discussion, for he 
tells me that acceptance of his theoretical system involves the assumption that 
Planck’s constant h varies secularly with the time. 

On the technical side a new type of valve which makes use of the semi-conducting 
properties of germanium has been introduced by Brattain & Bardeen of the Bell 
Telephone Co. Laboratories. This is regarded by the cognoscenM as an extremely 
significant development of electronic devices. 

Coming nearer to my personal interests, the chemists and biologists of Parke 
Davis and Co. are to be warmly congratulated on their discovery and investigation 
of Chloromycetin, a new antibiotic which has proved to be highly effective against 
scrub-tjrphus and certain analogous infections. The constitution of Chloromycetin 
has not yet been disclosed, but it is said to be known, and apparently the substance 
has been synthesized. It makes possible the first satisfactory chemotherapy of 
a disease caused by a rickettsia and opens up the possibility of the control of virus 
diseases more generally. 

Another discovery of vast medical, agricultural, and biochemical interest arises 
from the isolation of the intrinsic, anti-pemicious anaemia factor from liver. This 
brilliant consummation, a further triumph of modem chromatography, has been 
reached by A. Lester-Smith and his colleagues in the Glaxo Laboratories and by 
a team of chemists of Merck and Co. (New Jersey) led by K. Folkers. The red 
crystalline substance contains cobalt in a co-ordination complex which has a 
molecular weight of about 1600 and probably includes three atoms of phosphorus. 
It is proposed to call the factor vitamin Bj^ ^ and it is one of the most physiologically 
active of known substances, a dose of 1 /tg. daily being fully effective therapeutically. 

The picture is very quickly being filled in; we heard from Dr Marston quite 
recently of his outstanding researches on the cobalt requirements of sheep, A defect 
of cobalt in the soil leads to sickness and stunted growth with anaemia. Other 
recent and related work by Drs Tosic and Mitchell at Aberdemi concerns the 
assimilation of cobalt by micro-organisms. We may,be sure that knowledge of the 
constitution of Bjj wiU suggest other correlations, perhaps with nucleotides, perhaps 
with folio acid, which will be of vast significance. The molecule is not especially 
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(jomplex by modem standards, and its structure can be determined, provided 
sufficient effort is made. If I am reminded that we are unable to synthesize 
penicillin the reply would be that the problems are not comparable. Analysis of 
substances of this degree of complexity must nowadays always succeed, whereas 
synthesis may present a difficulty of a different order altogether. The trouble will 
be to get enough of the factor for investigation by ordinary methods, and this 
is a good illustration of the value of micro-physical devices. I am told that the 
infra-red absorption spectrum, determined by the new technique mentioned a few 
minutes ago, has already given valuable information, confirming the presence of 
PO, NH and OH groups, and indicating absence of ahphatio OH, but probable 
presence of aromatic OH as in benzene or purines. 

We seem to be on the verge of great discoveries in another field perhaps not 
entirely unconnected with the last mentioned, that is, the problems connected with 
the effects of chemical substances on cell growth, including malignancy. There 
cannot be said to be any satisfactory treatment of cancer by chemical means, 
though various agents exert a beneficial effect in special cases. Such are stUboestrol, 
testosterone and the so-called nitrogen mustards. Of these, stilboestrol has the 
best claim to be regarded as a curative agent in a proportion of cases, and the 
halo-alkylanxiues ameliorate the condition of the patient. In the United States, 
Dr Rhoads and his colleagues have paid much attention to antagonists of folio acid. 
These are synthetic compoun4s, the molecules of which are planned to resemble 
those of folio acid. Several of them have been found to exert an inhibitory effect on 
the bone-marrow, producing anaemia, which can be reversed by folic acid. Similar 
antagonism is observed with bacteria, and, furthermore. Hertz has reported that 
certain of these substances inhibit the action of stilboestrol on the oviduct of the 
chick. 

One of the most promising of the substances is called A-methopterin. This is 
fip^ic acid with an amino-group replacing hydroxyl and a methyl group replacing 
hydrogen, quite a close analogue. The substance is anti-folic, anti-oestrogenic, and 
it has ^ definite inhibitory effect on the growth of tumours in laboratory animals, as 
well as ^ malignant cells in tissue culture. Folic acid is regarded as necessary for 
the growd^of all cells, and the hope is to find a substance of low toxicity which will 
antagonize ^js factor at the level necessary to immobilize the more sensitive 
malignant grdflrth without serious detriment to normal cells. It is known that 
laboratory work has encouraged clinical trials, but the results have not yet been 
disclosed. 

Dr T. B. Heaton and my wife have published a preliminary account of work 
which finds its origin in observations made many years ago on a growth-inhibiting 
constituent of yeast (Heat«m 1926 ). This was a differential growth inhibitor affecting 
the connective tissue cells but not the epitheha of cultures in vitro. 

They have now prepared carbohydrate material from wheat middlings which is 
either itself active, or more probably contains an active principle. This produces 
retrogression of the implanted Walker carcinoma in rats. 

It is decidedly interesting to find such a substance in a foodstuff; it may even be 
a vitamin. Since in some of the earher experiments the material had been held at 
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a low pH, the formation of hydrox3rmethylfurfurald.ehyde was a possibility, and it 
was known that many aldehydes possessed growth-inhibitory properties. It was 
found that hydroxymethylfurfuraldehyde, or better its polymeride, also caused the 
retrogression of the tumours. The connexion, if any, between these findinga is not 
yet clear. 

At the Chester Beatty Research Institute Dr A. Haddow and his colleagues have 
tested the effects on normal growth of a number of p 3 mmidine derivatives. The 
developments have sprung from experiments initiated for other purposes—^and 
the sequence is of more than passing interest. It started with the yeUow enzyme, 
and a series of experiments designed to test the effect on growth of a series of 
synthetic analogues of the flavins. 

Administration of 9-phenyl-5;6-benzo-i50-aIloxazine to albino rats was accident¬ 
ally, and most unexpectedly, found to produce an orange-yellow pigmentation of 
the hair (Haddow, Elson, Roe, RudaU & Timmis 1945 ). Pursuing this curious 
observation, other coloured substances of a similar type were tested, and among 
them xanthopterin, the butterfly-wing pigment, first isolated by Wieland & Schopf 
in 1926. This did not colour the coat but produced a significant enlargement in the 
size of the rat kidney. It was an actual growth of the organ due to a great outburst 
of cell division in the kidney tubules. 

In the course of stiU another research, that on the carcinogenicity of many 
styrylpyrimidines (Haddow, Kon & Rosa), it was found that two substances 
of this group closely allied to xanthopterin in structure had the same effect in 
increasing the growth of the kidney. This caimot be mere coincidence, and proves 
that the Offect is a primary one of xanthopterin and of the related pyrimidines 
on the cell. The phenomenon has been observed in the rat, mouse, Percmyscua, the 
rabbit, hamster and guinea-pig. 

Now xanthopterin is of natural occurrence in the kidney, and it is possible that it 
is present as a growth regulator; Its structural relationship with folic acid will not 
be overlooked. Haddow and his associates feel that it is at least as important to 
study the means by which normal growth is so delicately adjusted as to inquire 
directly why the malignant cell is unregulated. 

There are further experimental foundations for these ideas which lead Haddow 
and his collaborators to surmise that the co-ordinated growth of the normal tissues 
may depend upon the supply of essential substances from an external source, and 
that, contrariwise, malignant cells may have acquired the power to synthesize 
these essential substances, or their equivalents, themselves. Such suggestions are 
fully consonant with aU that we know of the subject as a whole and give a new 
prospect for the chemistry of growth and differentiation. 

I am much obliged to Dr Haddow for kiadly acquainting me with results and 
ideas which are not yet published in full and for permission to mention them 
to-day. 

I would not like to leave this subject without an incidental reference to Beren- 
blum’s significant discovery of sensitization of tissues to the action of carcinogenic 
agents. The constituents of croton oil, for example, directly, or indirectly, prepare 
the ground for a carcinogenic hydrocarbon in a remarkable maimer. The underlying 
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biochemical processes may be hard to bring to light, but the effort to do so would 
doubtless be repaid with interest. 

As a drama like that of the pyrimidine group unfolds we can look back on the 
steps of the pioneers and be thankful that they selected the paths which led into 
such rich territory. But it often appeared to contemporaries that they were 
wandering into a barren wxldemess. Whatever makes Hopkins think that there can 
be any possible interest in the. pigments of butterflies ? Why does Windaus waste 
his time and talent on that impossible substance cholesterol ? I have heard those 
actual questions asked in past years, and would invite consideration of the answers 
that can be given to them now. 

Another thought arising from recent progress is that the world of biochemistry, 
though of vast extent and interest, is finite, and we are beginning to sense the 
existence of its boundaries. We seem to encounter the same thing more often than 
might be expected; coincidences are indeed of frequent occurrence. 

An example has already been mentioned, and another is the recent discovery that 
the photodynamic colouring matter of St John’s wmrt, hypericin (Brockmann et al. 
1939 , 1942 ; Pace & McKinney 1941 ; I)h4r6 1939 , 1943 ) is closely allied to a pigment 
of the Aphididae, erythroaphin, studied by A. Todd and his collaborators at 
Cambridge ( 1948 ). And further, these substances are related to a mould pigment, 
oxypenicilliopsin, isolated by Oxford & Raistrick ( 1940 ). The pigments are bia- 
anthracene derivatives of some kind, and it is surprising to find these little-investi¬ 
gated and highly characteristic substances so widely distributed in nature. 

A notable comcidenoe in my own field of work arose very recently from a theory 
of Woodward regarding the course of the synthesis of strychnine in the plant. He 
advanced what seemed at first the fantastic idea that a benzene nucleus, originally 
that of dihydroxyphenylalanine (or tyrosine), suffers fission so as to give two 
chains which enter into further transformations. 

,, ^Transferring this mechanism piecemeal into an entirely different group of alkaloids, 
it wfls found to predict that constitution of emetine wMch can now be experiment¬ 
ally demonstrated to be correct. I am glad of this opportunity to say that I was 
unaware until quite recently of parallel, independent work by Dr H. T. Openshaw 
•on the cm^titution of emetine. This weis submitted for publication some months 
ago and indh^es the establishment of one detail of the structure not fully proved by 
the work of ^^th, of Pailer and of Karrer, A few months ago no connexion what¬ 
ever could be dwcemed between strychnine and emetine; they seemed poles apart. 
Now at one stroke ^y are connected by recognition of a common and remarkable 
type of biogenesis. . 



Flow of a compressible fluid about a cylinder 
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This is a sequel to an earlier paper (Cherry 1947) in which was found a family of exact solu¬ 
tions for compressible flow past a cylinder. In the present paper the solution is extended to 
the case where the circulation round the cylinder is not zero. The formulae are developed for 
the case where the circulation is sufficiently small for the existence of a pair of stagnation 
points on the surface of the cylinder, tmder the condition that the speed at infinity is subsonic. 
One substantial point which arises in the present investigation is that the most direct general¬ 
ization of the formulae for incompressible flow yield multiple-valued formulae for compres¬ 
sible flow. To get a single-valued solution it is necessary to add another multiple-valued 
solution, involving a set of constants which are to be determined from an infinite set of 
linear equations. The explicit solution of these equations is found, and hence the flow around 
a profile which is a slightly distorted circular cylinder. 


Introditction 

This is a sequel to a paper with the same title (Cherry 1947 , referred to as part I), 
in which was found a family of exact solutions for compressible flow past a cylinder. 
In the present paper, the solution is extended to the case where the circulation round 
the cylinder is not zero. 

The formulae are developed for the case where the circulation is sufl&ciently small 
for the existence of a pair of stagnation points on the surface of the cylinder. It is 
supposed that the speed at infinity is subsonic, but the speed elsewhere may be 
supersonic; indeed, the position co-ordinates and stream function are given in terms 
of the velocity (which is the independent variable) by functions which are every¬ 
where regular, except for the singularities which a solution of the proposed character 
must necessarily have. But, of course, when gi is near the sonic value, the stream 
lines in the flow-plane may have cusps, as in the case of other solutions for mixed 
flows found by the hodograph method. The cylinder past which the fluid flows is 
approximately circular when is small; its shape for larger g^ must be determined 
by numerical work which has not yet been undertaken-f 

The work is in the main an appUoation of the theory developed in part I, but one 
substantial new point arises. If we start from the formulae for incompressible flow 
with circulation and take their most direct generalization for compressible flow, 
we obtain a solution which is multiple-valued. To get a single-valued solution it is 
necessary to add another multiple-valued solution, involving a set of constants 

t Concerning this shape, the only precise statements than can be made are that it has an 
axis of symmetry transverse to the stream, and that for small free-stream Mach numbers (for 
wMch there is a simpler approximate theory) the transverse axis is less than the longitudinal 
axis. Symmetry about a longitudinal axis is absent when the circulation is not zero. With this 
proviso, one may expect the shape to resemble what has been found by numerical work on the 
formulae of part-1, of which a bribf account (with figures) follows this paper on p. 32 . 
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which are to be determined from an infinite set of linear equations; and the explicit 
solution of these equations is found. 

Section 1 gives a summary of the notation and of those results from part I which 
will often be required. 

lAdded in proof]. Lighthill ( 1947 ) has given formulae for circulatory jfiow past 
a cylinder, which have the advantage (over those here developed) of involving 
only singly-infinite series. His formulae are however singular at t = 0 ; in such 
manner that, if the generating fimction (i.e. the solution for a ‘ corresponding ’ 
incompressible flow) is regular, then in general the position co-ordinates x, y are 
logarithmically infinite for t~ 0 . (The critical point is that his formula for the 
stream function, when expressed as a series of elementary solutions, generally 
involves the term ^i"i(T) or—^in my notation— t*.^i(t) er^. So far as one point 
where t ~0 is concerned we can subtract the singular part of this solution and 
so obtain a regular stagnation point, but the singularity at any other point 
where t~0 will in general remain. Hence the problem of the present paper, 
where there are two regular stagnation points, cannot be solved by his formulae. 


1. StTMMAEY ox XEEVIOtrS RBStrLTSf 


Let the rectangular velocity components heu = qcoBd,v — q sin d. For indepen¬ 
dent variables we take d and t = Cq^, where (7 is so chosen that t =* 1 corresponds 
to the cavitation speed; to the sonic speed then corresponds a value Tg which has 
the value 0-1684... when the adiabatic constant 7 is 1-406. There is a potential fl, 
for which the field equation is 


from which the position co-ordinates *, y are found by differentiation; 


3£2 


y 


dQ 


or equivalently 


a d(qoo 8 0 )’ a 3(g'sind)’ 


x^jr n a • /) n . a 3Q ^ 

-^ = 2T^cos5-g^sm^, -^ = 2r^sm(9-h^co80, 

where a, a' are scale constants. 

The equation ( 1 - 1 ) is satisfied by 

£2 = e±*’V’’F(T), 

provided t (1 -t) F" -f- {(1 + v) (1 -t) -fr) F' + ^viv- 1) F = 0. 

If V is not an integer the complete solution of (1-5) is 

F = AF,(t) + Bt-’'F_„{t), 
where .^(t) is the hypergeometric function 

t In one or two instemoes these results are only implicit in paort I. 


( 1 - 1 ) 

( 1 - 2 ) 

(1-3) 

(1-4) 

( 1 - 6 ) 


.( 1 - 6 ) 
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mth parameters a^, given by 

a„+b„ = v+f, aX = -iM*'- !)• (1*7) 

If V is a positive integer, Ffr) remains an ordinary hj^ergeometric series, but F_^{r) 
is formally a series ■with zero denominators, and is to be replaced by a logarithmic 
solution ^y(T) which ■will be foimd below. 

Forv = Owe have J?j,(T) = 1, and the solution (1-4) is useless. We may obtain useful 
solutions by putting in (l-l) 

±id+%{ry, (1-8) 

it is easy to form and solve an equation for %{t), but we shall below obtain this 
function by another process. 

The stream function ijr satisfies a field equation similar to (1‘1), and there are 
elementary solutions ^ ( 1 - 9 ) 

wheret Ffr) = F{v—a„v-b,,v+l,T), (I’lO) 

the F on the right being the hypergeometric function. But it is, of course, necessary 
that the solutions for ijr and Q, should correspond, so instead of appealing to the 
field equation for ^ we shall use the rule: If 

Q = S iAX''^+X6-^‘^)Ti%{T) (Ml) 

P 

is a solution in which the range of values of v {generally infinite) does not include negative 
integers, then the most general corresponding ir is given by 

= S {V- 1) + 0, (1-12) 


where C is an arbitrary constant. 

The analytic continuations of infinite series of the forms (Ml) and (1-12) are 
obtained -via the partial fraction expansions (which we shall refer to as P.r.) 


Ffr) = T>’(a>(r)- 5 
I m— 1 

Jt(r) = T«’(< 3 (t)- i: 


hJjT)-^FJj) \ 

TO + V /’ 

m+v I’ 


(M3) 

(M4) 


these are valid for 0 <T<Tg, where Tg = 1 /( 1 + 2 /?) corresponds to the sonic speed. 
Here 


< i ){ t ) = ( 1 — t )*“*^(1 

T = T{t) 


2 A 


S>{t) = (l-T)i-«J»(l-T/Ta)-i, 
/ V(l-T) + V(Tg 


VWi-'^)}+V(' 


rg-T)(' 




^jl+ 2 a 


(M5) 


where a is the positive root of a®+a = and the constants h„^, are given by 


, r(ajr(l+m-^6J r _ w-l j. 

" r(a,„ - m) r(l - b„) r(m) r(m + 1) ’ TO + 1 


(M 6 ) 


t The notation Fy{r) of part I is her© changed to Fy(7), in order that the bar notation may b© 
used exclusively for complex conjugates. 
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!For the purposes of (1*13) and (1*14) TWr is a positive integer, and this formula for 
reduces to a form symmetrical in b^\ and, by (1*7), is determined -without 
ambiguity. 

For discussion of the convergence of series such as (1*11)? we require to know 
the order of magnitude of FJl(r) when v is large and real. If v is excluded from ranges 
72 , — e, —n + e) enclosing the negative integers — the results are: 

I jF;(T) 1 <-4 ] V1^ I T l^ ^ an abolute constant. (1-17) 

As r increases from 0 to r^T increases from 0 to ^, = a*/(l + 

as T increases from to 1 , jT becomes complex and | t^T | remains |- (1*18) 

equal to 8. J 


For V large positive we have 




(M9) 


The generating fundion 

Let Tj be a constant between 0 and Tg, and let T^ = T{tj} be the corresponding 
value of T(t) as given by (1*16). Let 

„ qTe^ p riTe-^ _qTe-^ . 

As the standard forms of solution normalized with respect to Tj we take 

a = = sc;.(|)’'W, (L21) 

a = = sa (1)'Ji(r)» (1-22) 

where at present v is excluded from negative integral values, and the Oy are constants 
such as binomial coefficients. On substituting for the Fy{T) from P-J. the solution 
{1*21) takes the form 

£2= <o{T)ga)- i wuc),' (1-23) 

where ?(D = Sa.C^ UC) = (1-24) 

V . V 

We shall call gr(^) the generating function of the solution (1‘21); it can be interpreted 
as the solution for incompressible flow correspondingt to (1-21), with ^ as a normal¬ 
ized complex velocity variable. Similarly, (1'22) has ^he generating function g'(f). 
We call gJ^Q the mth associate of g{C). 

K we restrict t, 0 to be real, then to any range of t in (0, Tg) corresponds by (1-20) 
an annulus in the ^-plane; and, conversely, to an annulus ^' < ] ^ | < ^^ for which 
<Sj{riTi) corresponds a range t'<t<t'' in (0,Tg). Then from (1-17), if the series 

t This statement is intended to be suggestive; a precise statemesnt would require a precise 
definition of ‘corresponding’ compressible and incompressible flows. 
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(1‘24) for g{^) converges in the annulus, the series (1-21) converges absolutely for 
t'<t<t"-, and the rearrangement whereby we pass from (1'21) to (1-23) is valid. 

The continuation of the function defined by (1*21), when t lies outside the range 
(t', t"), is obtained by fi n di n g series continuations for gif,), gj^f) outside the annulus, 
substituting these in (1*23), and rearranging in the form (1*21). 


2. Logabithmio solutions 


We shall find solutions which answer to (1*4), when v is a negative integer or zero. 
With a view to later application, it is convenient to work with solutions normalized 
with respect to a value of t, in the manner of (1*21). Let» be a positive integer, 
and let v be non-integral. Then the field equation (1*1) has a solution 

Q = = (2*1) 

from the series (1-6) for F^{t) in powers of r, this solution is a function of v regular 
at — 7^; in particular 

{n+v)F„{7) = ( 2 - 2 ) 

as may be verified immediately from (1*13). Since the field equation does not involve 
V, we may derive the new solution 

= log|lim(n+v)(|)V,(T) + lim(|)’'i[(™-^v)J;(T)], 
i.e. LJQ = + (2-3) 


by (2*2). is a function of the variables t, d and of the parameter Tj, but we may 
call it L„{f) without ambiguity provided we refer to the form (1*20) for ^ and not 
merely to the value of C 

For 0 < T < Tj we have, on substituting for .^(t) from ., 


= log^ lim (n+v) - S - S' , 

i.e. (using (2*2)), 

LJC) = - log Kir) + g-"{o>(T) - , (2-4) 

where S' omits the term with m = n. 

Another solution for fl is given by 
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For 0 < T < Tg, the partial fraction, expansion is, from P.r., 

hJjTrFM 


J4(C) = lim^S>'HT)-S 


EM, 

m+v f 
hjTTrFjT) 


1 T 


(2-6) 


Since logS = i^+log {t^TIt^Tj), the solutions L„(C), are not periodic in d. 
To obtain a periodic solution we note that 

C^ = tT2/tiT|. (2-7) 

so that tT/C = TiT|?/T. Hence combining L^iO with the conjugate of M^iO, 
we have from (2-3) and (2-6) the solution 

= (|)"”{KT«Wlog(TxT!)-^[|;{(ii-fv)j;(T) + A„r-«’JL.(r)}^^^ 

= (I) log (r, Tl) + [ji(T) -f , 

the last line being a consequence of (2*2). 

Since we see that the function in {,.»} must satisfy 

the hjTpergeometric equation (1-5) with v = — n. Hence 


^_(r) = lim \F,{j)+hl^M 


( 2 - 8 ) 


is a logarithm i c solution which answers to FJj) when v — —n; and the result just 
obtained is 

■^«(D - Ki'^i FI)”' MniO = j + Kt”'FJj) log (Ti T\) .] (2-9) 

From (2-8) we can derive, by routine methods, the seriesf 


^31 IT+-+ (»-i)...i-(;^ 

“ r(o„+p) r(n +1 - 6 J (-1)Pt”+p 

»-i r(o,j - n) r(l — 6„ -p) (n — 1 )! (?i +p) !p! 

bj -p) + f{aj - f{a^ +p) + ^(p 4 - 1 ) _ ^( 1 ) 

+ f{n+p + l)-f{ri,+ 1)}+^„7„T"'FjT)-A„T»j;(T)logT, (2-10) 

t When »i> 1, the relations (1-7) give a„, real and of opposite signs. Choosing o„>0 and 
6„ < 0, the series (2-10) has been so written that the arguments of the T and f functions may be 
far as possible positive; the only argument that can be non-positive is 1 - b„ -p and when this 
is zero or a negative integer (which arises when 6„ is a negative integer and p is a sufficiently 
large integer) the infinity of ?^(1 - 6„ -p) is eapoelled by the zero of l/r(l - 6„ -p). 
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where f{ri + l) + f{l)-f{a^)-‘tjr{l-b^+d\ogTiJdn, 

and ' ir{z) = r{z)IT{z). 

Also from (2-9), with (2'4) and (2‘6), we have for 0 <t<Tj the partial fraction ex¬ 
pansion 

^_„(T) = T-^ 

The order of magnitude of when n is large, is given by 

\^^{T)\^An^\T\-^, (2-12) 

a result which answers exactly to (1'17). The proof of this is deferred to another 
paper. 

The function MJf,) gives for » = 0 


Ur)- i' 


hjjTr^] 


m — n 


Jf„(0 = log| + 



= logS+ s 

m«=l 


hjTT)”^FjT) 


(2-13) 


and £2 = Afo(0> ^ = ■^o(D independent solutions to take the place of (1'4) 

for !>= 0. Since log (C/T) = log t — ^ log these solutions are of the form 

(1-8), and suppressing the normalization constant ^log (tj T|), we can put 


%(j) = ^10gT+ ^ = ^logT + i {(1 l}dT/T. 


By similar processes we may obtain logarithmic solutions etc., for the 
formulae are obtained from the preceding if we replace F^, h,, o) by S,, (3, so that, 
for instance, corresponding to (2-4), 






m—n 


(2-14) 


and corresponding to (2*8) 

Since = 0, we have 

= Hm P^(t) = 1+i/ff f (1—r/dr; 
1 J 0 


(2-16) 


but this simpKfication is o£ no importance in the present application. 

The rule whereby a series (1*12) for is derived from a series (Ml) for Cl may 
now be extended to the case where the £1 series contains terms of the form 


£2_„ = (A^ +A_^ (2-16) 

By appealing to the definitions (2-8) and (2-15) of ^_n{r), ^-Jj) 11' 1® fouiid that 
(2-16) leads to ^ where 

(2-17) 

We shall not need to use this rule, and omit the proof. 
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To conclude this section, the obvious remark is made that, as a fundamental pair 
of solutions of (1*5) for the case trhere v is a negative integer — ra, we can take 
along with any combination of the form AT‘>^FJr). In the present 

application it is most convenient to take A = d, but for other applications other 
choices of A may be better. For example, it may be proved that 


GAr) = F_,{r) + -. 


,r(-r)rK)r(6,) 


:T*'JP(r) 


r(v)rK-v)r(6,-r)- 

gives QJt) = lim G‘„(t) = + {h^n cot b^ir - TQ 'r^FJj). 

The advantage of Gy{T) is that it is a simple function of 1 —t, 

r{a,)r(6,) 


Gy{r) = 


W)m 


F{ay—V,by—V,^,\—T), 


but it has the disadvantage of becoming infinite when is a negative integer. 


3. COMPBESSIBI.E FLOW WITH oirotjlation : TBIAX SOLtmON 


At the. end of § 1 it was stated that any solution for compressible flow is associated 
with a generating function, which is the solution for a ‘corresponding’ case of in¬ 
compressible flow. Using the correspondence in the inverse direction, we shall find 
the potential Q for incompressible flow, with circulation, past a circular cylinder, 
and we shall then consider the solution for compressible flow having this as generating 
function. 

For the incompressible flow, the complex velocity potential is 


= Q^z +~ > 


where z = x+iy, a is the radius of the cylinder, i is a circulation constant, and Q 
is tibe velocity at infinity (which is parallel to Ox). Hence 


p qe-^ Id,, . 



2ika 

z 


(3-1) 


Solving for zfa we get 

z —1) 

a"’' ]c-^{^+k^-iy (3*2) 

where the radical is double-valued. 

The stagnation points, ? = 0 are at z/a = ik± ^(1 - k^). They lie on the surface of 
the cylinder [«[ = aifO<Jfc<l, and we shall con^e attention to this case. We write 

k' = ^{l-k^), 0<k'<l. ( 3 . 3 ) 

The potentialQ is determined by (1-2). Since here we have je"^ = 5 e^^ = Q^, 

equivalent conditions for O are 
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where the relation between z and ^ is the conjugate of (3'2), viz. 


Hence we find 


__ 


(3-4) 


Q = iQaUli^-k'^) + klog {k - V(C- &'")}] - + i:log{fc- A:'®)}]. 


It is convenient to suppress the constant — ^iQa, and we shall accordingly con¬ 
sider the compressible solution, i.e. the solution of (1-1), whose generating function 
is the expansion, in a suitably chosen domain, of 

g(0 = -2.^i^~F^)-2klog{k-^(^-k'% (3-5) 


A physical solution will be obtained if, at the end, we multiply by an arbitrary 
pure-imaginary factor and then add the conjugate solution. 

The function g{Q just defined has various espansions, according to the range of 
^ and the determination of the radical and logarithm. We shall first specify the 
^-domains in which the various expansions are valid, and shall indicate the corre¬ 
sponding regions in the plane of the incompressible fiow; since the formulae for 
compressible flow merge continuously into those for incompressible flow as the speed 
tends to zero, this correspondence between ^-domains and the flow-plane will be 
qualitatively valid in the ‘slow’ compressible case. 

The relation (3*1) or (3-2) defines a one-one correspondence between the z-plane 
and a two-sheeted Riemaim surface for having britnch points at ^ = 1—A® = 
and ^ — CO; since ^ is the conjugate of the correspondence between a two-sheeted 
surface for ^ and the z-plane then follows immediately. 

The ^-surface is separated by the locus = 0 into four half-planes. IVom (3-1) 
it follows easily that to the locus Im^ = 0 corresponds in the z-plane the fine x = 0 
and the circle x^+y^ = ay Ik, and the four regions into which the z-plane is thereby 
divided correspond to the four ^-half-planes. This correspondence is indicated in 
the figure, where for definiteness we may suppose the pair-wise joining of the ^-half- 
planes to be direot across the segments (—oo, k'^) and crosswise across the segments 
(i'®, -}- oo). Figure 1 shows also the loci | ? | =, k'^, | ^ | = 1, which divide the ^-surface 
into four domains; two of these are circular disks II, III, one in each sheet, the third 
is a two-sheeted ring I-t-I', and the fourth is a two-sheeted ring IV-l-IV'; as the 
dividing line between I, T and between IV, IV' we take the s^ment (—oo, —k'^) 
of the locus Im^ = 0. In figure 1, corresponding points of the ^-surface and z-plane 
are similarly lettered. 

We see now that in II we are to take 

= -ik'{l-llk'^)i, V(^-n = i¥{l-^lk'^f, (3-6) 

where (...)* denotes the principal value; for this gives in (3*2) and (3-4) 


^ = ik + k', ^ = -ik+k' for C=C=0, 


i.e. the stagnation point S^. Similarly in HI we are to take 

V(^- k'^) = ik'ii M- *'*)=-^*'(1 - c/fc'®)*- 


(3-7) 
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where f*, etc., denote principal values; for ( 3 ’ 2 ) and (3"4) then give, for ^ near 1 , 


z 

a 


2ih 


+ 0 ( 1 ), 


Z 

a 


2ih 


+ 0 ( 1 ), 


so that the point ?7 in I-flV corresponds to 2 : = oo. Similarly in I' and IV' we are 
to take ^ 

for ^ near 1 we then have 


a 2h+0{Z-l)' a 2A +0(^-1)’ 



flower sheet upper sheet. 

"" .. . . II. 


^“Surface ‘ 



FiatiBB 1. The <mive on the g-surface corresponding to the circle 
1 * 1=0 (dotted thus:.) is not shown. 
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so that the point F in I' + IV' corresponds to z = ial2k, a point which is above the 
origin, and is outside the circle | z | = a if i: < 

The function g{Q defined by (3-6) is now determinate in the six domains I,..., IV', 
except for the determination of the logarithm; for this we choose the principal value 
on the segment 1;'^ < ^ < 1 of I, where its argument real positive, and 

its determination elsewhere follows by continuity for displacement of ^ along any 
assigned path. The corresponding expansions of gr(Q are now determinate, as follows; 
m order not to interrupt the main argument, their proof is given separately in § 8; 


00 00 Ifn+i 00 ^ 

9{Q = S - + k S S 

n-in + i n=oi-« 

(I) 

CO f'n 00 00 fy 

(I') 

1 U 

(II) 

1 n 

(III) 

00 y-^n 00 ft 

= _i:( 27 ri+logQ + i:S 

X n 0 

(TV) 

00 y^-n CO ft 

gr(^) = -Alog£+AS V + 

X n 0 f—^ 

(IV') 


(3-9) 


Here 

0 = 2(A:'—iiarcsinl:'), = S >'» = H 

m «0 

where the are binomial coefficients defined by 


m—0 


(3-10) 


va-o= Sc,,.?-. (3-11) 

' m >«0 

t 

The expansions given for I', II, III are valid when ^ moves fi:om I into these domains 
along any path on which | ^ | < 1; for the expansion IV we suppose that ^ has moved 
into the domain IV from I by circling round f = 1 in the positive sense, so that 
on the common boundary of the domains, arg(^—l)iv = arg(l —S)i— tt; for the 
expansions IV' we suppose that ^ has moved into the domain IV' by crossing the 
circle | ^ | = 1 from the domain I'. 

We now make what is logically a fresh start, by proposing for consideration the 
following solution of the equation (1*1) for compressible flow: 


1 / T*e^^ V 


Me^ V 


n+i 






riT 






where 0 < Writing 


(3-13) 
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and substituting for the hypergeometric functions from p.p., this solution can be 
written 

^0 = <o{r)g{0- i hjTTrFjT)gJO. (3-14) 

W=»l 

where the generating function giO is defined by (3-9.1), and gJO is its mth associate. 

The hypothesis 0 <Ti<Tj secures that (3-12) converges absolutely when 0 is real 
and r lies in the range (7^,71), which corresponds by (3-13) to the range (k'^, 1) of 
111 > and the rearrangement of double series leading to (3*14) is then vaHd. 

It will save later repetition to consider £lo as the case p = 0 of the solution 

wherep is a non-negative integer. We proceed to consider the analytic continuation 
of Lip, when ^ cucles once in the positive sense round ^ = 1, from I through IV and 
back to the starting point in I. From p.p. we have 

.. (3-16) 


where 


Lip=.oj(T)g(P>(C)- i K('rTrW^\^), 


» f»+J> a. 00 „ 

— --1-y ti-n+p 

1 1 \+n ^ 0 

= 

00 


(3-17) 


in{n+f+m) r(H«)(i+»+p+m) + t(r-«)(i-»+p + m) 


(3-18) 


Co being a point of I and C3Jj a constant depending on Co- 

substituting in (3-16) the continuations of 
ffm (b)- In I, near ^ = 1, we have, expanding in powers of 1 

= V(C+*^-i) = k+i(c-i)/k+..., 

log{k-^(S-k'2)} = log{_ 1)/*+ J ^ + 

whepe P(£-1) is a power series. Thus (3-5) gives 

9'(C) = - 2Alog (^-1) + P(^_ 1). 

Using an asterisk to denote continuations after the circuit by (3-17) therefore gives 

V >( 0-«0 

W ( 0-«0 - 

ra+) 

l«4.m ) J(p+m)(«-l)Jj 


/ 

-IZ] 

\p-l-m 

p+m) 
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m=l 


p-i-m 


by P.F. 

In particular, since jFJ,(t) = 1 , 


= -(|)V)-J^^(f (3-19) 


- s —(^ 

j»-x m \ i 




(3*20) 


and is essentially multiple-valued near ^ = 1; it and its derivatives are multiple¬ 
valued. Since to a circuit of ^ round ^ = 1, through the domains I, IV corresponds 
in the plane of the flow a circuit of large radius round the plane, the solution Qq 
represents a flow with a line of discontinuity extending to infinity. Such a flow may 
well be physically significant (the hne of discontinuity corresponding, say, to the 
wake behind an obstacle), but it is not the one which we are seeking. 


Let 


4. CONSTEirOTION OB’ A SOLTTTIOH’ WITH SnirGI,B!-VAI.XrBD DBiEIVATIVBS 

_ T^T 

so that ^l = TT^lTyT\. 

Then (3-19) can be written 

J _/*0 _0 ^ _ V M 

ikrri^ \T/ ^ p+m It/ 

Again, let be the conjugate solution to £2^: 

When ^ circles positively round ^ = 1, ^ circles negatively round ^ = 1, so 

. (i)V)+ 


(4-1) 

(4-2) 

(4-3) 


(4-4) 


(4-6) 


Ikom (3'20), (4-3) and (4-6) it follows that, if Bp, Dp are any constants, the solution 

(4-6) 

gives formally 

■(I)’ 


£2 = £2o+ S iBpCip+DpQp) 

p-i 

SS(*“-“) = -'-i 


I TD X /— /r72\ 


JI^Y 


00 

P M A. V 


/-rxl ^A”' 


00 



Hence we shall have 
provided 
B - 
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*£1—0 = —4Jani 


= 0 (m= 1,2,3,...). (4-8) 


Erom (4-8) by addition and subtraction we derive the equivalent system 
i = r (m= 1,2,3,...), 

P^l 


p=i 


p+m 

p+wi 


(m = 1,2,3,...). 


(4-10) 


Since, by (1-18), the hypothesis Ti<Ts gives 0<Tijr|<^^ and by (1-19) 

^j, = l/27r<S»{H-0(p-i)}, 

we have d<hp{T^Tfji^< , (4’11) 

where 0 < ^ < 1 and J. is a constant. The stun of the squares of the double series of 

coefficients in (4*9) or (4-10) is—apart from the units in the main diagonal—Whence 

00 00 

dominated by a series of the form ^4 S S (1 so it is absolutely convergent; 

1 1 

and since Sm~® is convergent, the systems (4-9) and (4*10) are of Hilbert’s ‘fully 
continuous’ type. Hence either (4-9) has a unique solution such that S(Hj,+I^)® 
converges, or the corresponding homogeneous system has such a solution; in the 
latter case a non-homogeneous system has in general no solution, and if a solution 
eadsts it is not unique. Actually we shall find an explicit solution for (4-9); this is 
unique for sufficiently small, and probably for the full range 0 < Ti < Tg, but we 
shall not examine this question since the one solution is sufficient for our purposes. 
Similar remarks apply to (4*10). 

To find a solution of {4-9) we write p.^. (1-13) in the form 

Kir) . “ \{rTyF^{r) 


T'’ ^^,"1 p + v Tr> 

Eorv = Othisis 1 + S = <<>(t), 

and by subtraction, S K>ir) j 

p~i P+v pTv 

On dividing by v we have, for v = 1,2,3,..., precisely the form of (4*9), which has 
therefore the solution ^ , 

Km+Bfn ~ BlijT^)j{'inT^), (4‘12) 

To solve (4-10) we begin with (1-13) in the form 

Ti>’iP(T) = (t*T)>’L(t)- 2 ^P^'^.^.T.'^Kir)) 

1 j)-=i P + v ) 


Writing 


(4-13) 



Flow of a compressible fluid about a cylinder. II 


15 


tMs gives 

fl{T) = {riTy{o>'[T) + vx{r)(o{T)}- S S 

23*1 p-^V 

- fXir) <aw + i»(T) . “»y- (*■!*) 

This result is valid for any v that is not a negative integer. In particular for v near 0 
we easily find, from (1-7), 

a^-fi+^v+ 0{f), 6, = + 0(v®). 


so that Fffl) = 1 + 

and J’i(T) = ivjyS+ 


y5(^+l)T2 5(y?+l)(^ + 2)T8 


r+ 


22!' 3 3! 

/?(/?+1)^ , A/g+!)(/?+2) 


.| + 0(i'2) 


'T + '- 


3! 


t2+... +0(v2) 


= ^1 - ^- 1+0(y2)^ 


Since (4'13) gives 


/,(t) = T»’'J’;(T) + iVTi''-lJ?i(T), 


we obtain /o(v) = 0, hm ^ = ^(t), say. 


(4-16) 


Hence, subtracting from (4-14) the special case where v = 0, and dividing the 
result by v, we obtain 

f — y(T)<u(r)+ S bpirT^F fpjr) ^ 

v{TiTy ” ^ ^ ^ + v) (t*T)p ’ 

and for v-^O this gives, by (4-16), 

«r) = x(T) <»(T) + 

Subtracting this fi:om the preceding, 

-4( ^ L+„ V Mil - ^ AM 

v{r*TY^ iti P + v p\t^TF 

and when this is divided by v^{t) we obtain, for y = 1,2,3,..., the form of (4-10). 
Hence (4*10) has the solution 




(4-16) 


Por a fixed t between 0 and t„ it follows fi:om p.f. that F^{t)JT'^ and (T)jmT”^ 
remain bounded as m->-oo. Hence (4-12) and (4-16) give 


(4-17) 
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From (4-11) it then follows that the double series in (4-7) converge absolutely pro¬ 
vided 1C1<1> formal rearrangement which leads to the conditions 

(4*8) is justified. 

To complete the justification of the formal work we must consider not merely the 
increment formula (4*7) for the function Q, but also the series (4*6) whereby this 
function is defined; since the increment formula presupposes the circling of ^ round 
the point 1, we must verify the convergence of (4*6) not merely for /«'* < | ^ | < 1, but 
also for ^ and ^ traversing paths on which their moduli become somewhat greater 
+.V>n.n 1 . For tViia purpose, let us first take 1:'^ < | ^ | < 1; then the series (3*16) defining 
iL, is dominated by , „ oo « \ 

where the series in {...} converges since (3-10) gives ] Hence, since the 

Bp, Dp are bounded, the series on the right of (4*6) is dominated by 

j^+ihp{j^T\ I Cl)®] {s Kl"+s Ks 11 • K!*■“}; 

and by (4*11) the series in [...] converges for | C | < where > 1. 

Hmice, for the range of t corresponding to | C| < 1, the serie^(4*6) for £1 
converges absolutely, and we can substitute the series defining £lp, Qj, and then 
rearrange in any manner. In particular, we can coUect aU the hypergeometric 
functions of the same order, and thereby express £2 as a simple series of the standard 
form (1*21 )(1*22). Thence we can pass to an expression in terms of generating 
functions of C. C» say 

a = {(?(C)-h5(C)}o(r)- i K{rTrFjr){QJS) + ^M- (^-18) 

This form is, of course, obtainable by substituting for the£2j„ £5^ in (4*6) expansions 
such as (3*16), and then rearranging; the preceding argument justifies this process. 
The generating function for £2^, is given in (3*17), whence we get, for the functions 
m (4*18), 

m = = sr(C)[H- S Bphp[r^TlO-P\^, 

m = 5 Dphp{r^n^^\l) = giDY.Dphpir^Tll'f. 

33=1 p 

The essential point now is that, in these expressions for (?(C), 5(C), the series 
multiplying gf(C) converge in | C j < a domain enclosing C = 1, so the continuation 
of g'(C) round C = 1 leads immediately to that of 5(0 ■ Accordingly, by the general 
theory given in part I, the solution £2 can be correspondingly continued; the series 
for the continued function *£2 can again be arranged in any manner we please, and 
the formula (4*7) is justified. 

6 . AnALTECC COSTTIlircrATIOK OB' THE SOLUTION (4*6) 

It is convenient to find the continuations of the separate terms of the series (4-6) 
and to deduce the continuation of £2 by addition; the justification of this formal 
process follows as at the end of the last section, the double series which arise being 
in every case absolutely convergent. 
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The function Qp is originally defined, in the domain I, by the series (3-16) or by 
the equivalent series (3-16). Its continuation along an assigned path into one of the 
other domains II, etc., is to be found by substituting in (3*16) the continuations of 
9^i(0> where, in I, are defined by the series (3-17) and (3-18). 

Since 

(5-1) 

the required continuations of can be read from {3-9). For the correspond¬ 
ing continuations are as follows; the proof is deferred to § 8 below; 


00 /'n-hP oo ^i+n+p oo ^ 

V - ^ _ V _ 2 __L- y _ HLP - 

n=iM'>^+P + ^)^ nii(i+n)(i+n+p + m) n=o(i-n)(i-n+p+m}’ 


00 yn+p 00 




:-S, 




n¥p 


1 {■k+n){\ + n+p+m) o {\—'n){^-n+p+my 
{h+ih'rf)Z^ 


.i^ + y_ 

p+m 1 n{n+p+m) 




^ 7- - - iK. 


P’\-m ■ T 


33+mV: 


^p-n 


n{p+m—n) 




0 (i-’i) {\-n+p+m) 


+ lc\ 


^ 2OT-hlogg ^ 

^ p+m ^(i>+m)' 


Vmfr ’ 


(I) ' 
(!') 
m 

1 

(in) 

(IV) 



p+m {p+myj 1 n(p+m—n) 

I f , j,yiogi I .i— W-m 

^o(i—n)(i-n+p + m) \p + m {p+myj^ 


(IV')] 

(5-2) 


The coefficients q^, and the constant 0 are defined in (3-10); in II and III, 
jST, is the constant 

K, = ^lW k'^-^^Fil,l + r,^+r,k’^y, (6-3) 

and in IV and IV' S' indicates a summation in which the term with vanishing 
denominator is omitted. 

For discussing the convergence of series involving the E^, it is useful to note that 


F(l, 1 + r, 1+r, ¥^) < F(l, 1 + r, f + r, 1), 


whence 


0<K^< < 2k'^+^; 


and, incidentally, C is the limit of rK^ as r-»0. 


Vol. 196. A. 
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Continuation into IV 

On substituting in (3-16) the continuations for IV given by (3-9), (6-1) and (6-2) 
we obtain, on collecting like terms, 


= - k(27ri +log 0 {<"(’■) - i”-) 

“ « hjTTrFjT) ] 

i-n+p+m I 


“ h JjTTFJp) 
{p+mf 


KirTICrW j -KlrmiMl 

As regards t h e first term in the second Kne, the ^Ti-summation involves no terms with 
vanishing denominator so long as and in this case we can substitute for {*•.} 
from P.F.; also in the terms with n>p we replace n by After substituting from 

P.P. in the first and third lines, we get 

"JowW 

7 r-.n- , Ina- H f Kir^rW “ KirTIQ^F^ir) 


On reference to the expansions (2-4) and (2-6) for L^iO^ ^niO we get 

(5-4) 

For the continuation of Qp into IV we replace ^ by and also replace — 27ri by 
2m, since ^ and ^ circle in opposite senses round 1. Hence 

Up = 2nik\ljFp{T) + - kMp{^) + 

I 1 / (r^-ky KirTl^rF^jT) 


+ k' 


The continuation of £i is now deduced from 

Q = Qq + 2 {“®p ^pi'^l ^3?}* 

33=1 


(5-5) 

( 6 - 6 ) 
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The coefficient of — 27rik is 


£ Ktmrm+ i 

n \ 




W+ S B^h^{r^T\)r> £ h tJM Ml 

/ 35==i w=i p-\-n 

29=1 \ -^ / 33==1 W=1 


where by (4-2) 


t^T\^ tT t^TI^ tT 
T ~ I' T “ C ■ 


From the relations (4-8) connecting the it follows that the whole of the 

expression (6-7) cancels, except for the initial 1. 

Again, the coefficients of hLJf,), kLJf) are, forn> 1, 

1+ y J ByKirxTlY 

and by (4-8) these are respectively D^, Hence the terms in Q which involve the 
LniO,LM M^i0,M,{0 8.Te 


-kM,{Q + k E {DMO + BMQ-BMriTlYM,fO-D„K{T,Tl)nMJO}, 

?l*»l 

i.e. by (2-9) 

- + A:J{^_ Jr) + A,r«F„(r) 

On collecting the remaining terms in fl, we have in all 


£1 = 


-27rii-*ilfo(0 + *jjA(|) %5,,(|)"}{,#^_Jr) + A„r™FjT)log(r,TD} 

+ +4(1) )4_„(r) 

“ s r/ti\i-^ " I /t:\i-n+p "I 

(IV, (5.8) 


The cancellation of the variable part of the coefficient of 27ri is, of course, a verification 
that, in I + IV, Q has single-valued derivatives. If the continuation had been made 
in the opposite sense from I into IV, we should have obtained a formula for £2 which 
differs only from (6-8) m having 27rik in place of — 2mk for the first term. 

By the general theory of analytic continuation given in part I we know that the 
series (6-8) must converge for Ti<T<Tg; and we can verify from {1-17)-(1-19), (2'12) 
and (4' 17) that it converges actually for r^ < r < 1. We note that as r mcreahes from 
Tj through Tj to 1, I ^ I increases from 1 to ^(rf2i)~^ and then remains constant. The 
functions ^Jt), hn7^Fn(T)log(Tj^Tl) are both of order when t^Tj, 
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while for t<t^ the former is 0{T^‘^) and the latter is smaller. Hence, since 
are hounded, the series in the first line of (5*8) is dominated by | ^ | and 
converges for r > 

In the series in the second line, is positive in every term, and the inner 
(finite) sum is dominated by A | S 1 ^1^’ by accord- 

n—l 

ing as 1 ^ 1 ^ 1 or I ^ I < 1. The series is hence dominated by 


A 8^^ 


or by 


A S 

j)=i 


PHriTir 


andintheleastfavourablecase,whenl ^1 = ^(T|2i)~Sthedominantis 
which converges. Thus the second line converges for 0 ^ t < 1. 

For the series in the third line, the inner sum is dominated by 


^Kl*- 


-*2 

p=i 


pi\^\p{T^Tir 


which has just been shown to converge. Hence, since the are bounded, the 
complete series is dominated by J.S ] ^ [*“»%'*, which converges for t > t^. 

For the remaining series, the coefficients 


1 ” Dr,K{r^T\y 

{f+nf 


are Oiljn^), and the series converge for 0 <t< 1 . 


Continuation into I', IV' 

The expansions of ™ derived from those in I by reversing the 

agns of the terms of half-integral order. Hence the expression for il m I' is derived 
from that in I by making the corresponding change, and from (3-15) and (4-6) 
we have in I' 


® ir/t\“ " ( /^\»+3> /?\«+i’’i “I 




i+n+p 


"f-Q, 


- 5 

n-oi-n 


i-ni-p 


+n 


/i:\i+n+p) 1 

\r) ) J 

(I') 

(6-9) 


Similarly, tbe expansion for IV' is derived from that for IV, viz. (5* 8), by reversing 
the sign before the series (in the third line) of terms of half-integral order, and also 
omitting the term — 27rik, The absence of the latter term reflects the fact that £2 
is non-singular at the point C = 1 on the common boundary of I' and IV'. 
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OontiniMtions into II, III 

On substituting in (3'16) the appropriate expansions of and 

^\C)> as given in (3*9) and (6-2), we obtain for II, after collecting like terms, 

.U)_ i K(^Trrjr)\ 

I m«l 


s 


“ k+ik'r^ 


n^l 


n 


^n+pj 


n+p + m 

,-rrr(-,(T\ V iVTT ft 

P*rn. 




( 6 - 10 ) 


For Qj, we replace C by ^ and i by -i: 

( 6 - 11 ) 


To obtain O we substitute these in (16*6); the full formula does not simplify, and 
is not worth writing in eoctenso. 

For in we have the same formulae with i replaced by —i. 


6. Remarks , 

(i) Our solution £2 has now been continued through the domam 0 <t<1 , 
—TT^^^TT. It has two branches which permute about the branch point t = t', 
6 = 0, where t' is determined by the equation ^ = k'^, i.e. ^t' T(t') = k'^^Jr^ T{tj). 
One of these branches has a simple logarithmic point at t = t^, ^ = 0, so that its 
derivatives with respect to t, 6 are single valued near this point and infinite at it; 
the other branch is regular at this point. 

From the discussion at the-beginning of §3, therefore, we see that our solution 
has the correct functional character for the specification of flow, with circulation, 
past a cylinder. We can verify this by exa, minin g its approximate form when is 
small and t is restricted to be comparable with t^. Then the only significant terms 
are those involving the quotient t/ti; at every other occurrence of t or t^, we can 
replace them by 0. On this approximation, all the hypergeometric functions become 
equal to 1, and ^jT become shice T, 2\ become 1; also O 

reduces to Cl^, since the series vanishes with 

p 

T^. From (3-14) we see then that £1 reduces to 9'(3'6^®/2'i), and siuee this specifies 
incompressible flow, with circulation, past a cylinder, we verify what is required. 

(ii) The physical solution is obtained from our £2 by multiplying by an arbitrary 
pure-imaginary scale-factor and then adding the conjugate. Hence it is 

iiphys. = 

the value of the real constant Bp—Bpia given in (4-16), 


( 6 - 1 ) 



22 


T. M. Cherry 

The position co-ordinates x, y are thence given in terms of r, 6 by differentiation 
as in (1'3), Separate series are of course required for the domains I, ...,1V'; their 
derivation is merely a matter of routine, and they will not here be given. 

We can*easily verify that the solution (6*1) gives a flow in the ajt/-plane whose 
circulation round any circuit of large radius, with centre at a; = 2/ = 0, is exactly 
SttM. In fact, the circulation is 

^(udx-^vdy) = lux-^vyl— ^{xdu-\-ydv) 

where [Cl] is the increment of Cl on the circuit. To a large circuit in the a;y-plane 
corresponds a small circuit of ^ about ^ = 1, and for this we have found the incre¬ 
ment of £1 to be — 4:Jc7Ti. Hence the increment of O — £1 is — Skni^ and the increment 
of Opiiyg_ is SttIcA, 

It may be remarked that our solution remains regular at the stagnation points, 
given by ^ ^ = 0 in II and III; that is, the series (5*10) and (5*11), and the series 

for Cl which thence follows, involve only terms of positive integral orders. 

(iii) Our solution £1 involves the two essential parameters giving the speed 
of the flow at inflnity (which must be subsonic since the restriction has been 
essential), and k, giving the circulation; the restriction 0 < & < 1 is not essential, 
and bysimilar work we can find the formulae in the cases where k>l. Wo can obtain 
other solutions, of the same physical character, by adding to our Cl any solution 
which introduces no new singularities, e.g. (1) a series of the form 

s (-4^e^^^^+2^e-^^^)T4^jF;,(T), (6*2) 

which converges for 0 < r < 1, or (2) a solution whose generating function is 

as developed in part I. We have encountered series of the sort (1) in (5-8), second, 
fourth and fifth lines; and the last series in (5-10) has also this character. 

It is easy to prove that our solution £2 gives a flow having the line a; = 0 as an a via 
of symmetry; this is because the coefficients in the developments for I, I', IV, IV' 
are real. If we add a series of the form (6-2) whose coefficients are not all real we 
destroy this S3rmmetry. 

(iv) The formula (3-20) gives {*Q.^-QQ)l4:k7Ti as the sum of a ‘principal term’ -1 

and a series of ‘subsidiary terms’ SA„(Ti21)“(^/T)’»J'„(T)/m. We canceUed these 
subsidiary terms by adding to Qj a series of other solutions £2^,, £2^,; the reason we 
were successfd in this is that the principal term in has the form of the 

jpth subsidiary term in *£2 q—£2 ^; and, as is easily seen, the essential property of £2^ 
for this purpose is that its generating function has near ^ = 1 the principal part 
.4^-*’log(^ 1), where A. is constant. Any function £2^, having this character would 
serve equally well so far as the neighbourhood of ^ = 1 is concerned; but we require 
also that the final solution £2 should have no other singularities than those of £2o. 
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so that for instance Up must be double valued, with its second branch regular at 
^ = 1. This additional requirement is satisfied by our choice of Qp as the solution 
whose generating function is but it could have been satisfied by other choices 

of generating function, e.g. ii:§*’logg'(f). The latter choice gives a solution which 
reduces, when &-^0, to that found in part I for flow without circulation; the choice 
which we have adopted gives a solution which does not so reduce: for A = 0 it gives 
a flow without circulation round a cylinder, but the shapes of the cylinders are not 
the same in the two oases, unless is infinitesimal. 


7. The stream ettnotion 


We begin by choosing a series for irjr which has in the domain I the correct relation 
to 0, according to (1*11) and (1-12). From this we find the series for irjr in the other 
domains by-continuation. 

Accordingly we start firomf 

iir = fo+i bp(T,TIF{Bpfp-Dpfp), (7-1) 

where in I 






n 


i(|p 






and ijTp is the same function of From p.p. this is equivalent to 




(7-2) 


% = S (7-3) 

where 

= * S +*S+E 

7i«*i ^ 1 0 

(7-4) 

Hence, from (3-17) and (3-18), 


= (7-6) 

and thence from the known continuations of 9m\0 deduce those of 

g^KO, mO- 

Now in each of the domains T, II, III we see from (3-9) and (6-2) that the expan¬ 
sions of the gr-functions are related as in the scheme 


«) = SC'r. = (7-6) 

t We have chosen the notation ^3,, rather thant^^, for the series which make np because 
the coej0acients in these series, for I, are real. 
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■where v runs over a set of values which includes no negative integers, and is 
a constant. By (7-6) these give 

mo mo = 

and by substitution in (7-3) and appeal to p.f. we get 

fy) ^t(T) + ^_A^njm +1) (y) ^m{r)- (7-7) 

Similarly, (7-6) gives 

£2p = (7-8) 

Since = (t^ T^f’’ {Ij and (m +1) = (m -1) 

we verify that the solutions (7*8) and (7-7) are related as in the scheme (1-11) and 
(1’12)—as, indeed, they must be; but we prove also something more, viz. that when 
^KOy S&iO are related as in (7-6), the additive constant which remained undeter¬ 
mined in (1’12) is zero. 

Hence we can read off the formulae for in I', II, III from those for Qj,; viz. 
in I', a series got from (7'2) by reversing the signs of the terms of half-integral order; 
in n. 


s 

n=l 


” {Ic+ik'r^) (?»-t-59 - 1 ) / ^ Y+P 


+ih^-0^p+nKirxTir{^^'j\{r)i (II) (7-9) 

and in III the same series with i replaced by — i. 

To get from we interchange ^ and i, -i, and by substitution in (7-1) we 
get the series for ii/r in I', II, III. 

For IV, we begin from the appropriate expansions of g^\Q, \ 


VIZ. 


00 f'p^n 00 « 

mo = -fc(27ri + logO^»'+*S2- 

t n 0 f—n 


^ j,^/ 27rt + logg 1 

\ p+m (p+m)^, 






n{p + m — n) 




0 (i—n){-^—n+p+m) 


^j/w+iog| __L_\ 

\ p+m (p+m)y^ ' 


From (7-6) we deduce 


I 1 ft i — n 


s- 

0 


i-n 




\ jp + m (^+m) / I n{p+m^n) q — (!•— 

-t(m+i)(g;i±ig8l+ ‘ V 

\ p+m {p+mfl^ 


—71 

+p + m) 


p + m p+rfi^ 
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On substitution in (7-3) and reduction as for we get 


■ \ 5 i ^ \ 5 i (r) “ 




S 1 

92,=30 ■§■ — ^ 


(ir 


^i+p—rSj) 
(7-10) 


and ^3, is the conjugate of this: 

= 2rrki{p - 1) (|)'’il,(T) - ~ 


w«=il ^ 


From these we obtain iif by substitution in (7*1), viz. 


(7-11) 


iir = 1^0+ S hp(T^Tl)P(Bp^p-D^fp). 

3J=-1 

Observing that (ti +1) = (n — 1) 

we get for the coefiSicient of 27Tki 

-hp - 1 ) Bphp (T^Jppir) 


(7-12) 


00 

1+ S « 

n«l ^ 


+ s 

p= 


+ 


37=1 , 1=1 p+n \ Q / 


an expression which reduces to 1 in the same way as (6'7) does. Again, the terms 
involving the functions L, M reduce, on use of (4-8), to 


kM,{Q - k^ {(71 + 1) -{n+l) jB„4(C) + {n-l) A„(ti T|)» B^M^{0 

-{n-1) hp{r^ Tl)”’ 

and putting {n—l)h^= (tz. +1) this becomes, by the analogue of (2-9), 

_ ' * 

Similarly, the last two terms in (7*10) and (7*11) give the contribution 
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since = tT^I^Tx ^i) = 1) ^n/(^ + ^)- 

On collecting the remaining terms, (7'12) becomes 

if‘=27TJiii-k+hMQQ-k'2^{n+l)i^Dn^^ ) 

X [^-n(r) + kr^tir) log (r^ Tf) - T-4^(r)) . 


+hi:hx>{rxTiri: ^ 

P=1 ?l=»l ^ 

00 

+ S 




i [(»+i) + iii + o - p ) 

x{B.(|p-i,,(|P)W)] 
+ii/»-i)Mr.2i)“(|)V.w(i+i_5A^) 


(7-13) 


The formula for in IV' is derived from this by omitting the term 2nki and 
reversing the sign before the series of terms of half-integral order. 

Since the physical solution is 

Qphya, = iJ,(0—Q) {A real), 

and in the preceding formulae tjr is the stream function which corresponds to £1, 

fphys. = iA(,f-^) = A{i7jr - if). 

Thus (7-1) gives 

lA'phsB. = ^(lA-+^o) + ^ il hi'^i T\)'^ (-Bp - J5p) {fx> + fp)’ 

j)=i 

f'-pbja. Is given by adding series, such as those on the right of (7-2) and (7-13), to 
their conjugates. In particular the term 27rii in (•7*13) is absent from ^phya., which 
is accordingly single-valued in the plane of the flow. 


8. Expansions op the qeneeatino fdnotion and its associates 


We stait from (3-6): 

g(0 = 


-2V(C-*'*)-2*log{A;-V(Pifc'% 


( 8 - 1 ) 


which gives 


( 8 - 2 ) 
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On the central line of the domain I we have g < 1, and k'^) is real positive; 

so, writing 

( 1 - Z ) i = SC„Z^ 


we have in I 


\ m=0 




n=0 

= ^ i: i i J i c^k'^ 

ns=»0 m~0 w~0 m=n+l 


00 




lle=0 


00 

s 

71 = 0 
00 


00 


00 


w=0 


m-71+1 


since 


Hence 


0 

00 CO 00 ^ 

= iS-+«:S^+S%^ + C, 

in i\+n 0 i—a 


' 1 > 


(8-3) 


where q.^ = S constant is determined by identifying (8-1) 

m=w+l 

and (8'3) for Since (8-1) gives g(k'^) = — 2Alog&, and the first term on the 

right of (8-3) becomes — i:log(l —i'®) = — 2ilog^:, we have 

1 t + ^ 0 


= F3SCm*j'’*™S3T-+fe'’*S]r-(c„+i + c„+afc'=*+c„+3*'‘+-)- (8-4) 

0 0 t+iJ- 0 i—n 

For the double series in the last term, the terms for which % > 1 are all positive, and 
this set of terms is dominated by 

” 1 , , , , » 1 1.3.(271-1) 

f^_n^<^n+i + <^n+z+>-) - fn-i2.4: .(27i) {27^ + 2)’ 

which converges. Hence the whole can be arranged in powers of k'^, and the coeffi¬ 
cient of k'^+^ is 




1 1 (-i)'i 1 

1 . .. 1 I • 


(-i)(i) 


|-t-r \+r 1! -J+r 2! 

3 ^F(-i,-|-r.-i-r,l) 

f+r 




1 r(-i-r)r(t) 


i+r T{-r)m 


= 0 for r = 0,1,2, 


Hence = 0. This proves (3-9,1). 

To continue g{^) into 11 we must take, as in (3-6), 

^(^-k'^) = ik'{l-Clk'^)K 


( 8 - 6 ) 
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and (8*2) gives 



0 

where 



m=0 

Hence 

ff(o = 

1 ^ 


where is most easily found by identifying (8-1) and (8-6) at ^ = 0: 

Cg = = — 2iF — 215log (Tc—ik') (from (8-6)), 

= -2ii:' + 2iAarcsin*' = -^k'^F{l, l,^,k'% (8-7) 

The form last given may be proved, for example, by forming a linear differential 
equation for (1 - A:'®)* arc sin A:' and solving it in series. This proves (3-9,11), and for 
in we have merely to reverse the sign before i. 

Tor the expansion of g'{Q in I' we reverse the signs of the terms of half-integral 
order in the expansion for I, so that in I' 


1 n li+n 0 i—» ® 


( 8 - 8 ) 


The constant 0^ is found by putting ^ = ¥K Then, as already shown, 

1 ^ 1 i + n 0 \—n 

so 0^ = 0. This proves (3-9,1'). 

Tor IV, which is to be entered from I, we observe that in (8-3) the last series con¬ 
verges for \^\>k'^, so we have onlyto find the continuation ofthe first two series, viz. 

in\n 

= - - ^*) + (8-9) 

where w the prmcipal value. K ^ circles in the positive sense round ^ = 1, then 
circles m the positive sense round = 1, and in IV we are to put 

log(l-^*) = 7ri + log(^i-l) 

' = 7ri + Jlog^-f-log(l-^-i) 

== 7ri + ilog?-^»-i^i_^^-*_.... 

Hence the continuation of (8-9) is 

= - *(27ri+log -f-Ifc S ^ _ jfc 2. 

1 n oi-n 



29 


Flow of a compressible fluid about a cylinder, II 

On adding the last series in (8-3) we obtaia in IV 

g{Q = -k{2m+log0 + kj:^ —Er— S 

in 0 0 71+1 / 

00 y-~n 00 « 

= -A:(27ri+logC) + A:2^;—2%^—, (8-10) 

in 0 i-n ' ' 

n 

where s,„ = 2 

This proves (3-9, TV). 

For IV' the expansion is to be obtained by continuation from V, so in the pre¬ 
ceding investigation for IV we have to reverse the sign of In place of 

log (1 - C*) = -ni + loglff ~l) = m + \ log ^-i- log (1 - ^-i), 

we now have log= log(^i-H) = |log^-|-log(1 + ^-i); 

so we get the expansion for IV' from that for I' by reversing the sign of and also 
omitting the term — 27rik. This proves (3-9, TV'). 


The associaied functions 

The function g^{Q is to be regarded as defined in the domain I by the expansion 
(3-18), viz. 

rn+p CO ri+n+p CO „ ri-n+p 

O I 7>. b Hnh __, 




+ ki: 


:+!:■ 


1 (i+%)(!+«•+i>-l-m) 0 {i-n){^-n+p+m)’ 

( 8 - 11 ) 

and it is to be thence determined in II, III, I' by continuation within | < 1, in 

TV by continuation from I, and in IV' by continuation from I'. Since (8-11) gives 


d' c-™ 


= c^+’ 


{CO yn 00 

kx^+kz 

1 n 1 




‘^ + n ^ ^-n 
= by (8-3), 

the continuations already found for g(Q furnish those for (djd^) and the 

various series for are thence found, to an additive constant. 

Thus in II we have, from (8-6), 


^ J {k + ik’rj^p^- ^ ^ 

n{p+m+n) ^p+m 


+c,^- 


( 8 - 12 ) 


where is to be found by identifying this series with (8-11) for ^ = k'^. Hence 


h^2p 00 « l.f2p+2n 

O^k'-^+G^- —+ii!'2-—-- 






1 n{p+m + n) 

J^fl+2n+2p 


_I y»_^ 

i(i+n) (i+n+p+m) 0 (i-'ii) (i—‘>i+P+^)' 




■27i+2p 


(8-13) 


The series on the right is 

k'2p I « 


p+m 






j'l—2w| 

-n j 


:+2^ 


■2n 


k'2P ^ ~ ;i;U+3n 

p+m\ i^+n+p+m,^‘^\—n+p+'m\ 





30 


T. M. Cherry 

The series in. the first {...} is the value of - Cj in (8-4), -which has been proved to be 
zero. For the series in the other {...} the coefficient of lc'^+^ reduces similarly to 

F{-h 1), 


r—---(-±_ _ _ 

s+p+m+r + f+p+m+.r 

which is 0, since p, m are positive integers and r = 0,1,2,.... 

Also, writing p+m = t, 

Jc' S ^ ” Co¥^+c^h'^-^+...+c^_,¥^ 

where the double series converges absolutely since 

1 Co I +1 Cl I +... -h I c^^i [ = 1 +1C 1 + C 2 + ... +c^^i I <2. 

Hence we can arrange it in powers of and the coefficient of jg 


-+... = 


r{^4*r)’^(^+l)(^ + r+l) 




where 




t+r'^i+r+l'^’" i+r'*'f+r+l'*'(i+r + l)2 

= 1 r(^+r+i)r (i) _ r(«+r)r(|) 
t+rr(t+r+^)V{l) r(i+r+f)' 


= 1/£o+_£l_ + ..\ 

t\r r+l^ ] 

i-\) 


-i/Jo _ 


■L+.J 


+JzML+... 


= JJZj y iMr(|),„„.“ r(i+n)r(|) .J 

. * l«^ir(»+i)* J,T((+«+i) * j 


Since r runs over the values 1,2,..., we have then 

j., ” _ *'i+2» I 

in(p+m + n) 

Replacing t by p +m, (8-13) gives therefore 

^P+m r(p+m+f) 

and on account of (8*7) we have 

For r, on integrating the appropriate expansion of we obtain 

in(n+p+m) f(i+n)(i+n+p+mj ?(i^n)(i-n+p + m)^^^^~"> 

where the constant 0, is to be obtained by identifying this with (8-11) for f = h'* ’ 
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For IV, the appropriate expansion of is given by (8-10), and on inte- 

grating this we get 

p+m '^{p+m)^^''^ n{p+m-n) 


_^Mog| 

p + m® 


00 

m_2 




0 (i-w)(i-'»+p+m) 


+c'*£- 


and we determine by identifying this with (8-11) at ^ = 1, both series being con¬ 
tinuous up to this point, by Abel’s theorem. Putting p+m = t, this gives 


1 




1 


00 

r+^S; 


:+S; 


i" > 


p ^rtih Tc T yi/ __ 

t ‘"■^n{t-n)'‘''^n{t+n)''^^{\+n){\ + t+n)'^^{\-'n){\+t-ny 

(8-14) 


and here = S - (1 — *'^)* = *• 

n+l 0 

The last two terms therefore combine into 

1 




_ ^ « /_JL_ 1 \ 

ooxj+^i \+n+t} 


—CO ('J+Ji) (•J' + ^^'+i) 
smce i is an integer. The preceding two terms combine into 

1 h. 


*2"- 


siiVn n+tj’ 


7^(^^ + ^) t. 

where omits the terms with n — 0 and n — --t; and this is equal to 


Hence 


k2 
t r 

27rik h 2mk 
Or = —:—1-75 = + ■; 


h 


and (5*2, IV) is proved. The expansion (5-2, IV') is proved similarly. 
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Numerical solutions for transonic flow 


By T, M. Chbeey, The University of Melbourne 

{Communicated by 0. Temple, F.B.S.—Received 16 July 1948) 

In a previous paper (Cherry 1947 ), the author has established a family of exact 
solutions for steady two-dimensional flow of a compressible fluid past a cylinder; 
the final formulae are given in theorem 6 , equations (6'17) to ( 6 * 21 ). These formulae 
have now been evaluated (taking y = 1*405) for^he value « 0*06, corresponding 
to a free-stream Mach number of 0*510, and the streamlines are shown in figure L 
The cylindrical obstacle has a thickness ratio 0 * 93 , but is markedly different from 
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Nv/m&riccil solutions for tTonsonic flow 

an ellipse, being almost exactly circular over its up- and downstream quadrants. 
The Mach number at the ends of its transverse axis is 1-39. The flow is everywhere 
regular, but a small increase in the free-stream Mach number would be critical; a 
shock-line would begin to appear near the points on the surface where the tangent 
is inclined at about 25 or 30° to the direction of the free-stream. 

Since the hodograph equations are hnear, new solutions can be obtained by super¬ 
posing two or more known solutions. In this way the solutions illustrated in figures 
2 and 3 have been obtained. Calling P the solution of figure 1, figure 2 shows the 
solution P -1-0-94(72, and figure 3 the solution P+ l-SOySg, where C^, 8^ are the cases 
V = 2 of the following: 


if = — cos v6. 



X = cog 0 sin -f FJ^t) sin (v— 1) , 

y = gin. 0 sin + F^{t) cos (v — 1) , 




if = sin v6. 


1 = cos 6 cos vd -f P„(t) cos 

r = - sin 6 cos vd — FJj) sin 


(v-1)^). 


The constants 0*94, 1*50 were so chosen that these new solutions should be critical; 
in each case there are nascent shock-hnes on the surface of the cylinder, and the 
continuation of the flow within the surface shows limit-lines. At these critical points 
the curvature of the surface is infinite, but the slope is continuous. 

For P-f- 0*94(72 greatest Mach number in the field is 1*56, and at the critical 
point it is 1*335. For P+1-50S^ the greatest Mach number in the field is 1*60, 
and at the critical point it is 1*38. In both cases the acceleration (which becomes 
infinite at the critical point and then changes sign) is markedly unsymmetrical 
about the critical point. 

That the streamline through a critical point should have its curvature there 
infinite is not, of course, a general physical result; it is simply a feature of those 
critical solutions for transonic flow which are most easily obtained by the hodograph 
method, and this is the only known exact method. 

The numerical work underlying flgures 1 to 3 is heavy. The main feature is that 
slowly convergent series have to be evaluated, and this requires the estimation of 
a ‘remainder" after summing the early terms. For the fibual results there is an in¬ 
dependent check, which indicates that they are accurate to three significant figures. 
The details of the procedure, and the numerical results, are given in Report A 48 
(by T. M. Cherry) of the C.S.I.R. Division of Aeronautics, Fishermen’s Bend, 


VoU 196 , A. 
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-Streamlines and-lines of constant speed, density and 

pressure for solution P + 0-94Go. 
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Melbourne, Australia. The calculations were confined to the most interesting part 
of the field, which explains the incompleteness of the outer streamlines in the 
figures. 

Acknowledgement is gratefully made to Miss Betty Laby and Mr H. C. Levey 
for their help in this project, and to the Division of Aeronautics for making their 
services available. 
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Order-disorder statistics. I 

By C. Dome, Pembroke OoUege, University of Cambridge 

{Communicated by D. Jt. Hartree, F.B.8.—Received 8 May 1948— 
Revised 24 August 1948) 


In 1941 Kramers & Wannier discussed the statistical mechanics of a two-dimensional Ising 
model of a ferromagnetic. By making use of a ‘screw transformation* they showed that the 
partition function was the largest eigenvalue of an infinite matrix of simple oharaotoristio 
structure. In the present paper an alternative method is used for deriving the partition 
function, and this enables the ‘screw transformation’ to be generalized to apply to a number 
of problems of classical statistical mechanics, including the three-dimensional Ising model. 
Distant neighbour interactions can also be taken into account. The relation between the 
ferromagnetic and order-disorder problems is discussed, and it is shown that the partition 
function in both cases can be derived from a single function of two variables. Since distant 
neighbour interactions can be taken into aocount the theory can be formally applied to the 
statistical mechanics of a system of identical particles. 


1 . Introdtjotion 

There are a large number of problems in statistical mechanics in which a classical 
solution famishes a^satisfactory approximation. When this is the case, if our assembly 
consists of a large number of particles, the partition function for the assembly 
reduces to a product of two factors, a kinetic energy factor, and a configurational 
factor. The first of these can easily be evaluated, and the fundamental problem 
which remains is the determination of the configurational partition function. 
Examples of problems of this type are the condensation and solidification of many 
substances, the order-disorder transitions in alloys, the theory of regular solid 
solutions, and the behaviour of ferromagnetic substances on the basis of an Ising 
model. In the present paper, we shall be largely concerned with the last three 
phenomena although § 5 will have some bearing on the first of them. 
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In the order-disorder* problem calculations are usually made on the assumption 
that the individual units are arranged in a given lattice structure. The potential 
energy arises from the short-ranged interatomic forces, and it is quite reasonable to 
take as a first working model one in which only nearest neighbours interact. The 
energy of a given configuration is completely determined by specifying the number 
of nearest neighbour pairs of aU possible types, and the mathematical problem to 
be solved is the determination of the number of configurations involving a specified 
number of nearest neighbour pairs of each type. For example, if we have an alloy 
composed of n-y atoms of type 1 and % atoms of type 2, there are three possible 
nearest neighbour types, 1-1, 1-2 and 2-2, and our problem reduces to deter¬ 
mining the number h{ny,n^; %i,%2,«22) of configurations mvolving pairs of 
the first type, ny^ of the second, and ^22 of third. Similar considerations apply 
to the Ising model of a ferromagnetic. Each spin in the lattice is capable of two 
orientations which may occur with equal probability, and our mathematical pro¬ 
blem is again one of determining the average number of configurations containing 
specified numbers of each orientation, and of nearest neighbour types. Except in 
the case of a linear chain the mathematical problem described above is one of some 
difficulty, and various approximations have been devised; as a typical example 
we may quote the Bethe approximation in the order-disorder problem (Bethe 1935). 
These approximations predict a discontinuity in specific heat at a given temperature 
(the Curie point), and were at first considered fairly satisfactory. The first attempt at 
obtaining exact information as to the position and nature of the singularity was 
made by Kramers & Wannier (1941). In considering the problem of a two-dimensional 
ferromagnetic in the absence of a magnetic field, they showed that the partition 
function was the largest eigenvalue of an infinite matrix of characteristic structure 
(a F-matrix). By using symmetry properties of this matrix they located the Curie 
point, and by means of finite matrix approximations they conjectured that the 
specific heat had a logarithmic infinity at this point. These results were completely 
confirmed by Onsager (1944), when, usmg group theoretical methods, he obtained 
a complete solution to this problem. This meant, however, that the various approxi¬ 
mations which had been previously employed were appreciably wrong both as 
regards the location and nature of the Curie point. Many of these approximations, 
and their relation to the exact solution, are reviewed in an article by Wannier (1945). 

The approach employed in the present paper is similar to that of Kramers & 
Wannier. It is shown that a number of problems can be reduced to the determination 
of the largest eigenvalue of an infinite matrix of characteristic structure (a duo- 
diagonal matrix). These include the three-dimensional ferromagnetic in the presence 
of a magnetic field, and the general order-disorder problem with any given ratio of 
the two constituents. Distant neighbour interactions can be taken into account and 
do not alter the characteristic structure of the matrix. It seems, therefore, that a 
study of matrices of this structure should provide useful information regarding the 

* In. the present paper we shall not be concerned with the detailed calculation of physical 
results, but with the transformation of a number of physical problems into stamdard 
mathematical form. Thus the term ‘ order-disorder ’ includes also solid solutions, and the 
term ‘ferromagnetic’ includes also anti-ferromagnetic. These problems differ in the sign of 
the interaction energy. 
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nature of the solution of problems of the above type, and it is hoped to undertake 
this subsequently. 

The relation between the order-disorder and ferromagnetic problems is discussed 
in § 2, and it is shown that both solutions can be derived from a single function 
of two variables. 


2. The linear chain 


It is well known that a one-dimensional chain does not exhibit any phase transi¬ 
tions similar to those characteristic of two- and three-dimensional structures. 
Nevertheless, since an exact solution is quite easy in this case, it serves as a useful 
illustration of the general method to be u^ed. Let us first consider a problem in 
probability. Suppose we are given n units in a Hne, each unit being capable of two 
configurations, 1 and 2, the probabilities of these configurations being and 
respectively (a^ -i- aj = 1); what is the probability of a total configuration involving 
% umts of type 1, units of type 2, and nearest neighbour pairs of 

t:^es 1-1, 1-2, 2-2 respectively? When «! = = i, this is essentially the one¬ 

dimensional ferromagnetic problem. 

Tor large n we may take %, as the two independent numbers of the above five 
and the remaining three can be deduced fi-om them by the relations -f 
J% 2+%2 = + = n. Let w{n; be the probability of a configuration 

of the required type. We can divide these configurations into two mutually exclusive 
classes, those involving 1 in the last unit, probability and those 

involving 2 in the last unit, probability votin', Then 

v}{n] = «’!(«■; %,»i2)+W2(ra; Wi.M'ia). 

It is now easy to deduce the following equations 

Wi(n-M; %,ni2) = aiWi(n'; %-l,%2)-l-aiW2(»; «'i-l,»i2-l),l 

«)2(«’+l; %,%2) = <3C2lCi(%; %,%2~ l)+a2^2(™; %>%2)' / 

In statistical mechanics it is more usual to deal with the average number of con- 
^ations of a specified type rather than the probabUity of these configurations. 
Denoting this by g{n-, %, since the total number of configurations is 2™, we have 
g{n\ %,% 2 ) = so that 


?i(«4-l; %,%2) - %-l,«i2) + 2aigr2(%; «i-1),\ 

5 ^ 2 (»+ 1 ; %,%a) = 2 a 2 g'i(»; + n^,ny^^). J 

of solving such a set of linear difference equations is to consider 

oo 

/1(^; = 2 %5 ^ 12 ) 

J 00 

^ x-^^ = 2 ^ 12 ) x'^l^x'^^^x'^. 
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It is then easy to show that g{n-, Jii.nia) is the coefficient of in the expan¬ 

sion of 

4 >{x; 


/(«; =/i(«; %.*i2)+/2(»; a:i,«i2) = 


s. ( 3 ) 


{2ajXiX— 1 ) {2a2X— 1 ) —Xyx\^x^' 

where ^(a;; *1,0:12) is a polynomial of small order determined by the first terms. We 
can deal with the term in a: by separating (3) into partial fractions in x and expanding 
in powers of * in the standard manner. We thus deduce that g{^\ %, 7112) is the 


coeflacient of *^*5^^* in 
where A1.A2 are the roots of 


JliA^-i-^aA^ 


2cCj^ a?! —— A 2cc^ *1 a:i2 

2a2*i2 2a2 — A 


= 0 , 


(4) 


( 5 ) 


and .di, are functions of a:i, *12. 

The partition of function for n units is defined as 


•Z= S g(n;ni,ni2)exp[-e(n;ni,ni2)/i;T], 

ni.Mu 


where e(n; %, %2) is the energy of the (n; configuration. We assume that this 

energy can be expressed as a linear function of n, n-^, riy^, 

e = eo» -h 61% -t- 612 %2- ( 3 ) 


The term in n can be taken out of the summation and effectirely neglected, and we 
see that if we replace x by exp (— eJJcT) and ajia by exp (— e^^lhT) in (4) we obtain 
the partition function. Also for large n only the largest root, Ax, need be considered, 
since the other term is negligible by comparison. Hence we may write for the free 
energy F, 

F = — hT log Z — — nhT log Ai, (7) 


where Ai is the largest eigenvalue of the matrix 

2a^H 2ccyiiz 

J 

2oi^z 2a2 

and II = exp (— e-^jhT), z == exp (— e-^^jhT), 

The partition function for a linear ferromagnetic follows immediately from (8) 
if we put ai = a2 == identify Jei2 with the energy of interaction of two similarly 
directed spins, and with the energy of interaction of a single spin in a magnetic 
field. This is in agreement with the solution derived previously hy other authors 
(Kjamers & Wannier 1941; Montroll 1942). 

In the order-disorder problem we do not deal with units capable of both con¬ 
figurations, and with certain probabilities of taking on each, but instead we are 
told definitely that there are % units of one type and of the other. One 
might now be tempted, by analogy with problems of this kind arising in statistics, 
to identify the solution for /^ = 1, = 0 with the order-disorder problem, the 

fractions of the two constituents being given by and This procedure is 
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permissible in ordinary statistical problems since we are prepared to neglect HTna U 
probabilities; but in the present problem small probabilities are important at low 
temperatures, and the step is not justifiable. One can see that the problems are 
not identical by considering the lowest energy state at zero temperature. In the 
probability case the lowest state is always non-degenerate, and equivalent to the 
lowest energy state with equal ratio of constituents; whereas in the order-disorder 
case with unequal ratio of constituents the lowest energy state is degenerate. We 
proceed to discuss the order-disorder problem, and to obtain the correct solution. 

Let A(1^; %,%a) be the number of configurations involving units of the first 
kind, and nearest neighbour pairs of type 1-2. We divide^ into 

mutually exclusive groups and %, n-^^. The question of probability 

does not enter here, and in any given case % is fixed. We deduce the equations* 

\{n -H1; %2) = % - L %2)+A2(n; 1),! 

%>%2) = %,%2~ 1)+^2(^5 1 

Proceeding in an exactly analogous manner to the previous case equations (4) 
and (6) are valid for A(w; n^, with 2 cx,^ = 2a2 = 1. The partition function, however, 

is now given by ’ 

^ = S exp (- n^^e^^IkT), (10) 


where - 6^2 - ^6^ -I- 622). and e'-yy, eja, 622 are the interaction energies of the various 
dearest neighbour types. We can replace *,2 by « [= exp {-e^^jkT)] in (6) and take 
account only of the larger root; but our partition function is now given as the 
coefiacient of af ^ in , where A^ is the largest eigenvalue of the matrix 


2 ; 1 


( 11 ) 


This can be evaluated by the method of steepest descents. The required function 
can be put in the formt 

2mJo ’ ' ( 12 ) 


wh^ C is a contour encirchng the origin. The major contribution to this integral 
for large » comes from the neighbourhood of the saddle point, *1 = v, and follo4ig 
the usual argument we deduce that ° 


F = 


where 


-n/cT log Ai +kT log v, 

V 9Ai 
Aj dv 


( 13 ) 




n 


= a- 




Ai being the largest eigenvalue of 


vz 


This last result could also have been 


Wuoed by u»mg the graad prtition fimoHon and ite properties (Powler * Guggen- 

by 4 How. (,54„ i, aei, a. 

It is believed that difficulties which mav fvnrM • x 

to neglect of the other root. The nxethod seLs 
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heim 1939, ch. vi; Lassettre & Howe 1941; Montroll 1942). In fact, the grand 
partition function is given by 

C= S (14) 

Til, ?4a, Wi5s 


and is determined (except for a simple factor) by the largest eigenvalue of the matrix 
(11) with ail = 

It will be seen that all the problems discussed in this section will be solved if we 
know the largest eigenvalue of the matrix 


which depends on two variables ja and z. Similar considerations wUl apply to pro¬ 
blems discussed in the remainder of this paper, and our main purpose will be to 
formulate the matrix appropriate to each problem. Either system of difference 
equations ( 2 ) or ( 9 ) is sufficient to determine this matrix, and we shall use ( 2 ) for 
convenience. 

It is of some interest to compare the solution given by ( 13 ) with the corres¬ 
ponding solution given by (8) with /t = 1. When the proportions of each component 
are equal the solutions are identical. This can be deduced from the relation 
/4-*Ai(/i) = /{*Ai(l//t) obtained by reversing the direction of the magnetic field, 
and is valid throughout the remainder of the paper. Solutions giving the energy 
E for the case = J, aj = i are compared in figure 1. 
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FiGtJBB 1. a. Solution (8). b. Solution (13). 


3. Two-dimensional case; the sceew tbanseoemation 

The method described in the previous section can be generalized to deal with 
a finite strip m units wide. A chain of n tiers contains mn units, and we must 
divide our configuration function g{mn;ni,n]^) into mutually exclusive classes 
goj. a^imn; ®aoh corresponding to a given configuration (%, ...,«„) of the 
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final tier. Each of ..., can be 1 or 2, so that there are 2“ such classes. We obtain 

a system of difference equations relating the .with the 

and hence determine the partition function per tier as the 
largest eigenvalue of a matrix of order 2™. Some slight reduction in the order 

of is possible because of symmetry considerations. For large m, if A is the partition 
function per single unit, A^ is effectively equal to A”*. Results based on this approach 
have been deduced by other authors (Kramers & Wannier 1941; Montroll 1941,1942; 
Lassettre & Howe 1941). The matrix however, is complicated to write down for 
aU but the smallest m, and we show now that it can be put in the form .4 ^”^B 
where and are matrices of simple characteristic structure. This reduction is 
very similar to the screw transformation introduced by Kramers & Wannier, but 
it shows clearly the relation between the matrices and A^. 

Instead of adding a whole tier m units wide let us add one unit at a time; when we 
complete a tier we start from the bottom on the next tier. Our configuration function 
may now be written g(p; n^, %2), where p is the total number of units m the system. 

We di'ride tto into 2 “ mutually exclusive classes g^ . ^(p; each of which is 

characterized by the configuration (a^,...,aj of the last m units added (figure 2). 


0 • • 


• 

m -3 

0 • • 

•up 

0 • . 

•ap 

0 • • 

■ 0 

0 • • 


0 • • 
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Figxtbe 2 


For convenience of writing we denote the function „ (v n, n ) bv 
idSn”ff ^ “ changing the n^ber by the 

- !}(?■;%-+ .1)^ 

{Ogj ■ •., 12} (p + 1; n^2) 

• • • J «m-l 21} (p + 1; Jljj) 

-.., 22 } (^ + 1 ; 77 ,^, 


( 1 «). 
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We may order the configurations (a^,..., o„) by analogy with the scale of two; it is 
convenient for this purpose to label the first row and column as zero. We obtain 
a matrix of order 2“ in which the (ij) coefficient is zero except when j = or 
2m-i ^ where [*] denotes the integral part of x. This is a matrix of characteristic 
shape which can conveniently be referred to as a duo-diagonal matrix. As an example 
the matrix is 
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using the notation of the previous section. We must now see what happens when p is 
a multiple of m. In this case only % plays a part in determinmg the change of 
We obtain a system of equations analogous to ( 16 ) giving rise to a duo-diagonal 
matrix The non-zero elements in the first four rows which completely determine 

the matrix are {z, 1) (,/i,fiz) (z, 1) respectively instead of (^^z) {ft,z,/iz^) 

(z, 1). It is easy to see that the relation between the {%, ...,»„) (wm+r/t) and the 
{%, (nm), which gives rise to can be obtained by successive applications 

of systems such as ( 16 ), so that 

T^ = AZ-^B^. ( 18 ) 

We shall now assume that as m-^oo, the mth root of the largest eigenvalue of 
tends to the largest eigenvalue, A, of A^, The mathematical derivation of 
this result appears to be quite difficult. But on physical grounds it seems reasonable 
to suppose that corresponds to an end effect which becomes negligible as m~>oo. 
Hence we shall identify A, which is the limit as m->oo of the largest eigenvalue of 
A^^ with the partition function per single unit. 

The system of equations ( 16 ) can easily be modified to deal with the case when 
there are different interactions in the different directions. We must now consider 
two different sets of nearest neighbour types in the different directions. The non-zero 
elements in the first four rows of the resulting matrix are (fCiJuz) [zz\z'), {/jbz'^iizz') 
and (z, 1) respectively, where z refers to the horizontal and z' to the vertical inter¬ 
actions. This case is of some interest since the complete solution in the absence of 



44 


C. Domb 

a magnetic field given by Onsager (1944) applies to it, and it may help in establishing 
the properties of these duo-diagonal matrices. It is worth observing that the matrix 
merely corresponds to no interaction in the vertical direction (2' = 1), and its 
largest eigenvalue should correspond to the one-dimensionaJ partition function. 

It is interesting to look at the case when each unit is capable of more than two 
configurations, say r different configurations. All that we have done so far can easily 
be genera.lized; the relation between the ferromagnetic and order-disorder problems 
is given by the generalization of equations such as ( 13 ), but the matrix corresponding 
to ( 15 ) which determines the complete solution of these problems, now depends on 
(r — 1) parameters of /t type, and on the temperature through r{r—1)/2 parameters 
of z type. The matrix is of order r“ and is determined by a system of r® equations 
such as ( 16 ). It is an r-diagonal matrix, that is the (iy) coefi&cient is zero except when 

y = [ijr], [ilr]+r‘^~^, [i/r]-f ..., [i/r]4-(r—l)r™“^. 

Where there is no ma^etic field in the ferromagnetic problem the duo-diagonal 
matrix admits of groups of symmetric and antisymmetric eigenvalues on inter¬ 
changing 1 and 2. Confining our attention only to the S3unmetric group we derive the 
F-matrix of Kramers & Wannier of order 2”~^. Actually we first obtain a F-matrix 
with rearranged elements, but if we order our configurations according to {a „,..., %) 
instead of (%,..., a^) we derive a matrix which is effectively identical with theirs. 


4. The threb-dimbnsionai, xbansbobmation 

If we consider n tiers, each tier consisting of an Z x m rectangle, in a manner 
analogous to that described at the beginning of § 3 , we obtain a matrix of order 
2*™ whose largest eigenvalue, Aj is the partition function per tier for the block. 
We are interested in large I and m, and if A is the partition function per single unit 
\m is effectively equal to A^”*. We now show that can be decomposed intq a 
product of matrices, and it is reasonable to assume that A is the limit as Z,m->oo 
of the largest eigenvalue of a duo-diagonal matrix. Let us again build up our system 
by adding one unit at a time, moving horizontally to complete each row, then 

« • • • • • • . • 


^nh-l am, Q'mn ^^ 711+2 


^Im-l aim Clt 


O 




m 

O 


o o o O • • • t o 

Figube 3. Shaded units refer to previous tier. 
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starting at the beginning of a new row until a tier is completed, then starting at the 
bottom of a new tier. We divide our configuration function into mutually exclusive 
classes as before, characterizing each class by the last Im units, 

(®ij • • •, ®m+i, • ■ ■ >• • • > (figure 3 ). 

It will be noticed that in adding a new unit only %, and ai^ play a part. 

Hence we obtain a system of eight equations analogous to ( 16 ). We first deal with 
the case when the added urdt is not a member of the first row or column. The other 
cases need special consideration although by assuming different interactions in the 
different directions, and then putting the appropriate interactions equal to zero, 
we can deduce them all from one set of equations. Let ^12^^^® three 

directions. Hor simplicity of writing only changes from n^, t>e 

recorded; thus {p; n'^z- 1 ) is meant to indicate (p; l.Ks)- Then 

{®2> i i-i-} (3^ "ft) 

= 2oq{l ffl2) l)}i» ••• 5 ®Z)re—1 i} (P’ ^ i) 

+ 2 aj{ 2 az, Ij 1 } (jP> % — 1 ,% 2 “ i)) 

{az ... 1 ••• 12}(p+l) 

= 2a2{l ... 1 ... l}( 3 >:% 2 -l.»^i 2 -lX 2 -l) 

+ 2a2{2 ... 1 ... I}(p;«i2-1,<2-1). 

{02 ... 1 ... 21}(p+l) 

= 2ai{l ... 1 ... 2}(p;%-l,«ia-l) 

4 - 2 oq {2 ... 1 ... 2}(p; Tij—l,?j.]^a 1>^12 i)j 

{az ... 1 ... 22}(p+1) 

= 202(1 ... 1 ... 2}(p;?ij2-l.»i2-l) 

+ 202(2 ... 1 ... 2}(p;n(2-l), 

{az ... 2 ... 11 }(P + 1 ) 

= 2oj(l ... 2 ... l}( 3 ^j^i l>^i2 i) 

+ 20]^(2 ... 2 ... l}(p; 1 , 71 j ^2 1>^2 f)) 

{az ... 2 ... 12}(p + l) 

= 2aa(l ... 2 ... l}(p; lX'2-1) 

+ 202(2 ... 2 ... l}(p; »j2~i)j 

(«2 ... 2 ... 21 } (P + 1 ) 

= 2ai(l ... 2 ... 2}(p;%-l,?ii2-l>’^i2-l) 

+ 2oj(2 ... 2 ... 2}(p;?ij—1,^X2 i>^2~ i)> 

{az ... 2 ... 22}(p+l) 

= 202(1 ... 2 ... 2}(p;<2-1) 

+ 202(2 ... 2 ... 2}(p). 

The matrix derived from this set of equations is duo-diagonal and of order 2*“. 
The non-zero elements of any row (0i,02> ®^® completely determined by the 
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values of We thus have eight different oases corresponding to 

(111), (112), (121), (122), (211), (212), (221) and (222), and these are given respectively 
by {/i, fiz”) {zzY, zz') (jiz, fizz") {z'z", z') {/iz\fiz'z") {zz", z) {fizz', fizz'z") (z",l). The matrix 
conresponding to the first unit of any row other than the first is obtained 
by putting 2 = 1; the matrix corresponding to any unit of the first row other 
than the first unit is obtained by putting 2' = 1; and finally corresponding to 
the first unit of the first row is obtained by putting 2 = 2' = !. and C7jr_„j corre¬ 
spond to two-dimensional problems, and to a one-dimensional problem. It 
will be seen that can be put in the form A.ot> Letting I tend 

to infinity, an assumption analogous to that of § 3 indicates that the ?th root of 
tends to the largest eigenvalue of Now letting m-^'OO we should 

expect the Imth. root of Aj to tend to the largest eigenvalue of Hence we shall 
identify A, the limit as Z, m->oo of the largest eigenvalue of with the partition 
function per single unit. 

As a t3^ical example the matrix for the case in which all the interactions 
are equal, is 



0 

0 

0. 

0 

0 

0 

0 

fJO, 

0 

0 

0 

0 

0 

0 

0 

z» 

0 

0 

0 

0 

0 

0 

0 

2® 

0 

0 

0 

0 

0 

0 

0 

0 

flZ 

0 

0 

0 

0 

0 

0 

0 

/t2® 

0 

0 

0 

0 

0 

0 

0 

2® 

0 

0 

0 

0 

0 

0 

0 

2 

0 

0 

0 

0 

0 

0 

0 

0 

flZ 

0 

0 

0 

0 

0 

0 

0 

/iZ® 

0 

0 

0 

0 

0 

0 

0 

z2 

0 

0 

0 

0 

0 

0 

0 

2 

0 

0 

0 

0 

0 

0 

0 

0 

/i2* 
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0 

0 

0 

0 

0 

0 

/tz® 

0 

0 

0 

0 

0 

0 

0 

2 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

flZ 

0 

0 

0 

6 

0 

0 

0 

2® 

0 

0 

0 

0 

0 

0 

0 

2® 

0 

0 

0 

0 

0 

0 

0 

0 

flZ 

0 

0 

0 

0 

0 

0 

0 

fiz^ 

0 

0 

0 

0 

0 

0 

0 

2® 

0 

0 

0 

0 

0 

0 

0 

z 

0- 

0 

0 

0 

0 

0 

0 

0 

fLZ 

0 

0 

0 

0 

0 

0 

0 

/tz® 

0 

0 

0 

0 

0 

0 

0 

2® 

0 

0 

0 

0 

0 

0 

0 

2 

0 

0 

0 

0 

0 

0 

0 

0 

/{Z® 

0 

0 

0 

0 

0 

0 

0 

flZ' 

0 

0 

0 

0 

0 

0 

0 

2 

0 

0 

0 

0 

0 

0 

0 

1 


When there is no magnetic field present the problem can, as in the two-dimen¬ 
sional case, be reduced to a F-matrix of degree 


6. Othbb neighboxte intbeaotions; appucahon to statistioax 

MHGHASriOS OF A SYSTEM OF EDENTIOAL PAETTOLBS 

It is known that methods simi l ar to that described in the first paragraph of § 3 
can theoretically be generalized to take account of interactions other than nearest 
neighbour. But in practice the result is so complicated that it does not seem to 
have been attempted except in the simplest linear case (Montroll 194a). A trans¬ 
formation of the type used in the previous sections is applicable, and shows that this 
problem can also be reduced to the determination of the largest eigenvalue of a duo- 
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diagonal matrix. The matter will not be discussed in great detail as the argument is 
closely analogous to that used previously. Let us take as an example the two- 
dimensional problem. Our system is built up by adding one unit at a time as before. 
We first take account of the next nearest neighbour which is along the diagonal. 
To do this we characterize each class of configurations by means of the last (m +1) 
units added (%, (figure 4). Let denote the number of nearest, and 

the number of next nearest neighbours of type 1-2. Then in the addition of a new 
unit and nfl will only be affected by the values of and respectively. 

Hence we can write down a system of sixteen equations similar to (19) which deter¬ 
mine a duo-diagonal matrix of order 2"^+^. There are end effects, as before, but we 
assume that these can be neglected in the limiting case of large m. If we wanted to 
take account of third nearest neighbours we should require (a^, ...,^2^) (figure 5). 
The members which are effective in the addition of a new unit are a^, 

and Hence the matrix appropriate to this case is of order 2^^ and there are 

sixty-four determming equations. Similarly for any other interactions. Although 
the number of determining equations rapidly becomes large, the actual process of 
finding the non-zero terms of any given row of the matrix is relatively simple. 

O O O 


ttgO 


ap 



a-iO 





<»iO 


O 


^2m 

O 


O 

"mQi 

^2m-i 

O 


O 

O 



Figure 4 Figure 5 


Since interactions other than nearest neighbour can be taken into account, one 
can formally apply the theory to the statistical mechanics of a system of identical 
particles. The exact problem in this case involves continuous variables instead of 
a discrete lattice structure, and any state of the system, solid, gaseous, etc., can 
be described by means, of the distribution function n[p) dp of the number of 
neighbours of a given particle within a distance p and p^dp. If this distribution 
function is given, the energy of the system can be written down immediately. The 
basic problem is the determination of the entropy of the system for any distribu¬ 
tion function, or the number of configtirations B.\n{p) dp\ corresponding to the 
same distribution function n{p) dp. As an approximation to the exact problem we 
shaU use a lattice structure as a co-ordinate mesh, the two configurations of each 
unit corresponding to a particle or no particle. This is equivalent to approximating 
to the continuous distribution n{p) dp by a grouped series [^(Pi),%(/>2)j ••• 
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The use of a co-ordinate mesh is an approximation which is sufficiently near to 
the exact solution if the mesh is sufficiently ffiae. In order to obtain a reasonable 
physical approximation we must use enough neighbour interactions to give 
some idea of the shape of the inter-molecular potential-energy curve. Let us 
illustrate the method by considering the one-dimensional problem in which r 
neighbours are taken into account. Only 1-1 neighbour types give any inter¬ 
action, and our problem is to determine the average number of configurations 
containing neighbours of each kind respectively. Proceeding as 

before, naing the same notation, and characterizing each class of configurations 
by means of the last r units added (figure 6) we obtain 

{a2,...,a,l}(TO-t-l) 

= 2ai{la2,...,«,}(%; 1,.... Tig - l) + 2ai{2a2,(w; wg- 1,..., 

«g-l).{a2.-”.«r2}(w-i-l) 

= 2a2{l <*2. •••>«»•} H +2a2{2a2, •••,<*,}(w), 

( 21 ) 

where mg, ...,mg are easily determined from Oj, ...,a,. The system (21) gives rise 
to a duo-diagonal matrix 8 ^ of order 2^. To take a particular case /S3 is 


/*%ii 0 0 0 /i22ii 0 0 0 

1 0 0 0 1 0 0 0 

0 /tZii2 0 0 0 /tZ2i2 0 0 

0 1 0 0 0 I 0 0 

0 0 /^^i2i 0 0 0 0 

0 0 1 0 0 0 1 0 

0 0 0 /4Zi 22 0 0 0 /tZ222 

0001000 1 

where Zm = z<«z®2(3)^ Z2u = ztt)z<2), z^g = ...; z« = exp(-e^V*^) and is 

the interaction energy of the rth neighbours. It is believed that quite a crude 
approximation (r = 4 or 5) will begin to give results of physical interest. 


O o • • * • O 

(I2 

Figure 6 


When we consider the problem in two or three dimensions an infinite duo-diagonal 
matrix is required, however many interactions are taken into account, and the 
number of interactions specifies the number of determining equations of this matrix, 
as in the first paragraph of this section. To obtain even a crude approximation to 
the shape of the intermolecular potential-energy curve the number of determining 
equations becomes large but in most practical cases the parameter [i in (22) may be 
regarded as small, and it may be possible to get an expansion in powers of [i. It is 
hoped to investigate this point further. 
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6. OtHBE LATnCB STEtrCTTTEBS 


So far we have considered only simple cubic lattices. But a transformation of the 
type used can be applied to any lattice, since this can always he constructed by the 
addition of single units. Hence any problem of this kind can be reduced to the 
determination of the largest eigenvalue of a product of duo-diagonal matrices. But 
the method is most powerful when with the exception of end efiPects all these con¬ 
stituent matrices are the same, so that the addition of a single unit is an operation 
of identical character for aU units. Then the problem reduces to finding the largest 
eigenvalue of a single duo-diagonal matrix as in the simple cubic case. 

As an example we take the face-centred cubic structure, since in this case one 
would expect the nearest neighbour approximation to be a good one. We must 
take the ease in which the numbers of rows and columns are odd, because then the 
addition of a new unit is described by the same set of equations for aU but the end 
units. Let the number of rows be (21-t-l) and the number of columns (2m-t-l). 
Then to characterize a class of configmations weneedtoi, a^, •••, «ft+n(2m+i)) 7) 

so that our matrix will be of order 2®+i)(^+W. But it is clear fi:om figure 7 that only 
six units ct^, ®in-i-2> ®2m+n ®2z»i+z»n+i» ®az7n+rm+2 eff®ct Tija hi the addition of a new 
unit. Hence there are sixty-four determining equations. It is quite an easy matter 
to write down the non-zero terms in any row of the matrix. 

• • • • • • • 


• • 

• # 
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• ♦ 

• ♦ 

• 

# • 

« • 

• 
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• 

• 

^ 2 m+l 

• 0 

• 

‘^ 2 m +2 

• 0^ 





0 

1 

T 

0 # 

0 


. new unit added 
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• o • o • o • • • • • 


o • o • o • • • • • o 

FiairKB 7. Shaded units denote previous tier. 
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Neutron diffraction 

By G. E. Bacon and J. Thbwms 
Atomic Energy Research Establishment, Harwdl 

{Communicated by H. W. B. Skinner, E.R.8.—Received 3 June 1948) 

The problem of neutron diffraction by crystals is treated by analogy with X-ray diffraction, 
consideration being given to the perfect crystal, the mosaic crystal and the powdered block. 

The first part, of the paper deals with a comparison between X-ray and noxxtron diffraction 
and it is shown that quantitatively the two are similar, apart from the case of the thick 
mosaic crystal where the very low values which are usually found for the true absorption of 
neutrons result in the integrated reflexion being largely Independent of structure factor under 
practical conditions. 

The second part deals with the practical problem of diffracting the collimated beam of 
thermal neutrons from an atomic pile. Again, perfect and mosaic crystals are considered and 
it is also shown that the powder method, which it is desirable to use when structure factors 
are to be determined, will be feasible if the nxnnber of pile neutrons which hit the mono- 
chromatizmg crystal is greater than 10® per see. 


Intboduction 

A Jiumber of papers have recently appeared on the subject of neutron diflEraotion. 
These have dealt -with various aspects of the nature of the reflexion by matter of 
beams of thermal neutrons, produced in atomic piles. On the whole, the papers have 
been written from the standpoint of nuclear physics. It has, therefore, been con¬ 
sidered worth while to write this appreciation of the problems of neutron difi5faotion 
from the point of view of the worker in the field of crystal analysis. The paper is 
divided into two parts, part I dealing largely with the similarities and differences 
between the diffraction of X-rays from a theoretical point of view, and part II with 
the actual problem of diffracting the collimated beam of thermal neutrons which 
can be obtained from an atomic pile. 
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Paet I. Comparison of X-ray and neutron diffraction 


1. Wave-length of thermal neutrons 

As will be considered in more detail later, the collimated beam of neutrons which 
can be obtained from an atomic pile consists largely of a beam of ‘slow’ or ‘thermal ’ 
neutrons. The distribution of velocities among the neutrons in the beam follows 
approximately the Maxwellian curve appropriate to neutrons in thermal equilibrium 
at a temperature of the order of 100"^ C. 

The wave-length A appropriate to neutrons having the root-mean square velocity 
V at temperature absolute is given by the equations 

A = — and = ^Jcq T, 


whence 


A2 = 


h^ 

SmIoqT' 


where m is the neutron mass, h is Planck’s constant and is Boltzmann’s constant. 
For a temperature of 100° 0 this gives a wave-length of 1-33 A. At 0° 0 the wave¬ 
length would be 1*55 A. Neutrons which have a velocity at the peak of the velocity 
distribution curve will have energy equal to k^ T and hence a wave-length which is 
greater than that calculated above. Their wave-length will, therefore, be 1*63 
and 1*90 A respectively for the two temperatures considered. The wave-lengths 
associated with these beams of thermal neutrons are, therefore, close to the X-ray 
wave-lengths used in crystal analysis. 


2. Diffraction hy a unit cell 

The square of the amplitude of the neutron wave will determine the number of 
neutrons per sec. at a point, just as the square of the amplitude of the electromagnetic 
wave determines the X-ray intensity. It is well known that a free electron in an 
electromagnetic field of amplitude gives at a distance r a scattered amplitude 
equal to 2 i 


mc^ r 


-sine 


where 6 is the angle between the direction of measurement and the direction of 
vibration of the incident electromagnetic wave. In particular, for the polarized 
component whose electric intensity is at right angles to the plane of the incident and 
diffracted beams, the scattered amplitude from the electron is 


A 


r* 


Proceeding further to the case of an atom, we have, with the usual definition of /q the 
atomic scattering factor, that the scattered amplitude is 


-^0/0 


6 ^ 1 
mc^ r' 


In the case of neutron scattering, the effective scatterer is the nucleus. The 
scattering is spherically symmetrical and since it can be shown from wave-mechanical 


4-2 
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considerations that the expression for the scattered amplitude is of the form AQy{llr) 
we can at once express y in terms of the measured nuclear scattering cross-sections. 
The total energy scattered by a nucleus will be equal to 


which equals per nucleus. The fraction of energy scattered per nucleus is 

therefore and hence the fraction of energy scattered per unit length of path 
will be 47ry%», where n is the number of nuclei per cm.®. 

If O’ is the effective cross-section for scattering then it follows that the fraction of 
neutrons scattered per cm. of path is also equal to an. 


Hence y = scattered amplitude from a nucleus, for unit incident 


amplitude, will he 


yfe)- 


Thus, in place of the expression /o^ for X-rays, 


we 


have J for neutrons, giving the scattered amplitude per atom for unit 


incident amplitude. 

Before considering the amplitude of the wave scattered by a unit cell it is desirable 
to stress that the scattering cross-section used above will not necessarily be the 
same as the total scattering cross-section measured by nuclear physical methods. 
This arises from the possible presence of various isotopes of an element in the same 
crystal, from the'existence of non-zero spin for many nuclei, from thermal vibrations 
and from inelastic scattering. 

We will consider first the case of a random distribution of isotopes, other dis¬ 
turbing factors being ignored. Then the cross-section for scattering into the diffrac¬ 
tion peaks is given by 


where jp is the isotopic abundance, whereas the total scattering cross-section, which 
includes background scattering, is given by ^ 

O'total = 47rS(p?/2)., 

In these expressions the actual values of the y’s, and therefore of cr, are those appro¬ 
priate to the state of binding of the nuclei in the crystal, the cross-section of a bound 

( jI j_ i\ 2 

where A is th^ ntiss number. Thus 

(A + IY 

^iDOxuid ™ ^foeel ^ I * 

Unless the scattering amplitude y is the same for aU isotopes, or the element is 
monoisotopic or nearly so, cr^ragg will be less than crtotab particularly if the sign 
of the scattering amplitude varies. This difference, Uke similar differences discussed 
below, will manifest itself as an increase in the background scattering. 

Similarly, in the case of finite spin, the scattering amplitude may be different 
according as the spin vector of the scattering nucleus is oriented parallel or anti- 
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parallel to the spin vector of the neutron; and again crBra«e "will in general be less 
than cTtotai- nuclei of zero spin (e.g. isotopes of even atomic nria, p!n above 
the spin effect mil, of course, be absent. 

Thermal vibrations will have the effect of reducing the diffracted intensity, as 
in the case of X-rays; and it has, in fact, been shown by Weinstock (1944) that the 
Debye-WaUer formula holds equally well for neutrons. 

The question of inelastic scattering is much more important in the case of neutron 
diffraction than in that of X-ray diffraction. A thermal neutron will lose an appreci¬ 
able fraction of its energy in exciting a quantum of lattice energy, the frequency of 
vibration being of the same order (10^® per sec.) in each case; whereas the loss of 
energy for an X-ray quantum of the same wave-length is negligible, as the X-ray 
frequency is of the order of 10^® per sec. Weinstock (1944) calculated that the ratio 
of the inelastic to the ‘free’ elastic cross-section should increase with temperature 
and in the one numerical example worked out, that of polycrystalline iron for 
300 '’K neutrons, he found that this ratio rose from a value of 0-006 at O^K to 
0-192 at 1000 '’K. 

In the present paper, therefore, it should be imderstood that <t refers to CBjagg 
which will in general be less than cTtotoi- some oases, e.g. hydrogen and lead, it is 
very much less, but in many others there is evidence (Fermi & Marshall 1947) that 
the dependence of scattering amplitude on spm orientation and isotopic constitution 
is not very marked. The question of binding, isotope and spin effects is treated more 
fully in a paper by WoUan & ShuU (1948). 

With this understanding of the interpretation of cr it follows that the amplitudes 
of the waves scattered by a unit cell in a direction specified by the Miller indices 
hhl are, for unit incident amplitude, 

and j exp ^ J neutrons. 

In the above expression b, c are the sides of the unit cell and the summation is 
made over the various atomic positions x, y, z. 

It should be noted that the above quantity differs from the usually deiBbaed 
structure factor F for X-rays by including the factor An examination of quan¬ 

titative values shows that these two expressions are of the same order of magnitude 
for many atoms. For most atoms the value of cr lies between 2 and 8 x 10"^^ sq.cm., 
and an average value is about 4 x 10 “^^. Consequently >y/((r/47r) averages about 
6 X 10~^^. It will be convenien”^ to use MgO, for which a = 4*2 A, as a substance for 
which the X-ray and neutron reflexions may be compared. Goldberger & Seitz 
(1947) give cr^g = cTq = 4x 10“"^^cm.^ and hence 4/(cr/47r) equals 6x10“^®cm., 
whereas for X-rays is 14 x cm. for magnesium and 26 x cm. for 

oxygen for the 200 reflexion. Thus within a factor of three or four the scattering 
factors of magnesium oxide for neutrons and X-rays will be the same. 

It should be noted here that it is the fact, referred to above, that the value of cr 
is of the same order for aU nuclei which gives neutron diffraction particular value 
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for certain structure determinations. This comparative independence of scattering 
power on atomic number is of course in sharp' contrast to the continual increase 
with atomic number of the scattering power of atoms for X-rays. 


3. AmpUtvde of reflexion by a crystal plane 

We can now proceed to the calculation of the amplitude of radiation reflected by 
a single net plane of the crystal. Following the treatment given on p. 669 of the 
Imiemaf/ional Tables for the Determination of Crystal Structures (i935)> the ratio of 
the amplitude of the reflected and incident beams, neglecting polarization, is 


Nd 


A 

smd 


Fx 


for X-rays, where N is the nmnber of unit cells per unit volume, d is the spacing 
and 6 the Bragg angle. For the 200 reflexion of MgO and using Cu Ka radiation, 

this ratio is equal to 1-7 x 10“*. For neutrons, the ratio is which for the 

same conditions and equal wave-length has a value of 0*6 x 10~*. 

Since these ratios are of the same order it follows that the classification of crystals 
into perfect and ‘mosaic’ will be on much the same lines in the case of neutrons as 
in the case of X-rays. 


4. Calculation of Q 

We proceed to the calculation of Q, the expression which appears in most formulae 
for dififaction intensities. In particular the integrated reflexion for a small element 
of crystal of volume 5F bathed in radiation is QSV, assuming that the element is 
so small that absorption and extinction in it are negligible. 

For X-rays ^2 


which for MgO 200 has the value 0-2 cm.-’- for CuXa radiation. 

For neutrons ^2 

Q = —— 

^ sin 2d ^ 

which for MgO 200 and the same wave-length has a value of 0-02 cm.-’. 


6. Deflecting power of perfect crystal 

For the perfect crystal the integrated reflexion]^is equal to fa, the area under the 
Darwin curve, where s is equal to 


and 


NF^ 


NF, 


N 


A^ 

7rsin2d 

A^ 

7Tsin2d 


for X-rays, 
for neutrons. 


Again, taking the case of the 200 reflexion of MgO for A = 1-641, the values of 
fa, are 6-4 x 10 ® (12 sec.) and 2 x 10-® (4 sec.) for X-rays and neutrons respectively. 
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6. Reflecting power of Targe mosaic crystal , 

An important distinction between the reflexion of X-rays and neutrons appears 
when the case of the large mosaic crystal is considered. Xor a large slab of mosaic 
crystal the reflectivity for X-rays for the crystal planes which are parallel to the 
surface of the specimen is taken as Q/2/i if secondary extinction is neglected entirely 
or QI 2 {y,+gQ) if secondary extinction is assumed small but a correction is made 
for it. In these expressions, is a constant depending on the extent of crystal 
perfection ag,d ft, is the linear absorption coefficient for true absorption. Secondary 
extinction cannot be ignored or allowed for in this manner unless the power loss due 
to diSraotion is negligible or small respectively compared with the loss due to true 
absorption (i.e. absorption not due to scattering). This is, in fact, the case for X-rays, 
where the mass scattering coefficient is of the order of 0*2 for most elements whereas 
the mass absorption coefficient is much larger, e.g. about 12 and 40 for oxygen and 
magnesium respectively for CuXa radiation. 

In the case of neutrons, however, the loss of energy due to scattering is very 
much greater than that due to true absorption for most elements. For example, the 
linear coefficient of true absorption for MgO for neutrons has a value of about 0-02 
in comparison with a value for X-rays of about 100. It is only when elements such 
as cadmium, which is arelatiyely intense absorber of neutrons, are present that the 
linear absorption coefficient has values of the same order as those found for most 
substances with X-rays. 

The above expression for the integrated reflexion of a mosaic crystal will not in 
general hold for neutrons owing to the small value of the true absorption coefficient 
relative to the scattering coefficient. In most oases it is necessary to use a general 
expression such as that given as equation (4-24) in §IV. 3 of Zachariasen (1944). In 
this treatment it is assumed that the mosaic blocks are oriented according to an 
error function W (A), where W (A) dA is the number of blocks whose normals make 
angles between A and A+dA with the mean normal. The expression for W (A) is 

where Tj is the standard deviation. The actual form which the expression for inte¬ 
grated reflexion takes in practical cases will be the subject of a farther paper. 
However, the following general conclusions are stated here. If /m is large, as for the 
X-ray case, then the integrated reflexion can be taken as QI 2 /i for all practical 
thicknesses of crystal. When pb is very small, as for neutrons, there is a region of 
thickness t (of the order of a fraction of a millimetre) for which the integrated 
reflexion is given by Qtlsia 6 , With increase of t we approach a range of thicknesses 
likely to be met with in practice where secondary extinction is of predominant 
importance. For these thicknesses we reach what is, at first sight, the startling 
conclusion that the integrated reflexion is equal to about 49/ and is little influenced 
by Q. It can be seen from the shape of the Gaussian curve that this quantity 49/ is 
what might be called the base width of the mosaic spread. Clearly every significant 
part of the mosaic spread is contributing totally to the integrated reflexion. 
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Finally, when t is made very large the integrated reflexion slowly increases to 
a limit greater than this for very small values of /t, as appreciable reflexion can then 
be obtained jfrom crystal elements at the tail of the mosaic distribution curve. With 
continual reduction of /i this limit as t approaches infinity increases, unit reflectivity 
being obtained over an ever increasing angular range. If the absorption were zero 
and the 'crystal thick enough there would always be sufficient mosaic blocks, on the 
distribution assumed, to reflect all the beam at all inclinations. 

As an example in the case of practical values of /i and t let the value of 4^, the base 
width of the mosaic distribution curve, be 4 min. and the width of the Darwin curve 
4 sec. The integrated reflexion of the mosaic crystal would then be 60 times greater 
than that of the perfect crystal. In general, for moderately imperfect crystals, 
enhancement of 10 to 100 times may be expected for neutrons. With X-rays, where 
the relatively hi gh absorption is aU important, the enhancement is less. For example, 
with a very imperfect rock-salt crystal for which i/j was about 450 x 10~® (16 min.) 
the measured value of the integrated reflexion was (Zachariasen 1944 ) 27 x 10“® 
compared with a QI2/i value of 33 x 10~® and a Darwin curve width of 4 x 10“®. 
Thus, in this case, the enhancement of the mosaic crystal relative to the perfect 
crystal is about seven times for X-rays, whereas an enhancement of about 400 would 
be expected for neutrons. 

Summarizing, it should be noted that the integrated reflexion of a ‘thick’ mosaic 
crystal for neutrons is, to a first order at least, independent of Q and hence the 
structure factor. For very thin crystals the integrated reflexion will be proportional 
to Q and hence to the square of the structure factor. With increase of thickness 
there is a transition from this proportionality to the region where the integrated 
reflexion is largely independent of Q and determined mainly by the width of the 
mosaic curve. In general, measurement of integrated reflexions of mosaic crystals 
for neutrons is a very difficidt and unsatisfactory way of determining structure 
factors. 


7. Reflecting power of powdered block 


It will be shown that in contrast to the use of single crystals the use of a block of 
powdered crystal wiU enable us to determine values of structure factors. 

The powdered crystal can be regarded as the Umiting case of a mosaic crystal in 
which the orientation of the reflecting blocks has become completely random, instead 
of being limited by the width of a relatively narrow distribution curve, For such 
a random distribution it can be shown that the probability of finding a mosaic block 
oriented within a small range of dd of the Bragg angle is equal to | oosOdd (see for 
example Compton & Allison 1935 , p. 416). It then follows that for symmetrical 
reflexion by a block of thickness * the total power in the whole of the diffraction cone 


is equal to 


Qpcos5 . 
4;t ' 


—exp [— 2[jtt cosec d]) , 


Just as for X-rays, p being the number of co-operating planes. The fact that the 
orientation of the crystal blocks is purely random imphes that secondary extinction 
need not be considered as such and we can regard the reduction of beam intensity 



67 


Neutron diffraction 


in passing into the crystal as due entirely to a linear absorption coefficient which, 
for the majority of elements, will be equal to summed over the various nuclei 
which comprise the substance. Here cr^ is the total cross-section for scatteriug which 
we have previously considered. For elements where true absorption is appreciable 
we replace Cg by cr^ which allows for both scattering and absorption. In the case of 
magnesium oxide cr^ = cr^ = 4 x 10“®* sq.cm, for both magnesium and oxygen and 
n is equal to 4/(4-2 x 10 “®)® nuclei per cm.® for each element. From these values it 
follows that /I is equal to 0-44. This value is so small that the term e“®/^ cosec 6 in the 
above expression is not neghgible even when t is quite large. For example, with a 
slab of thickness f cm. the complete expression in the bracket has a value of about f. 
In the X-ray case where /i has a value of about 100 the expression in the bracket is 
effectively equal to unity even for much smaller thicknesses of crystal. 

If the counter collects a length I of the circumference of the diffraction cone, which 
has a total circumference of 2ttB sin 26, where JJ is the distance of the counter sht 
from the crystal, then the reflecting power will be approximately 


2 Qpl 

3 16/iBsm6‘ 

This will be the ratio of the number of reflected neutronsl per sec. entering the 
counter to the number of neutrons per sec. hitting the powdered crystal. In 
particular the value is proportional to Q and hence to the square of the structure 
factor, thus enabling the latter to be determined. 

The above expression for the intensity of diffracted neutrons entering the ooimter 
was obtained for the case where the incident beam is reflected symmetrically from 
the surface of the powdered block. In a similar manner, an expression can be 
obtained for the case in which the incident beam is transmitted through the block. 
For this latter case, the expression can be shown to be 


\Qpi 

SttB sin 6 


exp [—/d sec 6] t sec 6. 


This has a maximum value when the thickness t is equal to 

1 

/I sec 6 

and this maximum value is equal to 

Qpl 1 
SnBfi Bin6 e* 

This value will be much the same as that for the reflexion method but the transmis¬ 
sion method has the advantage that for small values of Bragg angle 6 a smaller 
width of block is necessary for intercepting a given width of incident beam. 


8. Phase of scattered neutron wave 

In the case of X-rays there is always a phase difference of 180° between the incident 
wave and the resultant scattered wave from an atom. For neutrons this is again true 
for scattering by most nuclei but not for all. The only exceptions suggested at 
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present are hydrogen, lithium, titanium and manganese which scatter with zero 
phase difference. The result of this is that for certain compounds of these elements 
the relative intensities of the orders of various spectra are quite different for neutrons 
ficom what they are for X-rays. In the case of LiF, for example, the odd orders of 
neutron spectra from the (111) planes are strong and the even orders weak. Fermi 
& MarshaU (1947) report that the 222 reflexion is almost zero, from which it would 
follow that (Tli and cr^ are numerically almost equal. If this were so it would be 
expected that for such a face-centred lattice structure all orders of reflexion from 
any plane parallel to one of the axes would be zero. However, Sturm (1947) reports 
much experimental work using the (200) planes of lithium fluoride, though it has 
been reported more recently by WoUan & Shull (1948) that this reflexion is very 
weak. 


PaET II. DiFraACTION OF rTEUTBOK BEAM EEOM ATOMIO BILE 
9. Collimated thermal neutron beam 

We now proceed to a determination of the effective reflectivity of a large crystal 
face for the coDimated beam of thermal neutrons which cah be obtained from an 
atomic pile. To a first approximation the neutrons can be considered to be in tem¬ 
perature eqtiilibrium at a temperature somewhat higher than room temperature, 
probably 100® C, and their velocities will be distributed (approximately) according 
to a Maxwellian distribution. The oolhmator, which is some feet long, effectively 
withdraws from the atomic pile a representative fraction of these neutrons with 
their directions of motion limited within suitably small angular limits for the 
dififraction measurements. In order to reflect a sufficiently large number of neutrons 
for detection it is necessary to use a coUimated beam with a cross-section of a few 
square inches. 

This is achieved, while still maintaining a small angular divergence, by the use 
of a bundle of narrow collimators instead of a single collimator of large cross-section. 

For neutrons in thermal equilibrium at temperature T® absolute the number 
having velocities between v and v-f-dt? will, according to kinetic theory, be 

Jc 

where m is the neutron mass and h and a are constants for a given temperature. 
It can be shown that 

1 

where is Boltzmann’s constant. 

The number of neutrons with velocities between v and hitting the crystal 
per sec., after passing down the collimator, we write as v^dv and it will be pro¬ 
portional to the product of v and the above expression, i.e. 

v^dv = 


where ¥ is another constant. 
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The total number of neutrons, of all velocities, hitting the crystal mil be 

Nj_sjv„dv 

= Ai'Je-“®®Vdi; 

integrated over all velocities, which can be shown to equal 

2ochn^ * 

Hence, ehminating we have 

v^dv = 

Expressing a as 1/2^0 T as stated above, we have 

Considering the distribution in terms of wave-length A instead of velocity v and 

using the relation , 

A = — 
mv 

the above reduces to VxdX = ^ (fV) ~ 

where e = is the energy of a neutron of velocity v or wave-length A and V)^dX 
is the number of neutrons with wave-length lying between A and A + dX. 

10. Reflexion of collimated beam by single crystal 

We see from the above that the beam of neutrons emerging from the collimator 
to strike the crystal will be a beam of ‘white’ radiation having a spectrum defined 
by as calculated. It is assumed that the crystal, when oriented with its surface 
making a particular angle with the beam, is sufficiently large to intercept the whole 
beam. Considering first of all a perfect crystal and assuming, for simplicity of 
argument, that the incident beam has no divergence, we can transform the normal 
Darwin B, 6 curve into an i?, A curve for the particular Bragg angle 6 for the incident 
beam using the fact that A = 2dsmd. The number of neutrons reflected per sec. 
for the wave-length range A to A -|- dA will be B^ V;^dX and the total number reflected 

will be i';(^dA. Since A = 2d sin d it follows that neutrons having a wave-length 

which differs by a small quantity AA from the wave-length which undergoes Bragg 
reflexion will be incident at an angle which is AA/2d cos 6 different from their own 
Bragg angle. Consequently they will have a reflecting power appropriate to this 
angular displacement from the centre of the Darwin B,d curve. Hence the area 
imder the BX curve wiU be equal to 2d cos d times the area under the B 9 curve. 

Accordingly, the value of dA, which is the total number of reflected neutrons, 
will be equal to x 2d cos 6 x (area under Darwin curve), 
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since is effectively constant over the small range of A for which appreciable 
reflexion takes place. 

This expression will apply to any particular angular component of the divergent 
beam, and hence will apply to the divergent beam as a whole, taking v^, as calculated 
above, to include neutrons in the whole of the beam. This assumes, of course, that 
the slit of the counter is sufficiently wide to catch the whole of the reflected beam 
and that the divergence of the beam is so small that remains effectively 

constant over the range of A which undergoes reflexion. 

As already stated, the area under the Darwin curve is equal to 




A^ 

7rsin20’ 


so that the above expression for the total number of neutrons reflected per sec. by 
the perfect crystal becomes 


2Nj_ 

A 



Q-elkoT 2 d COS 6 


8 

3 F n sin 26 


F, 


N’ 


where F = 1/A^ is the volume of the unit cell. This expression reduces to 


_8 ^ 

Stt F 


/ e Y 

e 

[m 

.~KT_ 




Although the energy at the peak of the thermal curve is T, that at the peak of 
the distribution in the beam hitting the crystal can be shown to be f T. Conse¬ 
quently, if the crystal is so oriented that the beam is incident at the Bragg angle for 
neutrons with velocities corresponding to the peak of the latter distribution then the 
total number of neutrons reflected per see. will be 


which equals 


' xy 


where is again the total number of neutrons of aU velocities hitting the crystal 
per sec.’ 

As an example we again take the 200 reflexion of MgO for which a = 4-2 x 10~®, 
jFjf = 48 X 10 “^® and d= 2-1 x 10 -®, from which the fraction of incident neutrons 
reflected is 6 x 10“®. As discussed previously, the reflectivity for a mosaic crystal 
will be some 10 to 100 times greater than this. Hence the reflectivity of a mosaic 
crystal for a beam of thermal neutrons having a Maxwellian velocity distribution 
is of the order of 10“® when the crystal is oriented at the Bragg angle for the peak 
of the beam distribution. 

In addition to the reflected neutrons calculated as above there will be higliAr order 
reflexions, at the same Bragg angle, of wave-lengths which are sub-multiples of that 
considered. These wave-lengths will be considerably removed from the peak of the 
beam distribution curve and the corresponding intensities will consequently be low. 
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11 . Reflexion of immcJiroimiic becum 
Tlie beam of reflected neutrons coming off tbe fixed crystal considered above will 
be approximately monochromatic, with a wave-length corresponding’to the peak 
of the beam distribution curve. The wave-length spread will depend on the mosaic 
spread of the crystal and the divergence of the incident beam. If this reflected beam 
is now allowed to fall on a second crystal we can then make measurements, for the 
particular wave-length concerned, of integrated intensity for the various orders of 
reflexion from the crystal planes parallel to the surface of the second crystal, by 
measuring the total number of neutrons E collected when the crystal is rotated 
through the Bragg angle with angular velocity w radians per see., the counter follow¬ 
ing at twice the angular rate to ensure that all the reflected neutrons are coUected. 

For a perfect crystal the integrated intensity will, as for the X-ray case, be equal 
to the area under the Darwin curve, i.e. 


Eo) _ 8s _ 8 

37rFsin2d^^‘ 


In the case of the 200 reflexion for MgO 


^. 2 =< 10 -». 


Allowing a factor of 25 , say, for enhancement by a mosaic crystal we should have 
EwjN^ = 5x 10 -*. 

In this expression E is equal to the total number of neutrons which enter the 
counter during rotation. Experimentally the important quantity is the rate of 
entry of neutrons into the counter during the period of count, since this determines 
how easily the particular reflexion can be distinguished from the background count 
which is usually of the order of 16 per min. The count per sec. will depend on what 
total angle is swept through in the rotation. K this angle is $5 radians then the time 
of count will be sec. and the mean number of counts per sec. E^jf), which equals 
dNJf) X 10 “* counts per sec. for the mosaic crystal. For ^ = O’l radians, i.e. rotation 
through about 5 degrees, this would give 6 x 10“®Ar2 counts per sec. 

From the earlier discussion we saw that a fraction 10~® of the neutrons incident 
on the first crystal were reflected by it. It follows therefore that if the whole of 
these NJIOOO reflected neutrons hit the second crystal and if aU the twice reflected 
neutrons are coUected by the counter, then the mean number of counts per sec. 
when the second crystal is rotated through an angle (f> radians about the Bragg 
position is of the order of 6A^/^ x 10 ~’. Assuming a rotation through 6 degrees in 
order to aUow amply for mosaic and divergent spread we should get a mean number 
of counts per sec. of the order of 6 x 10-®A^ for the two MgO crystals using the 
200 reflexion. 

The longer the time of count the smaUer wUl be the neutron mtensity which can 
be distinguished from the background. For example, if we counted over a sufiSiciently 
long period to get 10,000 background counts then an increase of 2 % in count (due 
to crystal reflected neutrons) would be significant. If, however, we can only count 
for 1 min., for which there wiU be 16 background counts, then only an increase of 
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50 % or more is significant, which means eight 'crystal counts’ per min. For ease 
and rapidity of observation it is desirable to have a crystal count of the same order 
as the background count. This will be the case if 5 x is not less than J, i.e. if 

is not less than 5 x 10^. This, therefore, is the order of the total number of thermal 
neutrons which must be allowed to hit the first crystal if the particular integrated 
reflexion under consideration is to be easily observed with a two crystal spectrometer. 

The above method of directly measuring the integrated reflexion by rocking through 
the reflecting position is not the only possible method of measurement and will not 
be the most sensitive way of detecting a reflexion. It is clear that if the beam hitting 
the second crystal was perfectly parallel and monochromatic then with the crystal 
set at the Bragg angle, the number of reflected neutrons would be equal to the 
number incident. Because of the divergence of the initial collimated beam this will 
not be the case in practice and the number of neutrons entering the counter in the 
optimum position will be less than It may, however, be desirable to obtain a 
measure of the integrated reflexion by taking a count at several stationary positions 
about the Bragg angle. Since, as we have already seen in part I, we are unable to 
relate this value of integrated reflexion at all easily to the value of the structure factor 
we shall not analyze this second method in any detail. 

For determination of structtire factors we resort to the use of a block of powdered 
crystal. Referring back to § 7 we have the value 

2 Qpl 

3 16 / 6 -Bsin 0 

as the ratio of the number of reflected neutrons per sec. entering the counter to the 
number of neutrons per sec. hitting the powdered crystal. Taking p =» 6, Z = 6 cm., 
R = 50 cm., ju, = 0 - 44 , sm0 == 0-4 and Q = 0*02 cm.*^ for the 200 reflexion of MgO 
we have as the number of neutrons entering the counter per sec. 3 x 10""W2, 

is the number of neutrons hitting the powdered crystal block. If we assume that 
the reflexion will be detectable if this number is as large as a background count of 
15 per min., then we find that N2 must be greater than about 100. From our previous 
assumptions this implies that N^, the number of neutrons per sec. hitting the mono- 
chromatizing crystal, must be greater than 10^. In practice the American workers 
report a value for of about 400 per sec. This should be sufficient to determine 
structure factors by the powder method for many substances. 

12. Applications of neutron dijfraction 

The ability to provide a mono-kinetic beam of neutrons has obvious applications 
in nuclear physics, for example, in the determination of absorption cross-sections; 
but from the point of view of crystal structure analysis there are two main possible 
applications of neutron diGEraction which suggest themselves. Both arise from the 
fact mentioned above that the scattering powers of all atoms for neutrons are roughly 
of the same order. 

(a) The determination of the positions of light atoms 
It is well known that it is very difficult or impossible to determine by X-ray analysis 
the positions of light atoms in a structure in which heavy atoms are also present, 
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since the intensity of reflexion is approximately proportional to the square of the 
atomic number. In the ease of neutron diffraction, however, since the scattering 
powers of all atoms are roughly of the same order, it should clearly be possible to 
deteirmine the positions of the light atoms in the circumstances considered. In 
particular, it should be possible to determine the positions of hydrogen atoms, which 
would have an obvious importance in organic chemistry, although the relatively 
high background scattering from hydrogen might make it necessary to substitute 
deuterium in certain cases. 

An example of this type of application of neutron diffraction has already been 
reported in an investigation of the structure of sodium hydride by Shull, WoUan, 
Morton & Davidson (1948). 

(6) The determination of complicated structures 

In complicated structures the use of neutron diffraction in combination with 
X-ray diffraction results gives us in effect a method of altering the relative scattering 
powers of the atoms in a structure, and sometimes the scattering phases, although 
the atoms themselves remain in the same configuration. The importance of this in 
structure determination is obvious. 

In order to carry out the above work completely it wfil be necessary to learn 
more about the scattering powers of atoms for neutrons, and it will be of interest to 
study pure isotopes in certain instances. The problem of background scattering will 
arise, and the isotope, spin, thermal and inelastic effects will need to be disentangled. 
The question of the temperature dependence of inelastic scattering, and perhaps 
even that of the existence of isotopic order-disorder transformations, will merit 
attention, and it is to be expected that the results obtained wiU have significance 
not only for crystal structure but for nuclear physics. At the moment, the variation 
of scattering power from nucleus to nucleus appears to be a matter of chance, but 
with the possibility that is opened up of making accurate determinations of this 
scattering power for individual isotopes it is perhaps not too much to hope that 
neutron diffraction may help indirectly to throw light on the structure of the 
nucleus itself. 

The discussion of the technique of neutron diffraction has been restricted to the 
use of collimated beams of large cross-section and detection by boron trifluoride 
filled counters, since these are the most satisfactory methods available at present. 
With improvements in photographic methods of neutron detection and possible 
increases in neutron beam intensity it may be possible to employ the types of beam 
and specimen familiar in X-ray analysis, includmg oyUndrioal powder specimens 
and, perhaps, even very small single crystals. 

This paper is published by permission of the Director of the Atomic Energy 
Research Establishment. The authors are indebted to Professor Sir Lawrence 
Bragg, P.R.S., Dr KAthleen Lonsdale, F.R.S. and Dr H. W. B. Skimer, F.R.S. for 
valuable discussion and comment. 
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Some crystal-boundary phenomena in metals 
By B. CnAiiMEES, Atomic Energy Research Establishment, Harwell 
{Oommunicated by E. N. da 0 . Andrade, F.R. 8 .—Received 26 June 1948 ) 

[Plate 1] 


Techniques are described for preparing specimens of tin and of lead consisting of two or 
three crystals with controlled orientations. The direction of formation of the boundary 
between two crystals is shown to be dependent on the relative orientations of the crystal axes, 
and to be a result of a variation of the solid-liquid equilibrium temperature with the crystal¬ 
lographic characteristics of the solid surface in contact with the liquid. A qualitative explana¬ 
tion is advanced in terms of a theory of melting and freezing which envisages the simul¬ 
taneous operation of a ‘melting’ process and a ‘freezing’ process which have equal rates at 
the equilibrium temperature. New observations of the ‘macro-mosaic’ effect are recorded, 
and it is shown that crystal boundaries can move at temperatures near the melting-point in 
the absence of plastic strain, if reduction of the area of the boundary is produced. It is also 
; demonstrated that the specific free energies of aU boundaries, except twin boundaries, in 
are equal, and do not depend on the relative orientations of the crystals. 

1. Intbodtjotion 

In an earlier paper (Chalmers 1940) a technique was described by means of which 
a crystal bound^y could be formed in tin between two crystals with predetermined 
orientations. Attention was drawn to two phenomena which had not at that time 
been fully investigated. It was pointed out that if the orientations of the two 
crystals were not symmetrical with respect to the direction of growth of the crystals, 
the boundary tended to deviate from this direction. It was also pointed out that 
many of the crystals showed a secondary structure referred to as ^ macro-mosaic ^ 
In the present paper an analysis has been made of the conditions governing the 
direction of growth of the crystal boundary in tin and in lead, and some further 
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observations on the ‘macro-mosaic’ in these metals are recorded. In addition, the 
possibility of growing crystal boundaries in chosen directions has been used as the 
basis for a preliminary investigation of the relative energies of boundaries between 
crystals wdth different orientations and of the movement of crystal boundaries 
under conditions in which the reduction of area of the boundary is the oontroUing 
factor. 

2. Technique 

The techniques used in the present work are a development of those described in 
the paper referred to above. The metal (tin of 99-986 % purity or lead of 99-999 % 
purity) is melted in a horizonal boat and cooled from one end, at which a seed crystal 
has previously been inserted. It is necessary that fusion of part of the seed crystal 
should take place; it is convenient to attach cooling fins to the seed crystal in order 
that it should not be melted completely. If a boundary between two crystals is 
required, two seeds of the appropriate orientations are used. The arrangement is 
illustrated diagrammatically in figure 1. 
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Figure 1 


Heating is by a coil of a few turns of nichrome strip loosely surrounding the boat. 
The coil is moved longitudinally and the boat remains stationary. The rate at which 
the coil is moved can be controlled, and this determines the rate at which the 
crystals are formed. The rate of growth of the crystals may be observed from time 
marks produced at appropriate intervals by agitating the surface of the liquid metal. 
This causes a ripple to be produced which is frozen in at the instantaneous position 
of the solid-liquid interface. The direction and position of the interface can be 
observed subsequently from these marks. 

The conditions for the growth of single crystals were not critical, and no special 
temperature control or voltage stabilization was required; single crystals were 
grown at rates as great as 2 cm./min., and the only condition appears to be that the 
solid-liquid interface should remain reasonably flat. 

The direction of the isothermals can be controlled by suitable positioning of the 
heating coil, which may be placed alongside instead of round the boat. The effect of 
doing so is shown in figure 2, plate 1, from which it is seen that the crystal boundary 
makes a constant angle with the isothermal time marks. In this example, the time 
marks were at half-minute intervals. 

For some of the experiments it was desired to produce a crystal of one orientation 
between two parts of a second crystal of another orientation. The procedure in this 
case is to start wdth a single seed crystal which is grown round an island in the boat. 
The second seed crystal is introduced where the two parts of the originaJ crystal 
xej oin. This technique is referred to as ‘ central seeding ’, and is illustrated in figure 
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A simple extension of the same technique allows three crystals to be grown side 
by side. 

The crystal boundaries formed by these methods are always approximately 
perpendicular to the free surface of the metal. 



3. ExPEBIMEKTAL EESXJLTS ANTB DISCXTSSIOK 

Since four distinct phenomena have been studied, it is convenient to describe 
and discuss the experimental results under the following headings: (a) direction of 
boundary formation, (6) macro-mosaic, (c) boundary migration, (d) angles between 
boundaries at their junctions. 

^ Direction of boundary formation 

It had been observed previously that it is only in special cases that the boundary 
between two crystals is formed in a plane that is perpendicular to the isothermals, 
i.e. parallel to the direction of growth of the crystals. This occurs when the two 
crystals are so related that the axes of one may be made to coincide with those of 
the other by rotation about the specimen axis, i.e. when a plane perpendicular to 
the specimen axis has the same crystallographic indices when referred to each of 
the two crystals. When the relationship is such that the two crystals are not similarly 
oriented with respect to the specimen axis, the boundary is formed at an angle, 
denoted by to the axis of the specimen (see figure 1). The variation of <}> with the 
relative orientations of the two crystals has been examined for tin in the case in 
which one of the crystals has its c-axis perpendicular to the specimen axis in the 
plane of the specimen. The orientation of the second crystal is that which would be 
obtained by rotation of the first crystal through an angle 0 about a line in the plane 
of the specimen perpendicular to the specimen axis. For values of 6 other than 
zero, as shown in figure 1, is positive if the c-axis of crystal 1 (figure 1) is per¬ 
pendicular to the plane of the diagram, and the c-axis of crystal 2 is inclined to this 
direction by an angle 6 . It was found that <j> increases with the maximum value 
of ^ being about 45 "^, corresponding tod = 90 °. The detailed form of this relationship 
has not been investigated. Qualitatively similar conclusions have been reached 
with lead, although no quantitative results have been obtained. 

The explanation tentatively advanced when the phenomenon of inclined boundary 
growth was first noticed (Chalmers 1940) was in terms of the dififering thermal 
conductivities of the two crystals in the relevant direction. It has now been shown 
that this hjpothesis is untenable both for tin and for lead by the following experi¬ 
ments, since the crystal lattice of tin has fourfold symmetry about the c-axis the 
thermal conductivity is equal in all directions in planes containing the a and b 
directions. Accordingly, bicrystals were grown in which the c-axis was perpendicular 
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to the plane of the speciinen for both crystals while the a- and 6-axes were parallel 
and perpendicular to the specimen axis in one crystal and inclined at 45° in the 
other. The boundary was found to slope into the crystal which had its a- and 6-axes 
at 45 ° to the specimen axis. It is therefore clear that a difference in thermal con¬ 
ductivity cannot be a necessary condition for inclined boundary growth. In the 
case of lead, which has a cubic structure, there cannot be any difference of thermal 
conductivity in different directions; the proposed explanation cannot, therefore, 
be supported. Further experiments were made to determine whether the solid- 
liquid interface was continuous from one crystal to the other. The interface that 
exists at a given moment can be preserved for detailed examination by rapidly 
tilting the ' boat ’ so that the liquid metal runs away from the interface. Such inter¬ 
faces were examined, and it was found that there is always a ^ step ’ where an inclined 
boundary meets the interface. The direction of the ‘ step ’ is shown diagrammaticaUy 
in figure 4 . An estimate has been made of the height of the step in the case of tin; 
in the extreme case {6 = 90 °) the height is about 0*01 mm., while in the case in which 
both crystals have their c-axes perpendicular to the specimen, and the a- and 6-axes 
vary by 45 °, the height is of the order of 0*001 mm. The height of the 'step’ was 
estimated from measurement of the width of the shadow cast by the 'step’ under 
extremely oblique illumination. 



The existence of such a step is regarded as accounting for the inclined growth of 
the boundary, since any accretion on the face PQoi figure 4 would cause the crystal 
A to encroach on the crystal B, 

It is therefore necessary to account for the existence of the ' step ’, which has been 
shown to occur even when the thermal conductivities of the two crystals are identical 
in the plane of the specimen. It follows that the whole of the solid-liquid interface 
cannot be at the same temperature, since the interface is discontinuous as regards 
slope. The growing surfaces of the two crystals are therefore at different tem¬ 
peratures. This may be due either to different amounts of supercooling being neces¬ 
sary to cause accretion on them at the common rate of growth imposed by external 
conditions, or it may be due to an actual difference in the temperature at which 
solid and liquid are in equilibrium- In the former case, there should be no ' step ’ in 
the solid-liquid interface while melting is taking place or while the interface is 
stationary; if the latter hypothesis is true, there should be a 'step’ whether melting 
or freezing is taking place. It was found in numerous experiments that a 'step’ is 
present if the liquid is decanted during melting or when the interface is stationary. 
It is indistinguishable both in direction and in size from that observed during 
solidification. It is therefore concluded that there is a difference between the tem- 
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peratures of equilibriiim of the two crystals with the liquid. This may be accounted 
for either as a variation of melting-point as a function of the crystallographic 
orientation of the exposed face, or as a difference in the inherent melting-points of 
the two crystals. The latter possibility was suggested by Mott (1948), who also 
suggested the following experiment as a method of distinguishing between the two 
possihUities. Since the ^ step ’ appears during melting as well as during freezing, it is 
possible for melting to take place with the isothermal surface inclined to the direction 
it had during solidification. If the ‘step’ is a result of a difference between the 
melting-points of the crystals as such, then it should not be affected by an alteration 
in the direction of the isothermal; on the other hand, if the crystallographic character¬ 
istics of the solid-liquid interface are the controlling factor, then the ‘step’ should 
change its direction if the direction of the interface is suitably altered. Experiments 
on these lines showed conclusively that the direction of the ‘ step ’ formed during ^ 
melting depends on the relative crystal orientations of the interfaces during melting 
and not by the conditions under which the crystals were formed* 

It follows that the temperature of equilibrium between a crystal and the liquid 
varies with the crystallographic orientation of the interface, and may be different 
for different faces of the same crystal. 

Two phenomena of interest in connexion with the solidification of metals may be 
accounted for in terms of this effect. In the first place, it has been shown by North- 
cott (1937, 1938; Northcott & Thomas 1939) that preferred orientations exist in 
the columnar zone of ingots of copper and of zinc. The columnar zone is a region 
in which the crystals grow with an advancing solid-liquid interface. It is to 
be expected that the inclination of the boundary between crystals of different 
orientations would cause the less favourably oriented crystals to grow for a 
short distance only before being suppressed by the inclined growth of their more 
favourably oriented neighbours. 

Secondly, the process of dendritic growth of crystals is difficult to account for 
unless a mechanism is introduced which explains the tendency of the crystal to grow 
in specific directions rather than in the direction of movement of the general 
isothermal surfaces. The condition for dendritic growth would then be that the 
temperature gradient is less than a critical value; this value is such that a ‘growing 
point’ with a surface having a raised melting-point would influence the local 
directions of the isothermals; the greater thermal conductivity of the solid than of 
the liquid is also an essential factor, since the ‘growing point’ projecting into the 
liquid must be cooler than the liquid surrounding it. If the temperature gradient is 
too great, a ‘growing point’ would rapidly reach a region where its temperature 
would exceed its melting-point, where it would be suppressed. 

It is possible to estimate the magnitude of the difference of the melting-points of 
two crystal faces from the temperature gradient in the metal and the height of the 
step. In a typical example with tin the temperature gradient near the solid-liquid 
interface was about 1° C/mm. Combining this figure with the estimated height of 
the step of 0*001 mm., it was found that the temperature difference is of the order 
of 0 * 001 ° C. It should therefore be possible, under sufficiently precise temperature 
control, to maintain a crystal in the liquid metal so that some faces are freezing 
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while others are melting. The numerical estimates suggest, however, that these 
conditions would be dfficult to obtain. 

If an attempt is made to interpret these results in crystallographic terms, it seems 
that the interface temperature is higher for closer packing of atoms on the exposed 
face. 

Thermodynamically, the melting-point may be looked upon as the temperature 
at which the free energy per atom in the liquid is equal to that of the solid with which 
it is in contact. It follows that the free energy per atom at the surface of a tin crystal 
is a function of the crystaUographic characteristics of the face concerned. A corollary 
is that the latent heat of fusion also depends on the crystallographic characteristics 
of the face concerned, since the energy change required when an atom originally in 
the interior of the soUd is converted to liquid at a given temperature must be 
independent of the crystal face through which it passes. Since the specific heats of 
solid and liquid are not the same, a difference in latent heat must also exist. 

As the melting-point may be regarded as the temperature at which the free-energy 
curves for solid and liquid intersect, it may also be considered that, at temperatures 
below the melting-point, there will at any moment be some atoms with energies 
characteristic of the hquid state, while some atoms in the hquid wiU, even above the 
melting-point, have energies corresponding to the soHd state. 

It is considered, therefore, that two competing processes occur at temperatures 
near the melting-point, namely, the escape of atoms from the solid lattice and the 
capture of atoms by the lattice. Both these processes may be presumed to occur 
both above and below the melting-point, which is the temperature at which the two 
processes occur at equal rates. Atoms which escape from the solid below this tem- 
peratme are free to move about on the surface or to evaporate, while above the 
melting-point the reverse tendency results in the formation of temporary clusters 
or aggregates, which are responsible for short-range order phenomena. The rate of 
each of the two processes will be controlled by an activation energy; and since the 
rates are equal at only one temperature, the temperature variations, ttnd therefore 
the activation energies of the two processes, must be different. The ‘melting’ 
process, which predominates at higher temperatures, must vary more rapidly with 
temperature and so must have a higher activation energy. This consideration shows 
that the two processes are physically distinct, and it may be inferred that the 
‘melting’ process involves a higher degree of ‘co-operation’ than the ‘freezing’ 
process. It follows that the geometrical relationships of the neighbouring atoms are 
of more significance in determining the probability of escape of atoms from the solid 
than for the inverse process; it is therefore suggested that it is-the melting process 
rather than the freezing process, which depends upon the crystallographic character¬ 
istics of the solid face. 

If these considerations are related to the experimental results quoted previously, 
it may be inferred that the energy required for an atom to escape from the lattice is 
greater for more closely packed faces than for those with more open packing. 

The experiments of Andrade & Martindale (1935) on the crystallization of films 
of gold and silver suggest an explanation of the difference in freezing-points. They 
found that (111) faces tend to develop in preference to other faces; that is to say, it 



70 


B. Chalmers 


is more difficult to add atoms to the (11 1 ) face than to other faces. It is to be expected, 
therefore, that a lower temperature would be necessary to cause liquid atoms to 
freeze on to such a surface than on to other surfaces. Andrade & Martindale proposed 
an explanation of this phenomenon, based on Kossel’s (1927,1928) treatment of an 
idealized case of a simple cubic lattice. The theory is based on considerations of the 
energy changes that occur when an atom is added to a crystal. The total change of 
energy is fixed, but the portion of this energy which is iavolved if the atom is required 
to start a new plane of atoms depends upon which plane is to be started. From a simple 
analysis based on the pumber and distance of the neighbouring atoms, it was shown 
that more energy is required for an atom to start a new (111) plane than a new 
(100) or (110) plane. 

The corresponding analysis in the case of tin would be more complex, and it is 
doubtful whether the simplification inherent in the theory of Andrade & Martindale 
would be permissible for the much less symmetrical tin lattice; but the theory does 
suggest a physical reason for a variation of melting-point with crystallographic 
characteristics. 

It has been demonstrated previously (Chalmers 1940) that, in the case of tin, the 
boimdary has a melting-point lower by 0 - 14 ° 0 than the crystal’s. It follows that, 
in addition to the ‘step’ at the solid-liquid interface, there must also be a groove of 
a depth of about 0-14 mm., but of a width equal to the thickness of the boundary. 
If, as is generally supposed, this thickness is not more than a few atomic diameters, 
such a groove would not be observable. 

Macro-mosaic 

The ‘macro-mosaic’ effect has not been fully investigated, but the following 
observations, which were made on specimens prepared for the other experiments 
described in this paper, throw some light on the structures observed. Most of the 
crystals both of tin and of lead reveal bands approximately 1 nam. wide running 
along the length of the specimen; the orientations of the bands are such that one may 
be transformed to another by a rotation of axes about the specimen axis by about 1°. 
The structure of the ‘single crystal’ is therefore a fibre structure, since the com¬ 
ponent parts have a common axis. The depth of these regions of fixed orientation is 
about equal to their width, and the whole bulk of the material is made up of ‘ bars ’ 
of these lateral dimensions generally running the whole length of the specimen. It 
has further been established that the boundaries between the bands behave in a 
manner generally similar to ordinary crystal boundaries, in so far as their direction 
is controlled by thermal and not by crystaUographic conditions. The boundaries 
between the bands are, in nearly aU cases, perpendicular to the isothermals, as would 
be expected from their relative orientations. 

The origin of this effect has not been explained, but it may be significant that the 
structure does not appear in the region within about a centimetre of a sloping 
bormdary, in the part of the crystal that grows from the boundary along the direction 
of growth. They begin to appear after about a centimetre of crystal has formed. The 
spacing and other characteristics are not influenced by the rate of advance of the 
solid-liquid interface. 
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Bownda/ry migration 

It is well known that crystal boundaries move during the process of grain growth. 
The conditions necessary for this to occur are that the metal must have been pre¬ 
viously deformed, and it is reasonable to believe that the boundary moves so that 
a crystal with a lower free energy grows at the expense of one that, as a result of 
plastic strain, has higher free energy. The generally accepted fact that no boundary 
movement occurs in ‘as cast’ structures supports this view. 

If, however, the boundary itself possesses free energy, it should tend towards 
a minimum area. In order to test this hjTpothesis, experiments were carried out in 
which the boundary could decrease in area as a result of migration, without any 
other energy changes taking place. Since tin is not isotropic with respect to thermal 
expansion, it is necessary to arrange the specimen so that no stresses are introduced 
during heating or cooling, as such stresses could produce plastic strains which would 
vitiate the results. Accordingly, specimens were prepared with the c-axes of the two 
crystals similarly oriented with respect to the axis and plane of the specimen. The 
‘central seeding’ technique was used, the central crystal having its a- and.h-axes at 
46 ° to the specimen axis while the outer crystal had these axes along and per¬ 
pendicular to the specimen axis. A specimen of this type is shown diagrammatieally 
in figure 3 . When such a specimen is held at a sufficiently high temperature, move¬ 
ment of the boundary occurs in the expected direction, namely, that which results 
in a reduction of the area of the boundary. The boundary moves into the inner crystal, 
the curvature of the tip remaining reasonably uniform. The rate of movement of the 
boundary can be determined from the positions of the tip after various times. It 
is found that movement proceeds regularly for considerable periods, but that it 
eventually stops; although the geometry of the system has apparently not changed, 
movement may restart spontaneously if the specimen is held at the appropriate 
temperature for sufficient time. 

It is to be expected that the abnormal lattice spacings that occur at crystal 
boundaries will allow foreign atoms to fit in there more easily than in the lattice of 
the crystals, especially if the difference in atomic diameter is large. Thus it is 
probable that the concentration of such atoms will be greater at the boimdaries than 
elsewhere. It is Tinlikely that the boundary will be able to migrate faster than the 
atoms associated with it. 

It is possible that the observed slowing down of boundary movement is due to the 
accumulation of an abnormally high concentration of hnpurity atoms from the 
region swept by the boundary; further movement may be delayed until the 
concentration has reached its equilibrium value by diffusion of the excess atoms. 

Equilibrium angles between boundaries 

In the case in which a boimdary can move in such a way that its area is reduced, 
the activation energy of the process by which the movement occurs could in principle 
be calculated from experimental data. The actual energy per unit area of the 
boundary cannot, however, be deduced. 

It is possible, nevertheless, to examine the relative energies of different boundaries 
by measuring the equilibrium angles between three boundaries at the line where 
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they meet. It is of interest to determine ■whether the energy of a boundary depends 
on the relative orientation of the two crystals between which it is formed. 

By virtue of the fact that the direction of formation of a boundary depends on 
the relative orientations of the two crystals, it is possible to produce boundaries 
between three crystals of predetermined orientations, and to cause the three boun¬ 
daries to meet. Numerous experiments on tin were carried out in this way; iu some 
the relation between the axes of crystals P and Q (figure 6) was that of a fibre 
structure obtained by rotating the c-axis through small angles (minimum value 
about 2°) about the specimen axis. In others the rotation was about two axes. These 
examples represent the ease where the PQ boundary had a much smaller difference 
of orientation than the PB and QB boundaries. In other cases the differences of 
orientation across the three boundaries were more nearly equal. The specimens were 
examined microscopically, and the results may be considered under two headings: 
(a) as prepared, and (6) after heating. 



{a) The angles between the three.boundaries were always between 106 ° and 136 ° 
as far as ooxild be judged, in view of the fact that the boundaries near the common 
point were often curved. This curvature can be regarded as evidence that some 
approach to equilibrium had taken place after the formation of the boundaries, as 
they should be straight when formed, and at angles determined by the directions 
of boundary formation and not by their relative energies. 

(6) It is knownfrom the work described in the previous section that the boundaries 
have considerable mobility at temperatures near the melting-point. Specimens 
were therefore subjected to a temperature about 10° C below the melting-point for 
periods of 24 hr. and then re-examined. In all cases the angles between the boundaries 
were within one degree of 120°. This is interpreted to mean that the mmimuTv) energy 
condition is satisfied when the three angles are equal; that is to say, the specific 
energies of the three boundaries are in all cases equal. 

There is some e-vidence that this result does not apply to the case of a twin boundary 
meeting an ordinary boundary. It has not been possible so far to produce such 
specimens under closely controlled conditions, but several specimens have been 
examined in which the necessary conditions have arisen by chance. It is apparent 
®^®h specimens that the twin boundary has a fim'te specific energy which is 
probably of the order of one-tenth of that of the ordinary boundary. 

Although it has been concluded that all boundaries m tin, except tvrin boundaries, 
have the s^e specific free energy, there are, nevertheless, differences in properties 
between different boundaries, and these differences appear to be related to the 
relative orientations of the crystals. It has been observed in many of the specimens 
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that some boundaries etch very much more deeply than others, although no general 
relationship has been found between this property and the orientation; similar 
observations have been reported in connexion with other metals (Forsyth, Edng, 
Metcalfe & Chalmers 194^)? from which it was concluded that the amount of 
precipitation and the extent of thermal etching are influenced by the relative 
orientations of the two crystals and the boundary. 

This work was carried out at the Atomic Energy Research Establishment of the 
Ministry of Supply, to whom the author is indebted for permission to publish. The 
author wishes also to express his indebtedness to Professor E. N. da 0 . Andrade, 
F.R.S., for his continued interest in and helpful advice about this research. 
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A general kinetic theory of liquids 
VI. The equation of state 

E. Rodeigxjbz, Edinburgh University 
{Communicated by M. Bom, F.R.S.—Received 28 June 1948 ) 


The present paper is concerned with the study of an approximate equation of state, first 
derived by Green, which covers both phases, liquid and gas, and can be used for numerical 
evaluation. It contains explicitly the roots of a certain transcendental equation. The differ¬ 
ence between the liquid and the gas corresponds to the existence or non-existence of real 
roots of this equation. 

The solution of the transcendental equation has been reduced, by using a suitable expansion, 
to the solution of an algebraic equation. In this way explicit expressions for the equation of 
state are obtained which, however, are too involved to be generally discussed. 

The theory can be applied to argon using the Lennard-Jones potential for the interaction • 
between argon atoms, and the results are shown in diagrams. The character of the singularity 
separating liquid and gas can be seen from these diagrams to lie at the lowest point of the 
isotherm in the unstable region. An estimate of the position of the critical point is made and 
found in fair agreement with the experimental data. 

Introduction, 

In the first parts of this series (Born & Green 1946; Green 19471 Bom & Green 
1947 a, 6) a satisfactorily general kinetic theory of liquids capable of describing 
the dynamical as well as the equilibrium properties of a statistical assembly of 
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molecules has been developed. In the second of these papers (Green 194?) some 
attention has been devoted to the problem of condensation, and a new equation of 
state was obtained, valid for both phases, liquid and gas. 

The present work is particularly concerned with the study of that equation of 
state, with a view to adapting it for numerical evaluation. In the course of this 
investigation it has been found that some thermodynamical expressions, including 
that of the equation of state, as given in the original paper (Green 1947) are not quite 
correct. A new equation, which keeps the main features of the old one, has now been 
obtained, and is given in § 3 . 

The final expressions, giving the internal and the free energy, and the equation of 
state itself, involved the solution of some integro-differential equations, in order to 
solve which several assumptions were made. It has been considered important to 
include a section discussing the extent to which these assumptions may irifluence 
the final range of validity of the thermodynamical expressions. Most of these results 
are contained in the paper by Green, mentioned above. 

The equation of state here obtained is, of course, approximate; but it covers both 
phases, liquid and gas, this being the main feature of the theory. The difference 
between the liquid and the gas corresponds to the existence or non-existence of real 
roots of a certain transcendental equation. This equation, which in the original form 
contains an integral in the left-hand side, has now been reduced, by using a suitable 
expansion, to an algebraic, rapidly convergent series. In this form it is easy to 
formulate its analytic continuation without falling into ambiguities of any kind. 
The expansion also provides the way of finding the complex and real roots of the 
transcendental equation. 

The theory of condensation developed by Mayer (1937) and others (Born & 
Euchs 1938; Kahn 1938) is confirmed by the present theory to the extent that a 
divergence of the cluster series is found, which is intimately associated with the 
process of condensation. On the exact point at which this divergence occurs detailed 
calculations do not confirm Mayer’s contention that it happens at the density of the 
saturated vapour. The isotherm is continued into the metastable region above this 
density, rising to a maximum and falling to a subsequent minimum as the density 
is increased, much in the way foreshadowed by van der Waals over fifty years ago. 
The point of divergence is found to separate the metastable states of the liquid from 
those of the gas. This point, which from our standpoint may be considered as a sort 
of branch point, is identified with that at which one of the complex roots of the 
transcendental equation becomes real. In this way the thermodynamical properties 
are regulated through the nature of the roots of this equation. 

The main object of the present paper is connected with the solution of this trans¬ 
cendental equation. As has been said, the author has succeeded in reducing the 
problem to the solution of an algebraic equation which is of 2 n -f 1th degree, 27^ H-1 
being the number of terms used in the approximation. One of the sections is entirely 
devoted to a detailed exposition of the method in the most general form. 

In § 6, the equation of state is given in terms of an expansion, to show how the 
method permits the actual evaluation of some integrals involving the complex 
roots of the transcendental equation. 
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Finally a numerical computation has been carried out for argon; two isotherms 
have been calculated, one for the critical temperature, the other for a somewhat 
lower one. 

Apart from the assumptions which are discussed in the first section, there has been 
made a rather drastic approximation, namely only the jSrst three roots of the 
transcendental equation have been taken into account. Better results could perhaps 
be obtained by taking into account as many as five roots. But in spite of the rather 
crude numerical computation actually employed, it is clearly shown that the 
approximation is able to penetrate beyond the singularity into the liquid region. 

The expression for the free energy given by Green (1947), which incidentally is 
not quite correct, can also be expressed with the help of the approximation developed 
here. One deviation from Green's original method must be mentioned here. He 
simplified the expression by replacing under some integrals the radial distribution 
function by its mean value and assumed this to be constant. This approximation 
turned out to be too crude. Here it will be improved by regarding the mean value 
as a function of temperature and density. For the perfect gas and effectively above 
the Boyle point, at which temperature the first virial coefficient vanishes, this 
parameter becomes identical with unity; but for lower temperatures it may vary 
quite widely. It is a significant fact that it is by the introduction of this dependence 
on temperature and density of the parameter, that the critical volume as obtained 
from our calculations is nearly equal to that given by experiment. If, on the 
contrary, the value of the parameter were assumed to be constant and equal to unity 
for aU values of temperature and density, the critical volume would turn out to be 
twice as large as the actual experimental value. 

Further, it can be inferred from experiment that the branch point should move 
with decreasing temperature to higher densities; this would not result from the 
theory if the parameter is taken as a constant, but is obtained correctly if it is deter¬ 
mined as a function of temperature as described. 


1, The EXJNDAMENTAIi EQUATION. ThE KiEKWOOD AEPROXIMATIOK 


It has been found by Born &, Green (1946) that the radial distribution function, ‘ 
denoted by njnl, satisfies in thermodynamical equilibrium, the equation 


0ri2(x(^>,x<2>) 

0x^2) 


n2(x«,x(2)) _ r»3(xa),x(«,x<s>) __ 

-- W 

■where is the probabihty that three distinct molecules 

1, 2, 3 occupy volume elements d' 3 iP-\ dx®, dx®, located at x^^^ x®, x® respectively- 
In order to solve (1*1) the foUowmg assumption, due to Elirkwood & Boggs 
(194a), is made about %: 

»2(x(« x(«>)«3(X<8),X®)?t2(xW,Xta)) 


W3(X®,X®,X®) 


TCl(X®) «i(x®) Jli(x<®)) 


( 1 - 2 ) 


which expresses that the relative probability of the occurrence of a mole¬ 

cule 3 in conjunction "with two others should be the product of the relative prob¬ 
abilities and of the occurrence of the same molecule in 

conjunction -with each of the others separately. 
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Equation (1-2) holds exactly in the case of dilute gases and although it is ordy 
approximate in the case of liquids, there are some reasons to presume that one can 
rely on its validity even for high densities and low temperatures. It is known to 
have led Kirkwood & Boggs (1942) to results in accordance with experimental data 
provided by the study of X-ray scattering by monoatomic liquids. It can farther 
be shown* to hold rigorously for solids in the following sense: assuming that the 
particles have eqxdhbrium positiom forming a perfect lattice and neglecting terms 
in the potential energy higher than the second order, then the probability for finding 
any three particles with given displacements is expressed by the Eorkwood formula 
(1-2), in terms of the probabilities for displacements of pahs. 

Introducing (1'2) in (l-l) one obtains 

2(x®, x(®) ^(x®, xW) cj:x<®, 

( 1 - 3 ) 

( 1 - 3 ) can be finally brought to the form (see appendix 11 in paper by Green 1947), 


a»2(x(«,x®) %(xW,x®) n 2 (xC«,x®) r 

ax(» kT 9 x(® “ 7 ^hT r 


log 




n‘ 


+ - - 
■i kT 


J+r 


m. 


= ^JoJ — ( 1 - 4 ) 

The two functions n2{r) and ^{r) depend only on the distance r between the two 
molecules and are defined for negative values to be even functions of r. 


2 . The solution os’ the bsttegral equation 

The solution of equation { 1 - 4 ) requires still a: new approximation. A glance at 
( 1 - 4 ) shows immediately that the integrand contains n^ir) quadxatically. In order 
to linearize the equation a procedure is used which differs a little from that of Green 
(1947); it is assumed that n^ir) is of the form 

n^ir) = nf (2*1) 

Inserting (2’1) in ( 1 * 4 ) one obtains 


rf{r) j\s^-t'^){t+r)f{t+r){l + a.{t+r)}dta.'{s){l+f{s)}ds 

—7r%J^ J (s® —<*)(< +{!+/(«)} ds, (2*2) 


where a(r) = 1. (2-3) 

The left-hand side of (2*2) follows rigorously, the right-hand side is only approxi- 
mate, since cubes and higher powers of f(r) have been neglected. This seems to be 
very reasonable. In fact, it may be inferred &om experimental data that, even for 
rather low temperatures and high densities, the maximum absolute value of/(r) is 
of the order of 0 - 4 , which implies that one is here neglecting terms that amount to 
1 % of the total value. 


* The proof is due to A. A. Sabry of the Department of Mathematical Physics of Edinburgh 
University, whom I have to thank for kindly informing me about it. 
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It wiU be seen later on, that the final expression for n^ir) obtained using this 
approximation is substantially equivalent to that obtained by Montroll & Mayer 
(1941) for the gas. 

FoUomng Green, the fact is used, that cc(r) and a'(r) are both negligible except 
for small r, so that, when multiplied by these factors,/(y) may be replaced by (e-1), 
its average value in the neighbourhood of the origin. It has been shown by Green 
(1947) that e = 1 when one is in the gas region, i.e. for low densities and hi gh tem¬ 
peratures. But it is also clear that e is actually a function of these two variables. 
One can, however, find an explicit expression for e in terms of both variables, which 
shows that its value may deviate quite largely from unity for low temperatures. 
On the other hand it may be considered practically constant with respect to density. 
This win make it possible to fibad an explicit expression for the free energy. 

After integration by parts, ( 2 - 3 ) becomes 

rf(r) = 2iTnij J {t+r){f{t+r)+ea.{t+r)}dtea.{s)sds. ( 2 - 4 ) 

Equation (2*4) is solved by a Fourier transformation (Green 1947). If one writes 



1 

( 27 T)i J J ^ 

( 2 - 5 ) 

and 

1 

r.fi(r) = J J. a(s)sin {rs)da, 

(2-6) 

then ( 2 * 4 ) becomes 

Asr(r) = {g{r) + ep{r)}ep{r). 

( 2 - 7 ) 

where 

A- ^ 

“ ( 27 r)*%’ 

(2-8) 

We obtain finally 

1 1*“ sin (rs) (fo 

(27rH_„ X-em ' 

( 2 - 9 ) 


At this point the results may be compared with those of MontroH & Mayer (1941). 
They have found for the radial distribution function in the gas, which we denote by 
the following exact expression: 





1 r® syff*(s) siu (rs) (fo 
(27r)*rJ_«> 


00 


m ««2 



( 2 - 10 ) 


where etc., represent integrals over chains of molecules with one internal 

coimexion, two internal coimexions, etc., respectively. We have for m = 2, for 
instance. 







which correspond to the well-known ‘bond figures’. 




3 


4 
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If one now expands (2-2) one gets 

«,2(r) = 7i?e-i«^>/*^|l+/(r)+' 

Inserting (2-9) one pbtains 


pjr) f{r) \ 

+ 31 


^ u) - n^e-^r»T fi +_i_ r“ 

n,{r)-n,e9 . + 


( 2 - 12 ) 


(2-13) 


Comparing (2-13) with. (2-10), it is seen that for the special case e = 1 the two expres¬ 
sions are identical except for terms in higher powers of f{r) which seem to be then 
equivalent to the terms under the complicated integrals etc. apart from 

the factor e. The ejffect of averaging and introducing e may therefore be considered 
as a further refinement. In fact one could still perform an expansion in powers of 
(e—1) and both expressions could be considered equivalent if one identifies the 
remaining terms, coming on the one hand from higher powers off{r) and on the other 
hand from the expansion, with those terms of (2-10) which appear under the sum¬ 
mation in the form of complicated integrals. It is a significant fact that e, as wiU be 
shown in the next section, only becomes equal to unity for temperatures and 
densities corresponding to the perfect gas, in which case (2-10) and (2*13) become 
identical with one another. 

It seems that Mayer & MontroU have underestimated the range of validity of 
their equation (2*10), since, according to what follows in the paper mentioned above, 
it was only used as an approximation in the gas phase whereas the first two terms, 
at any rate, possess an analytic continuation into the liquid region. 

Assume now that there is an analytical function J3(z) which reduces to ^{r) for 
z^r real. (2*9), then, is the most general solution of (2-4) if the path of integration 
is chosen as any course from negative to positive infinity in the complex 2 :-plane, and 
in particular may enclose those points for which the following transcendental 

^(.)-A/. (2.U) 

is satisfied. 

fi{z) will now be defined for complex z. Assume that s.x{s) admits an expansion 
of the type 


«.a(s) = S c*e*>«*, 
*= — 00 


(2-16) 


U being a complex number in the upper half of the complex plane. This way of 
expanding the function s. oc{s) is based on the fact that for all s>Sq we have prac¬ 
tically s.a{s) = 0, as shown in figure 1. 

By a proper choice of the form of the as will be shown clearly in § 5, s. cc(s) can 

be assumed to be represented by the expansion (2*16). 


(2-lS), 

r.>J(r) = 

where 







(2-16) 


(2-17) 
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Integration by parts gives, remembering that is a complex number in the upper 
half of the complex plane, 


4 = 




which, introduced in (2-16), gives 




(27r)i fc {^l-r^y 


(2-18) 


(2-19) 



The function on the right-hand side is an analytic function of r except for the 
occurrence of simple poles at the points ± I*. The equation (2-19) may therefore be 
regarded as a satisfactory definition of the function d{r) for all values of r real and 
complex satisfying the following conditions: 

(а) yff(z) reduces to y?(r) for z = r real, 

( б ) yff(z )->0 as I z I ^ 00 , uniformly with respect to arg z, in the upper half of the 
z-plane. 


6. The equation oe state 
The pressure p is given (Green 1947 ) by 

'P = nxkT — \\ n^{r)<})'{r)4mr^dr. • (3-1) 

ojo 

In order to obtain an explicit expression fqr^, one now expands ( 2 - 2 ) and takes 
only the linear term in/(r), i.e. 

n^{r)=nle-^^'>H^{l+f(r)}. (3-2) 

This new approximation seems to be reasonable; for r > r^, being the value of r 
for which »j(r) has its absolute maximum, when one substitutes ( 3 * 2 ) in the integral 
appearing in (3-1), squares and higher powers of f(r) wifi, not give an appreciable 
contribution, since the effect of the total correction is to superimpose on the 
first factor oscillations around a constant value, which will cancel one 

another on integration. Contributions coming from squares and higher powers of 
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f{r) for r < r^, are of course important, but have been sufficiently taken into account 
for the present purpose by the introduction of the parameter e. 

Writing for/(r) the expression obtained in the last section, namely, 

e®s./?2(s)sin(rs)ds 

, A-e/?(s) ’ ( 3 - 3 ) 


rf(r) = 


1 p 


reversing (2-6), 

and combining ( 3 - 3 ) and ( 3 - 4 ) one gets 

■r{f(r+ 6 cc(r)} = ^ J_^{^:^) + e/?(s)} 58 in(rs)ds 


( 3 - 4 ) 


eW«) + {A-e/?(s)}e/J(a) . , , , 

-® (»•«) 


1 f” 

“(27r)iJ- 

^ 1 f” Ae.«./?(s)sm(rs) , 
(27r)iJ-co A-e/S(s) 


( 3 - 5 ) 

The form for/(r) as given by equation ( 3 - 3 ) suggests immediately an expansion 
m powers of the density; m fact for gases where | A - e/?(s) ] > 0 for aU real s, such an 
expansion is permissible, and leads to the following result (Green 1947): 

I 2A v -2 2 ( 27 r)U«’J_„ v +1 j* ( 3 - 6 ) 

^ ^ the density 

and (1927), later improved by Mayer (1937). Bom & Fuchs (1938^ 

as fouJws g®“®rah"^tion by Kahn (1938). The result may be written 


p = n-i^hTll- V — 

‘ e=is+ 




( 3 - 7 ) 


so that the quMtltie, - A ate the eo-cUed tirial coefflciente. Ihe A ate talhet 

f +•' J ^ where this divergence occurs, however detailed 

The “ ‘‘“Pr““ *“ «« d'mity of the satutated vapout. 
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(а) /?(z) reduces to fi{r) for z = r real, and 

( б ) fi{z) 0 as [ z j -> 00 , uniformly -with respect to arg z, in the upper half of the 

z-plane, are satisfied. By applying a well-known theorem of the calculus of residues, 
(3-5) becomes ,2 

rf{r) = -e.r. a(r) - (27r)i ^ S (3- 8) 

^ U P \^u) 

Inserting (3'8) and (3-2) in (3-1) one obtains, after some calculation. 


p. J_‘TO^*+1 ^2 


(3-9) 


Equation (3*9) holds equally for the liquid and the gas. The diEference between 
them arises from the fact that in the case of the liquid there are two real roots which 
are not included in the ^ 6 -summation in (3-9). 

In figure 2 the function jS{r) has been plotted for a certain temperature T below 
the critical one. 

m 



For low densities A/e exceeds the upper bound of J3(r) (case 1 in figure 2 ) and the 
fundamental equation has no real roots. This has to be interpreted as the region of 
the gas. If the density is increased, while the temperature is kept constant, a certain 
density is reached (case 2 in figure 2 ) at which two coincident real roots exist. This 
point is interpreted as separating the metastable states of the liquid from those of 
the gas. If the density is increased still more, one has two real roots (case 3 in figure 2 ) 
which of course are not included in the ^-summation of (3^9). This region for which 
equation fi{z) = A/e has two real roots corresponds to the liquid phase. 

For higher temperatures the upper bound of y(?(r), which always occurs at the point 
r = 0 , becomes so small that only at exceedingly high densities will the equation 
fi{z) = A/e have real roots and the liquid region can never be reached. 

Equation (3-9) is our final equation of state. (It cannot be put in the form given 
by Green ( 1947 ) because 

f ra(r)e^^^«dr+i I ra(r)e^^^M<j!r (3-10) 

Jo 2J_0O 


Vol. 196. A. 


6 
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for all complex in the upper half of the complex plane.) 

In some previous considerations the fact has been mentioned that the parameter 
e, which was introduced to average the function/(r), is not a constant, but a function 
of temperature and density. This will now be determined. 

If the equation (3*8), after multiplication by r . a(r), is integrated over r, one obtains 

\ r^a{r}f{r)dr 

^- r^a{r)dr =—e\ r'h.^{r)dr—e{27r)^\-\ ra{r)e'^dr. 

J. J. \e/ AWJ. 

The first factor in the left-hand side is by definition equal to (e — 1). Hence 


e = 


J 

1 r^a(r) dr 

0 

J r*a(r)dr-t-J 

\'^r^oc,\r)dr+{2Trf\^ 

ye] ^P'{Zu)\ 

1 ra(f) dr 

'o 


(3*12) 


It is obvious from (3-8) that at high temperatures and low densities e->-1, since 
f{r) is actually equal to zero. 

For comparatively low temperatures and high densities e will not equal 1, since 
f{r) may take high values. Detailed calculations made for argon confirm this argu¬ 
ment. For this gas at temperatures near the critical temperature e = 0-60, and it 
remains constant practically for aH values of density. For the same gas and a 
temperature T = 130° K, e = 0-46. 


4. The algbbeaio equation 

This section will be concerned with the solution of the fundamental equation 

/?(z) = A/e. (4-1) 

By using the definition (2*20) given for (4-1) becomes 

(277-)i A 


V 


2 e’ 


(4-2) 


where the Cj,’s are the coefficients of the expansion e.a(s) (2’16). The number n will 
be considered finite. (4-2) is therefore an algebraic equation of order 2%-l-1 in z^. 
We write for abbreviation 


0,= 


2ec^ 


Then (4-2) becomes simply 

j.4n+2_p^24« + p^24,i-2_ ^ q, 


(4-3) 


(4-4) 


Pj = ni+ s o^nfU, 


where 


(4-5) 
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and the following notation has been introduced 

Hi = ^l+^l+e~^+^l+e-^+...+il+e-nA 
^^=mi+ii§Lt+...+§L^a, 
n® —. 


and =1, >1 

Iir=n,-anfu, 

By successive elimination one obtains for the general term (4-7) 

nf = n,-an,_i+an,_,-an,_3+... 

Here the 11’s can aU be expressed by Hi by use of the recurrence formulae 
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(4-6) 


(4-7) 


(4-8) 


= 

*.....j 


(4-9) 


which can be proved by complete induction with the help of (4-7). 

Introducing (4*8) in (4*9) one gets 

ni = 7{nin^_i-n^_3 s a+n^-s i a-...± s a4- (4-io) 

j 

These recurrence formulae express 11^ by all previous n^_i, II^... IIi. 


6 . The BXPAiTsiON OP THE rtnsrcTioK s.a(s) 

We consider now the expansion (2-15) 


n 

s.a{s)= S (6-1) 

fc==—n- 

and have to choose the ^j,’s and to determine the c*’s. The ^^’s have to be complex 
numbers in the upper half of the complex plane. The simplest choice is an equidistant 
set of points on a parallel to the real axis 


= fi-k+i.y {Jc = —n,..., 


( 6 - 2 ) 

6-2 


i> ^)* 
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We then have to choose domain (OjSj) in which the function s.<x,{s) is regarded as 
essentially different from zero while it is neglected for s > Sq. The choice of s# and y 
are related to one another by the following consideration: if one defines 

r/r(s) = 2 (^■^) 

* k—n 

where = 27t, one should have, according to ( 6 * 1 ), 

s.a(s) = (5’4) 

^(s) is periodic with period s# while the s.a(s) is aperiodic. Therefore (5-4) can only 

approximately hold if 6 “^-® is negligible for s>So. Hence we choose y-^o = -7 

as a rather big number; but on the other hand small 

in order that ^(s) should be periodic without a big discontinuity, 

Hence one must make a practical compromise for the two numbers ^ and y, which 
can be done only for a given numerical example. 

For practical calculations one writes (6-3) in the real form 

n 

■ilf{s) = ao+ 2 (afcCOssydfc+6ftSins/5il:) — 2tt), (5-5) 

where Co = ag, c* = c_j, = 4 (aj,+i 6 *). ( 6 - 6 ) 

From (4-6) and (5-2) one gets 

ni = -(2»+l)72+2y5*2^‘“- (5-7) 

From ( 6 ‘ 2 ) one obtains further 

^ s jr=(-!)’■ (2«+1) 7^’'+{(1)/^'’- ( 2 /i 2 ) 

+ ( 2 /^ ■■■ - ( 2 Ix*i ■ 

With the help of these formulae one gets all the in terms of yff, y and n. 

The whole process can be summarized in the following way: the function 
^{s) = s.oc(s)ey'^ is plotted and the constant y and the interval ( 0 , 5 q) chosen such 
that is negligible and stiE 7 ..S is large enough so that times the periodic 
repetition of 7/r(s) can be neglected. 

Prom this p = ^tt/sq is found. Then an integer n is chosen depending on the 

n 

accuracy to be intended. Then is calculated from (5*7) and the sums 2 from 

k=^—n 

(5*8). The recurrence formulae (4*10) give n 2 ,n 3 ,..., Han+x, then the Ilf'> are 
obtained fi:om (4*7) (j = 1 ,2,..., 2n). 

On the other hand the coefficients aj., bj^ of the function ‘(lr(s) according to ( 5 * 6 ) 
aje determined by one of the known methods of Fourier analysis. Then one has the 
complex coefficients Cj.’s from (5*6) and Cj-’s from (4*3) for a suitable set of values 
A/e. Finally the i^’s from (4*5). 
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Now the algebraic equation (4’4) can be solved numerically and leads to the roots 
z^. For each value A/e one has a set of 2 k, +1 roots 2 ® j&rom which the roots in the 
positive half complex plane, which we need for the further calculation, are selected. 


6. The equation oe state in terms oe the expansion 

In the equation of state (3-9) there appear, apart from the 2 „, some values of the 
function and some integrals over the functions s.a(s)e^ and s®a(s)e*® taken 
at the point z^. One can express all these in terms of the constants c^’a and gj,’s of 
the expansion (2-16). 

One obtains, from the definition (2T9) for d{s). 


m=-i 


and 


(27r)*fcl_J| 
» /•. /• 

is)ds = -2 S - 


^00 


1*00 n 

and also from (2*15) s. 0 L{s)e>^^^ds — i S /r , v 

Jo k=—n ^u) 

I* s2.a(s)e^cte= S 
J 0 k= —n \bk ^u/ 


and 


From equation (2-19) for ^{z) it follows: 


Agj ___ 


A n 

S 


( 6 - 1 ) 

( 6 - 2 ) 

(6-3) 

(6-4) 

( 6 - 6 ) 


As the algebraic equation (4*4) has real coefficients, to every root 

+ < ( 6 - 6 ) 

belongs another one, the conjugate number, and since the equation contains only 
powers in the negative of z* is also a root; now 

-z* = -««+<• (6-7) 

Hence, the roots which are needed, are those of the type (6-6) and (6-7) for which 

i„> 0 . ( 6 * 8 ) 

There may be a root on the real axis which may be characterized by the index u = 0, 
so that 

2 o = (6-9) 

The following abbreviations are introduced: <• 

n 

s 








k -- ^k + ^u 

i 2 7 ^ ~ *-®M> 

fc=—nSfc~*u 


(u = 1 , 2 , ...,5 


( 6 - 10 ) 
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_ A / 

khn{ik + Hf~ 


n 

s 

k=^—n 






^k 




= A'-iB' 


(u= 1,2, ...,i 


k _ _ A'' I « P'' 

ft. - — 


(2n)hJ:Ln(i^-zly 
'(27r)h^-na+z: 


(«= l,2,...,n). 


( 6 - 11 ) 


( 6 - 12 ) 


Ilnally, equation of state (3-9) becomes, according to (6-1), (6-2), (6-3) and (6-4) 
and (6-10), (6-11) and (6-12) 




(6-13) 

where 


(6.14) 

and 




F,(T,A) = ^^ 


'Agig 


2Al 


+ 2 S 




A'^(2A„+s„B„ — t^A^ + B^{2B ^— 

ai^+b:^ 

(6-16) 


If one now assumes e to be only a function of temperature (which is practically 
the case, as numerical evaluation shows), the free energy A is easily obtained from 
(3*9) by integrating the partial differential equation 



(6-16) 


Using (6-1), (6-2) and (6-3), A can be written in the form 

. NJeT I 2 ^ Ch e ” Cj^Cg 2A ” / z| 

2A r(27r)ifcii„a 

+NkTlogni-^NkTlosT. (6-17) 

The arbitrary function of temperature which appears on integration is calculated 
by comparing the formula which one obtains with the well-known formula for 
the free energy for the case of a very dilute gas (A large). 

Equation (6-17) is of course approximate. It contains not only the approximations 
which were used in obtaining the pressure p, but it is obtained xmder the assumption 
that e is only a function of temperature. 
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7. ^PLICATION. The equatioit oe state eor arooh 

TI 16 tlieory will be now RppKed to argon because bere a good, representation of tbe 
potential energy is available through the work of Lennard-Jones ( 1924 ). He has 
shown that the function , 

= (7*1) 

with a = 1*03 x 10~^®ergs A®, b = 1620 x 10““^®ergs (7-2) 

allows one to explain the behaviour of the dilute gas as determined by measuring the 
first virial coefl&cient. Figure 3 shows a graph of ^{s). 



The minimum of (l>{s) occurs for a value of 8 given by 

^ ~ 3*83Aj (7*3) 

for which = -1 6-5 x lO-^® ^rgs. (7-4) 

In figure 4 the function oi{$) = — \ has been plotted for T = 150°K. 
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With the choice Sq = 7*2 A, a(Sj)0'03. By trial and error a suitable value for 
y has been found to be y = 0-3 A"^ \?ith ■which the graph in figure 6 has been drawn. 
There is still an error in periodicity of relative to the maximum. On the other 
hand ys^ = 2-16 is large enough to make the repetition of the curve for 5 > Sq negli¬ 
gible as can be seen in figure 6 . Hence one obtains 

/? = 27r/So = 0-872 A-i, 

y = 0-3A-i, • (7-6) 

iji. = fi.k+iy {k = -n,..., - 1 , 0 , 1 >•••>«')•, 



Figubb 5. - function ^( 5 ) = 8.oc{s) e’'*'; - approximation by a Fourier series. 



Figure 6. -function 5.a(5);-approximation. 


Now the coefficients of the Fourier expansion (2-16) have been numerically 
determined (Whittaker & Robinson 1937 ) by using 12 equally spaced points as 
shown in the graph of figure 5, The results in A is given, for T = 150° K, in table 1 . 
Figure 5 also gives a comparison of the Fourier series with the actual function 
7^{s) = s(x{s) e^-*. From table 1 the Cj/s are obtained with the help of (6-6). /i(r) can 
then be calculated from (2*20) using afi terms up to fc = 6 . The result is given in 
figure 7. All terms up to A; = 6 are also used later in calculating the coefficients 
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Au, Buy Aui B'uy Au, Bu according to (6-10), (6*11) and (6-12). With £ = 6 the equation 
(4*4) would be of 13th order in and have 13 roots for (26 for z). It would be very 
cumbersome to use them all in the following calculation; it has turned out that the 
first three roots Zq, z^, —z* suffice, but these can be determined with sufficient 
accuracy from a simplified equation where only the terms fc = — 1, 0, 1 in the 
coefficients are used. This can be seen by examining the figure. 7 in which the curve 
j3{r) calculated before is compared with that obtained by using only the terms 
Jfc = — 1, 0,1. They coincide practically completely apart from deviations below the 
abscissa axis, which do not interfere with the roots. This is evident for the real roots, 
namely the intersection of the curve with the horizontal line as indicated in the 
figure, but holds also for the complex roots. With this simplification equation (4*4) 
reduces to 

z^—P^z^+P^z^ — P^ — 0, (7*6) 

where P/s are obtained by the process described earlier. 


Table 1 


ao = 

2*231 


% = 

-2*321 

= -6-321 

a2 = 

1*366 

6* =+3-646 

^3 = 

-1*343 

6s = -2-626 

04 = 

0*836 

6* = +1-366 

% = 

-1*158 

65 = -0-726 

^6 = 

0*391 

6s = 0-000 


fi{r) in A® 



Now by choosing a suitable set of values A/e one obtains, by solving equation (7*6), 
a corresponding set of values \ from which all the A^y B^, A'u, , A^y B^ can 
be evaluated. In the same way the corr^ponding values of e are calculated from 
(3*12) and then the values for A can be obtained. In table 2 the values of e are given 
as functions of A. 

Finally, using the equation of state (6*13), the isotherm for T = ISO'^K has been 
calculated. In table 3, the pressure p is given as function of volume, for one cubic 
centimeter of gas at normal pressure and temperature. The pressure p is expressed 
in atmospheres and the volume V in cm.®. 
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Table 2 



■A 


A 


{ A ?) 

€ 

(A») 

€ 

5-63 

0*56 

12-80 

0*61 

6*95 

0*58 

13-40 

0*61 

8-97 

0*60 

13-99 

0*61 

9'65 

0*60 

14-60 

0*61 

10*33 

0*61 

15*27 

0*61 

10*91 

0*61 

15*85 

0*61 

11*39 

0*63 

17*09 

0*61 

11*62 

0*65 

18*39 

0*61 

11*73 

0*62 

19*57 

0*61 

12*24 

0*61 

20*91 

0*61 


Table 3 



V 

p 

F 

P 

0*00239 

41*7 

0*00545 

54*7 

0*00295 

53*3 

0*00570 

54*2 

0*00381 

57*6 

0*00595 

53*7 

0*00410 

57*6 

0*00621 

52*9 

0*00439 

57*3 

0*00650 

51*6 

0*00464 

56*7 

0*00674 

51*1 

0*00484 

52-0 

0*00727 

49*3 

0*00494 

49*6 

0*00788 

47*3 

0*00499 

54*3 

0*00833 

45*8 

0*00521 

54-9 

0*00890 

43*9 



Figitre 8 
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In figure 8 the result just obtained has been plotted. Similar calculations have 
been performed for the same gas for a temperature T = 130° K and the result is 
shown on the same figure. 


8 . Discussion 

The general shape of the curves obtained is rather similar to the classical curve 
of van der Waals except that there is a sharp point instead of a smooth minimum. 
This point corresponds to the singularity separating the gas from the liquid; it lies 
in the region of completely unstable states. This confirms the statement made in 
the introduction, that Mayer’s interpretation, namely that the singularity represents 
directly the point of condensation, or in other words the equilibrium of liquid and 
gas is not right. The latter has in fact to be found by the usual thermodynamical 
construction (Maxwell). 

If the curves are examined in more detail it is obvious that the first one corre¬ 
sponds indeed almost to the critical point as the kink is very small. In the second 
curve the range of unstable states is considerably larger. A conspicuous feature is 
the fact that the curves for small volumes do not ascend steeply but have a maximum 
and fall again. This may be due to the crudeness of the approximation (i.e. the fact 
of having taken into account only the first three roots of the transcendental equation). 
But it seems to be quite possible that it is an indication of another range of unstable 
states separating the liquid from the solid. This has to be investigated. 

Concerning the absolute values, one can compare the experimental critical point 
with the situation of the maximum in the gas region, calculated for the experimental 
critical temperature, figure 8. The result is given now: 

experimental theoretical 

p 60 atm. 64 atm. 

V 0-0034 cm.3 0-0062 cm.» 

The agreement is very good for the pressure and suflSlciently good for the volume, and 
it must be kept in mind that in all previous theories, for instance that of Lennard- 
Jones, the deviation was still greater.. 

The calculations in this paper are only intended to show that one can obtain an 
equation of state representing the liquid and the gas states in one expression, the 
constants being expressed in terms of the atomic forces. 

Exact numerical prediction would, need a very great amount of computation- 
It seems more important to use the same method for calculating the radial dis¬ 
tribution function which can directly be compared with X-ray experiments. This 
wiU be done in a following paper. 

The author would here gratefully acknowledge the debt he owes to Professor 
Max Born, who suggested the subject of this work and gave the author invaluable 
advice and encouragement. He is also indebted to Dr H. S. Green for many helpful 
suggestions. 



92 


A. E. Rodriguez 
References 

Bom, M. & Green, H. S. 1946 Proo. Roy. Soc. A, 188, 10. 

Born, M. & Green, H. S. 1947 a Proc. Roy. Soo. A, 190, 455 . 

Born, M. & Green, H. S. 19476 Proo. Roy. Soc. A, 191, 168. 

Bom, M. & Fuohs, K. 1938 Proo. Roy. Soc. A, 166, 391. 

De Boer, J. 1940 OontrUmtion to the theory of compressed gases. Amsterdam Dissertation 
Green, H. S. 1947 Proc. Roy. Soo. A, 189, 103. 

Kalin, B. 1938 TJtreoht Dissertation. 

Kirkwood, J. G. & Monroe, E. 1941 J. Ohem. Phys. 9, 514. 

Kirkwood, J. G. & Boggs, B. M. 1943 J. Oh&m. Phys. 10, 394 . 

Lennard-Jones, J. E,. 1934 Proc. Roy. Soo. A, 106, 463. 

Mayer, J. E. 1937 J. Ohem. Phys. 5, 67, 74 ; 6 , 87, 101 . 

MontroU, E. W. & Mayer, J. E. 1941 J. Ohem. Phys. 9, 626. 

Drsell, H. D. 1927 Proc. Camb. Phil. Soo. 23 , 685 . 

Whittaker, E. T. & Robinson, G. 1937 The calauMs of observations. London: Blackie 
and Son. 


Some theoretical considerations on the dynamic 
properties of plastics 


By N. F. Astbuby 

{Communicated by W. T. Astbury, F.R.S.—Received 29 June 1948 ) 


^ ^ s^ilanty be^wn the meohanical behaviour of plastics and the electric 
fell oertam ^electrics This provides a starting-point for the derivation of a median- 

loal stress-str^ rdationship for plastic materials, from which expressions are deduced for 
^ f ^ Mund m, and for the transmission and reflexion of sound by, plastic plates. 


1. INTRODTJCTION 

The tr^i^sion of elastic waves in an infinite slab of homogeneous material which 
obeys Hooke s law is completely determined in terms of two elastic constants and 
e density of the material (Love 1944). It is convenient to combine the two elastic 
contents to give one or other of two elastic moduli—the ‘dilatational modulus’, 
wMch governs the transmission of compressional waves, and the ‘shear modulus’ 

whichgovemsthetransmissionofrotationalorshearwaves. On the basis of Hooke’s 

law, which, of course, postulates a direct linear relationship between stress and 
steam these modi^ remam constant throughout the whole frequency range, so 
that the matenal shows neither dispersion nor absorption. 

Therefle^on of elastic waves from, and the transmission of elastic waves through, 
paraUel-sided slabs of such material have been discussed in some detail by 
earner (1938) who shows that, in general, the reflexion and transmission charac- 

SwbT \ *1^® density. The classical analysis of 

Rayleigh .( 1929 ), as, mdeed, is pointed out by the author, appHes only to fluids; 
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his results are applicable to solids only when the conditions are such as to preclude 
shear stresses in the material, which, in general, can be taken to be the case for 
normal incidence. 

Experimental work during the war on mechanical and acoustic properties of 
certain plastic materials showed, as is mdeed now well known, that these substances 
do not obey Hooke’s law; in particular, ‘Perspex’ (a methyl methacrylate polymer) 
shows considerable departures from the simple linear stress-strain relationship. 
Further, the classical relationship between rigidity modulus and Young’s modulus 
does not hold. The present paper places on record some theoretical considerations 
on the dynamic properties of plastics and treats the problem of the transmission 
and reflexion of sound normally incident on plates of non-Hookean properties, 

2. Pbelimikary coksiderations 

There is a very close analogy between the mechanical behaviour of plastics and 
the electrical behaviour of certain dielectrics, and the preliminary arguments 
following will be familiar to those acquainted with the theories of dielectric hysteresis 
and absorption. 

When an electric stress is applied to a dielectric there is an initial sudden rush of 
current (the normal ‘charging current’) which is followed by the so-called ‘anoma¬ 
lous ’ current, decaying with time, which may persist for hours or even days, and 
which does appear ultimately to reach a limit. This anomalous current can be drawn 
from the dielectric during the process of discharge, and from its integrated value 
an apparently already high value of dielectric constant (or low electric elasticity) 
can be deduced. In exactly the same way, when a mechanical stress is applied to 
a plastic material, there is an initial sudden displacement (it is preferred at this 
stage to use the rather loose description ‘sudden’ rather than the more specific 
‘instantaneous’) which is followed by a sort of flow which appears to go on for 
hours, decaying gradually so that the ultimate strain of the material does appear 
to reach a finite limit. The effect is very easy to demonstrate: in figure 1 is shown 
a curve recording the twist of a Perspex rod after the sudden application of a torque. 
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It is well known that the application of an alternating electric stress to a dielectric 
exhibiting the ‘anomalous’ behaviour outlined above leads to hysteresis and the 
absorption of power. Simple mechanical experiments on the cyclic stressing of a 
Perspex bar or rod show at once that the corresponding phenomenon is present in this 
case also; figure 2 shows a hysteresis loop obtained for a slow alternating stress 
applied to a Perspex rod. 



FiaiXRB 2. Hysteresis loop for Perspex rod. 


It is reasonable to suppose, therefore, that there would be a glose formal similarity 
between any theory put forward to explain the mechanical behaviour of plastics 
and any theory of dielectric absorption. We may start in the most general way 
possible by saying that the plastic flow or displacement, is simply a function of 
time, and we write gpOc/(«), (2-1) 

where the factor of proportionality involves the stress, We further suppose that at 
i = 0, f{t) = 0, while for « = oo we suppose that f{t) is finite. In order to discover 
how Ij, changes with a changing stress, we have to make the fundamental assumption 
that a superposition principle is operative. This means that theiaerements of stress 
are aU additive. If by JJ, we denote the stress at time u, then the value of the incre¬ 
ment of plastic flow at this instant may be written 

8^=Af{t-u)^Su, ( 2 - 2 ) 

and the total plastic flow in time t 


where is a constant. 


(2-3) 
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If the stress is alternating and of the form 

vre have ^ f (i)FQCOBO)uf{t—u)du, 


and changing the variable toz — t — u.we have 

^00 poo 

^ f{z)sm.(i>zdz+A<oFQ coswil /(z) cosmzdz 
= sinwi+(7 coswi], 

poo poo 

/S = J. J smo)zf(z) dz, C = A \ cos (ozf(z) dz. 


(2*4) 


where 


So long, then, as the integrals C and S do not vanish, there is always a phase lag 
between the plastic flow and the stress. It follows, therefore, that there is a definite 
loss of power in any cychc operation, which is easily shown to be proportional to 
the integral G ; the progression of periodic waves through the material must therefore 
be accompanied by attenuation. 

It is thus easy to see in general terms how absorption and hysteresis arise when we 
depart from Hooke’s law; the next stage in the development of the theory must be 
the establishment of a more general stress-strain relationship* 


3, General stress-strain relationship 


It is no longer possible, for plastic substances, to think in terms of a simple elastic 
modulus, defined as the ratio of stress to strain. In electrotechnics, it is easy to 
determine experimentally the values of S and C separately, and we speak of ejffective 
capacitance (or dielectric constant) in terms of 8 and of power factor in terms of G. 
It is not obvious that we can do this in the mechanical case; we must either measure 
r.m.s. values and define our modulus in terms of ^(8^ + (7^), or regard the relationship 
between stress and strain as expressed in the form of a complex operator, or more 
generally by a differential or integral equation. It is the last method which we shall 
try to adopt in the present paper. 

We have first to decide whether the strain of a plastic material is wholly a function 
of time or whether it is partly elastic, and in the absence of reliable experimental 
evidence to guide us we can only make certain assumptions. We know, for instance, 
that in the case of materials Kke pitch, there appears to be no purely elastic property; 
for such materials Maxwell long ago proposed the relationship 


^dt~ dt ^ 


(3-1) 


where /i and a are constants. We cannot accept this form, for clearly, if JF is constant, 
^ increases linearly without limit , and this we do not believe to be the case with 
plastics. We shall, therefore, assume that the deformation of substances such as 
Perspex is partly purely elastic and partly plastic. The sudden application of a 
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stress to such a material must therefore result in an instantaneous strain, followed 
by a plastic strain dying away with time. While simple mechanical experiments 
cannot be said to have proved this to be the case absolutely, at any rate the assump¬ 
tion is not inconsistent with the observed facts. 

We write, then, the total strain at any time t as 

( 3 - 2 ) 

where is the instantaneous strain and is the limiting value of the plastic strain. 
Each is assumed to bear a simple relationship to stress. The function/(<) must be 
zero for ^ == 0 and unity for ^ = oo. Under a stress which is assumed to be a con¬ 
tinuous function of time, the superposition principle is supposed to operate, and 
we write, as in § 2, 

where is the constant expressing the relation between and stress. 

For the total strain we find 

or, since= 0 for m i and = 0 for f = — oo, 

gt = ( 3 -S) 

where is the constant expressing the relation between gi and stress. 

This is one form of the general stress-strain relationship, and it is essentially 
similar to that proposed by Boltzmann (1876) and recently quoted by Zener (1946); 
it corresponds also to that proposed by Pellat (1926) for the behaviour of dielectrics. 
We have written g^ as the elastic behaviour of the material can be regarded as 
being governed not by one modulus only but by two constants and Vp and a 
function of time as yet unspecified. 

A simple form for / is f(t) = 1 — e-“^. (3-4) 

This form expresses the condition that the material shall exhibit a form of relaxation 
characterized by a time constant Ifcc. The simple mechanical experiments already 
described show that this form is applicable over only a limited range of time, which 
suggests that the behaviour is characterized not by one time constant but by a 
whole range of tune constants. This is known also to be the case in dielectric theory, 
and at least two other forms of / have been proposed to take this into account. 
Schweildler {1926) has suggested that a function involving a summation e~“* 
should be used, where every a is associated with a definite Vp] Wagner (1926) has 
proposed a Gaussian distribution, in which the summation is replaced by an integral 
of the form ^+„ 

exp (—6 V —agf e-®) dz, 

J —00 

where z = logao/a. 
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For tlie purposes of the present paper we shall consider only the simple form 
{3‘4), and in justification of this the following arguments are put forward. The 
behaviour of the material under alternating stresses can only he significantly affected 
hy those relaxation modes, the time constants of which are comparable with the 
periods of the alternating stresses. The law proposed holds over a range of time 
comparable to two or three octaves in the frequency range. It is therefore suggested 
that analysis based on the simple form given in (3*4) will give an approximate 
picture of the behaviour of the substance over a restricted frequency range. 

With this law the general stress-strain relationship (3*3) becomes 


or 


I* 6‘‘'^F^du. 


Thus and jPJ must satisfy the differential equation 


f;+cti, = v,^+cc{v, + v,)F,. 


(3-5) 


We note that we can define two hmiting values of elastic modulus corresponding 
to infinite and zero frequency. At infinite frequency the modulus reaches a non¬ 
complex limit equal,to 1/v^; this will be called /icc- For zero frequency the modulus 
again has a limiting non-complex value equal to iKvi + Vp), this will be called /Iq. 
It must approximate closely to what we may call the measurable static modulus 
of the material. The general stress-strain relationship, over a restricted frequency 
range, then becomes \ jt? 

Using this relationship in place of Hooke’s law, it is proposed to deduce expressions 
for the velocity of sound, and to examine the problem of reflexion and transmission 
by thin plates. 

4. Velocity oe sottke 

We have already shown that departures from Hooke’s law lead to absorption; 
the displacement, y, in a progressive wave through the material can therefore be 
represented by - 

y = yoexp (1 > (^'1) 

vliere c = velocity and b = attenuation factor. The strain, is given by 




-j(o(l-jb) 




and also 
Thus 


Ot [Iq 


Vol. 196. A. 
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wherice ^ _-y>,..(l-j6) (»+£!)„. 

We have ako, if p be the density of the material, 

M!- 

0a: “ ^ at** ’ 


so that, if c®, = h„Ip, (1 -jbf (a +» = ^ |a^ + . (4-2) 

^00 V i^O / 

Solving for c and 6, we get 



IFigtjke 3. Variation of velocity of sonnd with frequency. The numbers against the curves 
are the values of ^oo//^o* P = (velocity at angular frequency (o )/(velocity at zero frequency). 


In equations (4*3) and (4*4) the quantities ^(/^aolp) and V(/^o/P) represent the 
limiting values of the velocity of sound. The latter is the velocity, Cq, as calculated 
from static measurements; the function of cj which multiplies it in (4‘3) varies from 
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•unity at 0 ) = 0 to ^(/^oo//^o) at ct) = oo. The attenuation factor is zero at = 0 and 
^ = 00 and reaches a maximum value of {c«>-“Co)/(Coo4-Co) for 
The actual curves of cJcq and b are sketched out in figures 3 and 4. 

It is clear that a critical test of the theory would be provided by absorption 
measurements. 



Figxjbb 4. Variation of attenuation factor with frequency. Loss in thickness 
i = 1—The numbers against the curves are the values of 


5. Reflexion and transmission of sound incident normally on a 

PLANE PARALLEL-SIDED LAMINA OF PLASTIC MATERIAL 

The comparatively simple case of a plane wave incident normally on an infinite 
plane parallel-sided lamina can be dealt with on the present theory. 

Let Cl be the velocity of the wave in the surroxmding medium, which we take to 
be normal in its properties. Let be the velocity of sound in the plastic lamina, 
of which the thickness is Z, and let b be the attenuation factor. We define also 

Pi = density of medium, 

P 2 = dgnsity of plastic, 

Pi = modulus of medium, so that 

P 2 = upper limit of modulus of laiiima. 

As before F and with appropriate suj0fixes, will be used for stress and strain respec¬ 
tively. The incident wave will be assumed to travel in the direction of x increasing, 
and the plane of the lamina will be parallel to the yz plane. To simplify the writing 
down of the analysis we may, since normal incidence is being considered, consider 
displacements only in the xz plane; the lamina will be assumed bounded by the 

t The absorption coefficient, which is the quantity m-ultiplied on x to give the real part 
of the exponent in (4*1), is of course 27TbfX, where A = wave-length. 


7-2 
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planes a; = 0 and x = l. The total displacements in the medium on the incident side, 
in the lamina itself, and in the medium on the emergent side, may then be "written as 


= 2iexp|jw^t-^j| + Z2exp|>^t+^jj, 

^2 = Z3 exp - ^ (1 -i*)| J + H ^ ^ ^ ’ 

Z3 = Z5exp|jo;^i-^jj. 

4 -S)" 


The incident wave is thus 

and the reflected wave is 

and the emergent wave is 
The waves in the plate are 


2i-%expH6> 


iz^s^^exp JO) 




2^=23 exp ^jo) 1 *-^ (1 > 

^=24 exp (1 -i^)}] • 


( 6 - 1 ) 

(5-2) 

(5-3) 

(6-4) 

(6-5) 

(5-6) 

(5-7) 

(5-8) 


At the boundaries of the lamina we assume that the displacement is the same in 
both the medium and the lamina, and we also equate the normal components of 
stress at these points. The quantities z are all complex. 

In order to find the stress in the lamina at the points x — 0 and x^l we make 
use of equation (3*6). The strain, in the lamina is given by 

3^2 


and 




Thus, remembering that identical with the /loo of (3-6), 

(1 -jb) (a +j(o) (z| - zf), 


givmg 






Thus the values of at a; = 0 and a: = Z are 




->/ia(l-i6) (a+jo))l 

C 2 I 


1 ' 
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i 

Thus the boundary equations become, remembering that the stresses in the medium 
are given by 


3^1 , 3^3 

% + 2 J 2 = 253 + 2 : 4 / 


!§^58 

U V 


+ t?25, 


'4j 




where 


p+k 




jo)+^a 

Ao 


For the reflected wave we find 


fizCi{l-jb) (a+jo})’ 
u = exp ijcollCj), 

V = exp{y<yZ(l-j6)/c2}. 

^ ^+{p+k?-^p+k)j^ 


and for the transmitted wave 


4:uv{p+jq) 


(l_v2)|l + (p+jg-)2_2(p+jg')i^ 

From equation (4-2) we have 

(1 - j3)2 (a +joj) +>), 

^00 I /^O / 


so that 


p+k = 


/h^z 


j<i) +—a 
Po 


/izCiil-jb) (a+jo)) 

'^00 ^1^2 ^2 


ClPl 


i^-k) 


(5-9) 

(5-10) 

( 6 - 11 ) 

(5-12) 

(5-13) 


(6-14) 


(5.16) 


=s{l-jb), (6-16) 

where s is the ratio of the velocity-density products at the frequency of observation. 
Thus p = s, q = —bs. Further 

1+v^ ^ exp{jajZ(l -j&)/Ca}-|-exp{-;W(l -jb)lc^ 

1-v^ e:s:p{jo)l{l-jb]/cf}-e^{-j(ol{l-jb)jc^ 

= jcot(t>l{l-jb)lc2 
_ . sin^-hjsinh3$^ 
eoshfi^ —cos^ ’ 
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where ^ = 20)110^. Thiis for the reflected wave we get 
z,_ l-s^(l-jbf 


% 




1 — 5^(1 — 6^) + 2jbs^ 


I+S^l- 62) _ 2sA($i) - 2js{bs +U(f>)} ’ 


where 


/i(^) = 

m = 


6sin^ —sinh6^ 
cosh 6^—cos ^ ’ 
sin^i + 6 sinh 6^ 
cosh 60 —cos 0 ‘ 


Taking r.m.s. values we find for the reflexion coefficient, R, 

1/ (1_s2(1_62)}2 + 462s4 \ 

25A(0)]2 + 4s2[6s +M<P)fj • 

When 6 = 0, we findA(0) = 0 and/2(0) = cot^0, so that B then becomes 


(6-17) 

(6-18) 

(6-19) 


B. 


-A 


(1-s2)2 


[ 1 + s 2]2 + 4s2 C0t2 ^ 0 ) 

_ Ijs—s _ 

~ 1/s+«)2+4 cot® ^0} ’ 

which is identical with Rayleigh’s classical result. By similar reduction it can be 
shown that the transmission coefficient, T (which is the r.m.s. value of zjzj), is 
given by 

8s2(l + 62) 


T 


^Jil 


[(cosh 655 - cos 4>) {[1 + 5^(1 “ b^) “ + 4:s\bs +M<P)T} 

and when 6 = 0 this reduces to 


:)■ 


( 6 - 20 ) 




2 sin^ 1 + + 45^ cot^ |^}/ 

2 


^{ 4 : cos^ + (1/5 +5)^ sin^ 1^} ’ 

which is identical with Rayleigh’s classical result. 


6. The deoeneration or the classioaii result pue to ABSORPTioisr 

It is clear from the nature of the expressions derived above that no significant 
change of proj^rty will occur unless w/a is of the order of unity. Physically, this 
means that the material must exhibit relaxation frequencies comparable with the 
frequency of observation, and therefore must display absorption within the working 
range. The foregoing results have been considered numerically for values of a lying 
between 10 and 40 kc./sec. 

In figure 5 are plotted reflexion coefficients, computed from equation (5*19), for 
Perspex. The basic data are derived from static measurements and assumed values 
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of cc (namely, 10, 20 and 40kc./sec.) have been taken together with an assumed 
value of 10 for the ratio /^oo//^o* The Rayleigh curve, computed from the static data, 
is dotted in for reference. The profound difference is at once evident. 



riGtrnn 5. Degeneration of the Rayleigh curve for Perspex (/^ooZ/^o = 10)- The 

numbers against the curves are the values of a. 



Figtjbe 6. Degeneration of the Rayleigh curve for Perspex (a = 20 kc./sec.). 
n= a)/2ir. The numbers against the curves are the values of jioolpf'o* 

In figure 6 are plotted reflexion coefficients for an assumed value of a of 20 kc./sec., 
with values of /^oo/Ao ranging from unity (the Rayleigh case) to 20. Thfa figure shows 
how the Rayleigh case can degenerate until curves like those in figure 5 are reached. 
It is noteworthy that quite plausible imitations of the Rayleigh curve are obtained 
for low values of /IoqI/Iq] one might well be justified in regarding such curves, if found 
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experimentally, as true Rayleigh curves within the limits of experimental error, 
and yet these curves differ considerably from the Rayleigh curve computed from 
static data. 

To illustrate this point more fully, consider the first three curves of figure 6 . 
From the first, with its zero at nl = 90 cm.kc./sec., we deduce c == 1*8 x 10 ® cm./sec. 
From the second and third, we might reasonably take c to be 2*6 x 10 ® and 
3-0 X 10® cm./sec. respectively. The absorption required to produce this change can 
be estimated from the curves of figure 4, and obviously corresponds to value of 6 
of the order of 0 - 1 . This means that the absorption in a plate 1 cm, thick would be 
of the order of I~exp(27r6/A) = 1 —exp (0-06) = 6 %. Thus a material exhibiting 
quite small absorption may have a reflexion coefficient much greater than that 
computed from static data. 

On figure 6 are marked a number of experimentally observed points obtained with 
Perspex disks, of 0d25, 0-5 and lin. thickness, at frequencies between 10 and 
40kc./sec. The Rayleigh curve is computed from static data for this material and 
obviously does not nearly approach the observed points, the general disposition 
of which much more closely follows the higher order curves. The measurements of 
reflexion coefficient were made under water with a pulsed transmitter, using as a 
reference standard an effective total reflector in the form of an air-filled capsule of 
the same size and shape as the test disk, a method successfully used by Boyle & 
Rawlinson ( 1938 ) and other workers, and which yields for elastic materials results 
in close accord with the Rayleigh theory. 


7. Conclusion 

It is shown in this paper that materials such as Perspex and other plastics in their 
departure from Hooke’s law display complex elastic moduli and may exhibit 
acoustic properties quite different from those predicted by the classical elastic 
theory. In particular, the reflexion and absorption of high-frequency sound by 
these materials may be much greater than is suggested by their ‘static’ or low- 
frequency elastic constants, and it is evident that the behaviour of Perspex is much 
more in accord with the present theory than with the classical theory. It is hoped 
that it will be possible for other workers to establish the existence or otherwise of 
absorption bands in the supersonic range and to determine the dispersion character¬ 
istics by direct velocity measurements. 

This paper, which formed part of work done during the war, and was originally 
issued as a confidential report in 1942, is published by permission of the Chief of 
the Royal Naval Scientific Service. To his former colleague, Dr E. A. Alexander, 
the author records his warmest thanks for many stimulating discussions. 
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The influence of diffusion on flame propagation 

By a. G. Gaydost and H. G. Wolfhard 
Chemical Engineering Department, Imperial College, London 
{Communicated by Sir Alfred Egerton, Sec.R.S.—Received 23 July 1948 ) 


In stationary pre-mixed flames of hydrocarbons at pressmes between 1 atm. and a few mm. 
the thickness of the reaction zone varies approximately inversely with the pressure, and the 
flame speed is independent of pressure. Marked exothermic reaction begins around 700 to 
800° 0 , and the time of passage through the pre-heating zone is very much less thail the 
induction period for ignition at this temperature; a purely thermal mechanism of flame pro¬ 
pagation is inadequate. The thickness of the reaction zone is related to the distance which 
free hydrogen atoms may diffuse against the gas stream. Calcxilations are made on the rela¬ 
tion between rates of diffusion, flame thickness and flame speed, and are compared with 
experimental values. It appears that diffusion of free atoms or radicals can account for flame 
propagation satisfactorily; the correct relation that the flame speed is nearly independent 
of pressure is obtained. 


iNTRODTTCTIOlSr 

While many attempts have been made to explain the propagation of a flame through 
a combustible mixture in terms of a purely thermal theory, it has also been pointed 
out, for example by Lewis & von Elbe (1934), that diffusion of chemically active 
species (free radicals or free atoms) may be of importance in initiating the com¬ 
bustion ahead of the flame front. Recently further evidence in support of this view 
has been accumulating. Thus Egerton & Powhng (1948) have shown that the rate 
of flame propagation in mixtures is in many cases not influenced by the addition of 
^promoters’, although these affect the ignition temperature and would therefore 
be expected to affect the flame speed if this were governed by purely thermal 
processes. In flames at very low pressure, where the reaction zone is much thicker, 
we have obtained evidence (Gaydon & Wolfhard 1948) from absorption spectra 
that the concentration of OH radicals just in front of the reaction zone is much higher 
than that calculated thermally. The relation between flame velocity and the rate 
of diffusion from active centres has also been discussed by Van Tiggelen (1946) for 
methane-air flames. Most suggestive of aU, Tanford & Pease (1947) have shown that 



106 


A* G. Gaydon and H. G. Wolfhard 

the flame velocity in moist carbon monoxide-oxygen flames depends on the con¬ 
centration of free hydrogen atoms, although oxygen atoms are ineffective, at least 
in this flame. They have made some calculations on the flame velocity and rate of 
diffusion of hydrogen atoms against the gas stream. These are important in in¬ 
dicating the imdoubted role of the diffusion of hydrogen atoms, but their conclusion 
that the flame velocity should vary inversely as the fourth root of the gas pressure 
is inconsistent with our observations on the effect of pressure on flame speed for 
various hydrocarbon flames; provided tubes of sufficiently large diameter are used, 
to reduce wall effects, flames of acetylene appear to have an almost constant velocity 
down to very low pressures (1 mm. of Hg). 

We believe that hot stationary flames are maintained by diffusion of free atoms 
and radicals back from the hot burnt gases, rather than by the creation of new 
ignition centres. It is the purpose of this short paper to discuss the effect of diffusion 
on the rate of flame propagation and on the thickness of the reaction zone. 


The relatioi?^ between elame velocity and reaction velocity 

If we make some rather rough approximations it is possible to relate the rate of 
chemical reaction in the reaction zone of a flame with the flame velocity. The treat¬ 
ment given here is a development of that of Damkohler (1940). Let us consider 
the flame front as being divided into a pre-heating zone of thickness Spj. and a reaction 
zone of thickness At the division between these zones we may locate the ignition 
point, at which the reaction commences. The ignition point may be defined as that 
point before which there is no appreciable exothermic reaction. 

Now let us use the symbols and 2 } to denote the temperatures 

respectively initially, at the ignition point, in the reaction zone (mean value), and 
finally after reaction is complete. 

Let Tbg be the number of combustible molecules per cm.® present initially, let u be 
the reaction velocity, and let v be the flame velocity, which will be equal to the initial 
rate of gas flow for a stationary flame. We shall measure distance x through the 
flame front from the ignition point as origin. 

Now, by definition, the number of molecules consumed by reaction is 

n^v “ J udx = (1) 


where S is the mean reaction velocity defined by this equation. 

If we plot the temperature through the reaction zone against a;, then, with 
Damkohler, we may make the approximation that the temperature gradient at the 
igmtion point is related to the average temperature gradient through the reaction 
zone by a constant F, so that 



T — 7 ^ 

•‘■jgn jp 


( 2 ) 


Plots of the temperature through the reaction zone indicate that F has a value 
between 1 and 2. 
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Now taking = heat conductivity coefficient at the ignition point, Cp = mean 
specific heat at constant pressure in the pre-heating zone, and p = density in the 
initial state, we may express the heat current at the ignition point as 



Combming ( 2 ) and ( 3 ) 

K,n{Tf-T,p^) ^ 

Inserting the value of from ( 1 ), we obtain 


hjgrfTf- 


■%gn) 


n^vju 




( 3 ) 

( 4 ) 


giving 


,2 _ ^igrt) 

Cp p^J^ign 


(S) 


From this it should follow that the square of the flame velocity will be roughly 
proportional to the reaction velocity. This formula, which has sometimes been 
presented in rather difierent forms, has never been properly tested experimentally. 
The only directly observable quantity is the thickness of the luminous reaction zone, 
and we shall now proceed to examine the nature of this. 


The thiokness of the exjminotjs beactioh zone 

Flames of most organic fuels, especially hydrocarbons, always show intense light 
emission from a thin region where the combustion is taking place. This corresponds 
to the ‘inner cone’ of flames of the Bimsen-burher type. In a flame at atmospheric 
. pressure it is very difficult accurately to measure the thickness of this luminous 
reaction zone because it is so thin. With flames at low pressure the dimensions are 
increased. It has been found experimentally (Wolfhard 1943) that over a wide range 
of pressure the thickness of the luminous zone varies inversely as the gas pressure. 
By measuring the thickness at various pressures it has been possible to extrapolate 
back to atmospheric pressure with fairly high accuracy. Approximate flame 
velocities at atmospheric pressure have also been determined in the usual way from 
a knowledge of the gas flow and dimensions of the cone of the flame. 

The following are the values of the thickness of the luminous reaction zone, and 

the flame velocity v for various mixtures at atmospheric pressure: 



Si 

V 

mixtuie 

(cm.) 

(cm./seo.) 

+ 2^0^ 

0-0021* 

800 

C*H,+2i03+9-4Na 

0-0066 

150 

CjHi, + 2402+9-4A 

0-0046 

240 

C4Hi„-f-640a+24-5Na 

0-02 

40 


* This value has been recalculated and is rather smaller than given previously. 

These values are for the luminous zone, and are measured between the points of 
maximum rate of change of luminosity on each side of the zone, i.e. between ‘ con- 
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trast zones The real thickness of the luminous region is, of course, greater than this, 
hut this is the only value which is readily measurable. 

These measurements are for the luminous part of the reaction zone, and we do 
not know, a priori, whether this corresponds to the reaction zone of the flame, or 
whether it includes part or aU of the pre-heating zone, or whether it corresponds to 
only a part of the reaction zone. In the flames at low pressure, with a relatively thick 
reaction zone, measurements have been reported (Klaukens & Wolfhard 1948) on 
the temperature distribution through the flame front as determined with a thermo¬ 
couple. Figure 1 shows curves of thermocouple reading against height above the* 
burner top for oxy-acetylene and fox three acetylene-air mixtures. In these the 
positions, relative to the burner top, of the luminous zones are indicated, the full line 
indicating the measured portion between contrast zones, and the broken curve the 
approximate region over which some luminosity was detectable. These curves show 
that the top of the luminous zone corresponds fairly well with the attainment of 
maximum temperature, and therefore serves to indicate the top of the reaction 
zone quite well. 



Figtteb 1 . Curves of thermocouple reading (uncorrected) against distance above the burner 
top for foiar flames. The distance above the burner top is reduced to the value for a flame 
at 10 nun. pressure in each case to make the curves comparable, by multiplying by the 
pressure, p, divided by 10. The position of the burner top is indicated in each case by the 
letter &. The ignition points for curves (1) and (4) are indicated by *Ign’ and are taken 
fromfigure 2. The regions of luminosity'are indicated. (1) 1-5 cm-Vsec* CgHa, 16-5 cm.^/sec. 
air. Pressure 14*8 mm. (2) 1-61 cm.®/sec. CaH^, 16-5 cm.Vsec. air. Pressure 12-0 mm. 
(3) l‘97cm.Vsec. CaHa, 16*5 cm.Vsec. air. Pressure 11*4 mm. (4) 1*9 cm.Vsec. CgHa, 
12*2 cm.Vsec. Og. Pressure 4*8 mm. AU measurements are for flat flames with a burner 
of 34 mm. diameter. 

In figure 2 the beginnings of the cxmves (1) and (4) of figure 1 have been redrawn, 
but with a correction for loss of heat from the thermocouple by radiation; curves 
have also been calculated, and are shown by the broken lines, for the rise of tempera- 
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ture due to heat flow back from the burnt gases. Curves of this type have been 
given previously (Klaukens & Wolfhard 1948). It will be seen that the observed 
curve of temperature against distance through the flame front agrees closely with 
the calculated curve up to a temperature of around 700 ° C, above which the heat 
liberated by the exothermic combustion processes begins to become appreciable. 



Figxjbe 2 . Curves (1) axid (4) of figure 1 are reproduced but with the thermocouple readings 
corrected for radiation losses. The dotted curves are the calculated temperatures which 
should be attained due to thermal conduction from the hot fiame gases. The ignition 
temperatures, Tig^^ at which exothermic reaction becomes appreciable, are indicated 
by arrows. 

We may thus locate the ignition point roughly as that point where the observed and 
calculated curves begin to show appreciable divergence. The ignition points deter¬ 
mined in this way are indicated by vertical arrows in figure 2, and are also marked 
in similarly in figure 1. Again we see that the beginning of the reaction zone, as 
indicated by these arrows, corresponds fairly well with the points at which the first 
impression of light is obtained. We may draw two conclusions from this. First, the 
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ignition point corresponds to a temperature of about 700 to 800 ° 0 . <Seoondly, the 
thickness of the reaction zone is equal to the thickness of the total luminous region, 
although it is somewhat larger than the region Si measured between the contrast 
zones; we suppose that the course of the reaction velocity is very similar to the light- 
intensity curve. 


The time or passage theottgh the eeactioit zone 


The average time a molecule remains in the reaction zone wiU depend on the 
thickness of the zone S^ and the average velocity through the zone. This velocity wiU 
be greater than the flame velocity, v, because of the rise of temperature. The change 
in the number of molecules present as a result of the chemical reaction and to a less 
extent as a result of dissociation wiU have a slight effect on the amount by which the 
gases expand in passing through the reaction zone. However, as an approximation 
we may write 




Tor a stoichiometric oxy-acetylene flame at 1 atm. Sj — 0-002 cm., and hence 
S^ will be about 0-003 cm. and around 4 x 10~’ sec. The time of passage through the 
zone in which the temperature rises from 600 to 800 ° C, where we might expect the 
initiating reactions to occin-, will be still smaller. Since we have seen that exothermic 
reaction is appreciable by the time a temperature of 800 ° is reached, and at this 
temperature the induction period must be very much greater than 10“'' sec., we see 
that purely thermal propagation is inadequate to account for the observations. 

In the foUowing table we give values of «j, the time of passage through the 
lu min ous reaction zone, for some flames. These values of tj are calculated from the 
observations of Sj and will be a little less than the values of The times vary by 
a factor of 200 between the fastest and slowest flames studied. 


h 

mixture (sec.) 

CjH2+2J02 3-1x10-’ 

CjH, + 2i04 + 9-4Nj 6-9 X 10-« 

C2Hij-l-2jOj-t-9-4A 2-6x10-“ 

CiHio + eiOj+24-6N* 6-8 x 10-' 


The BEIiATIOH BETWEEN BIEEXJSION AND TSE THICKNESS OE THE BEAGTION ZONE 

The distance x travelled by a molecule by diffusion in time t is given by the usual 
relation* 

*2 = 2 Dt, 


where D is the diffusion coefficient. Tor flame gases D is rather difficult to evaluate 
because of its dependence on temperature. If we consider the diffusion of hydrogen 
atoms, which diffuse most rapidly, and which appear, from the work of Tanford & 
Pease, to be of major importance, we can make some approximate calculations. We 
^ assume an average temperature between the ignition temperature and the final 

* This is an approxrtnation, neglecting the difference bet-ween VW and ». 
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temperature, and for D we take the value 2*0 for hydrogen atoms diffusing into 
a mixture of carbon dioxide and water vapour at s.t.p-, and use the gas luetic 
relation that D is proportional to this neglects the Sutherland constant, values 
for which are only known over a small temperature range. The data are set out in 
the following table: 


mixture 

average 

temp. 

assumed, T^. 

r K) 

value 

ofD 

X — ^ {2Dti) 


xlh 

C2B[2“^2 

2200 

51-6 

5*5 X 10-3 

2*1 X 10-3 

2*7 

C2H2-air 

1700 

31 

2*1x10-2 

0*66 X 10-2 

3*1 

C2H2-argon 

1900 

37 

1*4 X 10-2 

0*45 X 10-2 

3*1 

butane-air 

1600 

29 

6*3 X 10-2 

2*0 X 10-2 

3*1 


We see that there appears to be a definite proportionality between the thickness 
of the reaction zone and the distance through which a molecule may diffuse. An atom 
starting at the end of the reaction zone, where the concentration of free atoms and 
radicals is highest, moves towards the ignition point by diffusion and is driven back 
by the flow of gas. According to the = 2 Dt law, the diffusion is initially very fast 
and slows down as the limit of diffusion is reached. To reach the ignition point an 
atom will travel by diffusion a distance of approximately 28 ^ in time This can be 
shown by differentiating x = ^J{ 2 I>t) to obtain the velocity, and equating it to the 
gas velocity at the ignition point. This gives us the proportionality between the 
distance covered by diffusion and the thickness of the luminous zone which is 
observed experimentally. Of course, in practice, some individual atoms diffuse 
more rapidly than others, so that the commencement of chemicah action and 
beginning of luminosity is rather indefinite, as is in fact observed, although the 
more rapid initial diffusion at the high temperature end of the reaction zone and 
the slowing down as the atoms come into cooler gas sharpens the limit somewhat. 
In practice it seems that the distance x travelled by diffusion is very nearly equal to 
35 ^. Thus, allowing for the rather big approximations involved in the calculations, 
and the fact that the thickness of the reaction zone is rather greater than the thick¬ 
ness of the luminous zone, 8 i, measured between contrast zones, it seems that the 
relation that the distance travelled by diffusion in time is equal to 28 ^ is sufficiently 
confirmed by experiment. It may therefore be taken as fairly well established that 
the ignitioh point, as previously defined by the commencement 6f marked exothermic 
reaction, corresponds to the limit to which free atoms or radicals may reach by 
diffusion against the gas stream. 


ReLATIOKSHIPS between ELAME velocity, BIEEXJSION, TmOKNESS 
OP THE REACTION ZONE AND OAS PRESSURE 

Using the relationship which we have deduced above, that the distance x travelled 
by diffusion = 28 ^, we have 2^>^ 

hence the gas velocity in the reaction zone, is 
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Therefore, with sufl&cient accuracy, 


V = 




Remembering equation ( 1 ), vn^ = uS^, we have 




Dxu T. 


(6) 


Thus we again arrive at the relationship between the square of the flame velocity 
and the reaction velocity, but deduced in a more natural way and based on experi¬ 
ment. 

From the above relationship (6) we can predict that the flame velocity should be 
independent of pressure because, is proportional to pressure, D is inversely 
proportional to pressure, and u will be proportional to the square of the pressure 
if it depends on the total number of two-body colhsions occurring per unit volume 
per see. This independence of flame velocity on pressure cannot be expected to hold 
with absolute rigidity because among other factors the amount of dissociation in the 
flame will vary slightly with pressure and this will affect both the flame temperature 
(and hence the rate of diffusion) and the concentration of free atoms at the ignition 
point. Nevertheless we see from (6) that the velocity should not vary very greatly 
with pressure provided the character of the chemical processes remains similar and 
the burner diameter is sufficiently great to prevent surface effects from becoming 
important. In practice (Wolfhard 1943) it has been found that for an oxy-aoetylene 
flame the velocity is quite accurately independent of pressure over the range 1 atm. 
to 10 mm. and there is no marked change down to 1mm., and for acetylene-air 
and butane-air flames the variation is slight. This is in contrast with the calculations 
of Tanford & Pease which predict that the flame velocity should vary inversely as 
the fourth root of the pressure. Their calculation assumes that the amount of dis¬ 
sociation is inversely proportional to the square root of the pressure; however, this 
would only be the case if the flame temperature were independent of pressure. It 
seems that in practice the flame temperature adjusts itself so that the proportion 
of free atoms and radicals does not vary so greatly. Thus (see Gaydon & Wolfhard 
1948) for an oxy-acetylene flame at 1 atm. pressure the equilibrium mixture contains 
12 % of atomic oxygen and 7 % of atomic hydrogen; at ^^atm. the atomic 
oxygen only rises to 14 J % and that of hydrogen to 13 %, which is very much less 
than the ten-fold increase given by the inverse square-root law.* 

These rather crude calculations, based on the relation between the distance 
through which a hydrogen atom may diffuse and the observed tbickneas of the 
luminous reaction zone, give strong support to the view that the diffusion of free 
atoms and radicals is of major importance in the mechanism of flame propagation. 
The prediction that the flame velocity should be nearly independent of pressure. 


* m Tanford & Pease’s equation for the hame velocity there is a constant, denoted Bj, 
which they state is indep^dent of pressure; actually it appears to involve the thickness of 
the reaction zone, which varies with pressure, but even this alteration could not reduce their 
equation to. give a velocity independent of pressure. 
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which is confirmed by observation, indicates that the calculations we have made are 
probably applicable to the hydrocarbon flames studied. The comparatively low 
temperature at which the igrdtion point appears to lie, and the very short induction 
periods required are inconsistent with a purely thermal theory of flame propagation. 

We wish to express our thanks to Sir Alfred Egerton for his keen iuterest in this 
work, and one of us (A.G.G.) is indebted to the Royal Society for the award of a 
Warren Research Fellowship. 
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The second virial coefficients of organic vapours 

By J. D. Lambert, G. A. H. Roberts, J. S. Rowlinson ahd V. J. Wilkinson 
Physical Chemistry Laboratory, University of Oxford 

{Communicated by Sir Cyril Hinshelwood, F.R.S.—Received 26 July 1948 ) 


The compressibilities of a number of organic vapours have been measured at pressures up to 
1 atm. and temperatures ranging from 40 to 130° C. The observed second virial coefficients are 
compared with values calculated from the critical data by the Berthelot equation. The results 
show two distinct classes of behaviour. Class I is shown by ethane, ethylene, n-hexane, 
cyclohexane, benzene, diethyl ether, ethyl chloride, chloroform and carbon tetrachloride, 
where the measured second virial coefficients are in agreement with the calculated values. 
Class II by acetaldehyde, acetone, acetonitrile, methyl alcohol, where the measured second 
virial coefficients are consistently very much higher than the calculated values. It is con¬ 
cluded that the vapours of polar substances for which the energy of attraction between mole¬ 
cules, due to dipole interaction or to hydrogen bonding, is larger than kT undergo dimeriza¬ 
tion. This view is supported by thermal conductivity data. The range of validity of the 
Berthelot equation for both non-polar and polar vapours is examined. 


Inteodxtotiok 

The Berthelot equation is generally regarded as providing a satisfactory empirical 
approximation to an equation of state for vapours at pressures below 1 atm. Direct 
measurements of the compressibility of acetaldehyde vapour (Alexander & Lambert 
1941) showed that the second virial coefficients at temperatures between 20 and 
100° C were very much higher than the values calculated from critical data by the 
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Berthelot equation. The discrepancy was interpreted in terms of a partial dimeriza¬ 
tion of the vapour, and quantitative calculations based on this assumption gave a 
reasonable vdlue for the heat of dimerization of acetaldehyde molecules by hydrogen 
bonding. A similar dimerization was subsequently proposed for. ethyl chloride 
(Schafer & Foz GazuUa 1942) to account for the observed variation of thermal 
conductivity of the vapour with change of pressure. It therefore seemed inter¬ 
esting to make a series of measiurements of the compressibiKties of simple organic 
vapours, both polar and non-polar, in order to discover whether the Berthelot 
equation of state is generahy applicable to non-polar vapours, and whether with 
polar vapours systematic deviations are found which may be interpreted in terms 
of dimerization due to dipole, interaction or to hydrogen bonding. 


EXPEBIMB]5rTAL 

Method 

Measurements were made in a simple ‘Boyle’s law apparatus’ as described by 
Alexander & Lambert (1941). Temperature was controlled by a constant-pressure 
' vapour jacket and manostat described by Lambert & Clark (1927). By using ethyl 
alcohol and chlorobenzene as vapour-bath liquids it was possible to obtain' steady 
temperatures over the ranges 40 to 80 and 80 to 130 ° 0 . Temperature was measured 
by a thermometer graduated to 0*2° C suspended inside the vapour jacket. Pressure 
could be varied from zero to l-S atm., and was read by a cathetometer to 0-01 mm. 
Volume was measured in a 50 ml. burette graduated at 0*1 ml. intervals which could 
be read to 0*005 ml. using the cathetometer scale. The burette was calibrated by 
running out and weighing mercury with the burette set in the same position as in 
the complete apparatus. Burette and manometer limb were both of about 1-0 cm. 
internal diameter. 

Second virial coefficients were obtained from the equation of state 

pv = n{BT+Bp) 

by plotting pv against p and measuring the slope and the mtercept p^v^. Then 

3nd B = {BTjp^v^ x (slope of pv/p plot). 

The accuracy of the apparatus was checked by making measurements with nitrogen 
at 50 C (the Boyle point). The maximum deviation of the value of pv from the mean 
was 0-09 % over pressures ranging from 200 to 600 mm. The accuracy of B depends 
on a number of variable factors affecting the accuracy with which the slope of the 
pvjp plot can be measured. The most important is the limitation of the range of 
pressures in which measuirements are possible with the less volatile substances. 
The average expected error is of the order of ± 50 ml./mol., falling to ± 20 nal./moL 
for the more volatile substances and rising to +100 ml./mol. for the less volatile. 

The possibility of errors due to adsorption on the walls of the burette in measure¬ 
ments of this kind was investigated for a number of simple organic vapours by 
Drucker & UUmann (1910). They found that only with carboxyhe acids was any 
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correction necessary for adsorption. In the present series of experiments additional 
measurements with a quantity of glass-wool in the burette were made for benzene, 
ether, methyl alcohol and acetone. There was no measurable difference in the values 
of B obtained with and without glass-wool, and it was assumed that the effect of 
adsorption can be neglected. 


Materials 

(а) Gaseous 

Ethane was prepared by the electrolysis of potassium acetate solution (Klemenc 
1938). The gas was passed through towers of pumice soaked with potassium 
hydroxide solution, to remove carbon dioxide, and with oleum at 70 ° C, to remove 
ethylene, into a gas-holder in which it was stored over potash solution. It was then 
passed through calcium chloride and phosphorus pentoxide tubes into a bulb where 
it was frozen with liquid air. It was then fractionally distilled in vacuo several times 
and stored in a glass vessel with a mercury sealed tap. Infra-red absorption measure¬ 
ments showed less than 1 part in 8000 of ethylene. 

(б) Liquid 

All liquids were frozen by Uquid air in a dry bulb sealed to the apparatus and 
thoroughly pumped out with a mercury-vapour pump to remove air. They were 
then distilled into a second bulb in vacuo (only the middle fraction beiog condensed) 
and again frozen and pmnped out before use. 

rx-Hexane ('free from aromatic compounds’) was shaken with concentrated 
sulphuric acid followed by alkali and water, dried over phosphorus pentoxide and 
distilled. 

Cyclohexane was shaken with nitric and sulphuric acids to remove aromatic 
compounds, washed with water, dried over potassium hydroxide pellets followed by 
phosphorus pentoxide and fractionated twice. Melting-point of purified substance 
was 5 * 4 ° C. 

Ethyl chloride ('General Anaesthetic’) was squirted directly into a cooled bulb 
filled with dry air and sealed to the apparatus, and treated as described above. Two 
different samples gave concordant results. 

Carbon tetrachloride ('puriss.’) was shaken with alcoholic caustic soda, dried over 
calcium chloride and fractionated. 

Chloroform was washed with distiQed water, dried over calcium chloride and 
fractionated. 

Diethyl ether ('Analar’) was dried over calcium chloride and fractionated. 

Benzene, A sample of very pure benzene which had been specially prepared for 
vapour-pressure measurements was kindly supplied by Dr D. H. Everett. This had 
been finally purified by fractional crystallization and stored over sodium wire. 

Acetone ('Analar’) was dried over potassium carbonate and fractionated. 

Methyl alcohol ('Analar’) was dried by refluxing with bright magnesium ribbon 
and fractionated. 

Acetonitrile was allowed to stand for 7 days over anhydrous sodium sulphate and 
for 2 days over phosphorus pentoxide. It was then fractionated. 


8-2 
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Results 

The measured values of R in ml./mol. are shown plotted against temperature in 
figures 1 and 2. The results obtained for ethane are plotted together with very 
accurate measurements made at lower temperatures by Eucken & Parts (1933). 



ethyl chloride diethyl ether 


temperature (®C) 

FiGxraE 1, O Experimental values. # Results of Eucken & Parts. 

-Curve calculated from Berthelot equation. 

Results obtained for ethylene by Eucken & Parts are also shown on a separate graph. 
It was impossible to make measurements with carbon tetrachloride at temperatures 
above 80 ° C, as the vapour attacked the mercury in the burette; the measurements 
at lower temperatures may be unreliable for the same reason. All plots of pv against 
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f from -which the values of B were obtained were linear. A specimen plot for acetalde¬ 
hyde was given by Alexander & Lambert ( 1941 ); the plots for less volatile compounds 
showed considerably greater scatter of points, but no definite curvature. 



So 70 90 no 130 40 60 80 100 120 140 

acetonitrile methyl alcohol 


temperature (®0) 

Figub® 2 . O Experimental values. -Berthelot curves. 

Values of B calculated from critical data by the Berthelot equation are shown on 
all the graphs as a full line. Critical data were obtained from Landolt and Bomstein 
Tables, and B calculated'from the equation 

R_ 9 

^“128Pel 

The values used for the various substances were as follows: 

Ethane. = 35-9® 0, Pe = 48-8 atm., B = 36-5-2-09 x lO’P-*. 
ii-Hexcme. Tg = 234° C, jFJ. = 29’5atm., B = 99*6 — 16'26x lO’P 
Cyclohexane. % = 281° 0 , Pg = 40-6 atm., P = 78-8 - 14-52 x lO’P-^. 

Benzene. Tg = 288-6° C, P^ = 47-7 atm., B = 67-9-12-85 x lO’P-®. 

Ethylene. Tg = 9-7° 0, Pg = 60-9 atm., P = 32-1-537 x WT'K 
Ethyl cMoride. Tg = 183° C, Pe = 54 atm., P = 48-7 - 6-075 x lO'^P *8^ 

Chloroform. Tg = 262-6° 0, Pg = 53-8 atm., P = 67-4 - 9-892 x WT-^. 

Carbon tetrachlonde. Tg = 283-1° C, P^ = 44-98atm., P = 71-4-13-26 x lO’P-^. 
Diethyl ether. Tg = 194-6° 0, Pe = 36-7 atm., P = 73-6-9-646 x lO’P-A 
Acetone. Tg = 236° 0, Pe = 47 atm., P == 62-4-9-66 x lO^P ®. 

Methyl alcohol. Tg = 240° 0, Pe = 78-6 atm., P = 37-6-6-945 x lO’P-®. 
AcetonitrOe. Tg = 274-7° 0, Pe = 47-7 atm., P = 66-3 -11-93 x lO’P *. 
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The conipoTin.ds fall clearly into two distinct classes: 

Glass I. Substances where the measured value of B does riot depart significantly 
from the value calculated by the Berthelot equation: ethane, ethylene, w-hexane, 
cyqlohexane, benzene, diethyl ether, ethyl chloride, chloroform, carbon tetrachloride. 
In the case of the three halogen compounds the measured values of B all lie slightly 
above the calculated curve, but by an amount not significantly greater than the 
likely experimental error. 

Glass II. Substances where the measured values of B are consistently very much 
(over 100 % at the lower temperatures) than the calculated values: acetone, 
methyl alcohol, acetonitrile. Acetaldehyde (Alexander & Lambert 1941 ) behaved 
similarly. 

Discttssion 

The nature of the interaction between molecvies 

It has been pointed out by Eucken ( 1931 ) that the effects of attractive forces 
between molecules of a gas may be twofold in nature. In the first place there will 
always be an acceleration of molecules as they approach one another, giving rise 
to the lowering of the observed pressure which is expressed in the various equations 
of state. In the second place, if a triple collision occurs in which the third partner 
can take away the energy of approach, a ‘ double molecule ’ of low stability may be 
formed. In the case of the fairly complex organic molecules here considered, each 
with several vibrational degrees of freedom, such a double molecule might be formed 
in a binary collision. Its stability will, of course, depend on the magnitude of the 
energy of attraction between the two molecules. Of the compounds whose second 
virial coefficients have been measured the more highly polar, which might be 
expected to show strong intermolecular attraction, aU fall into class II (abnormally 
hi gh value of 15); the non-polar and less highly polar compounds fall into class I 
(Berthelot value of B). It therefore seems reasonable to suppose that a dimerization 
occurs with the molecules in class II, giving rise to the abnormally high second 
virial coefficient, while, for the substances in class I, the intermolecular forces are 
insufficient for the formation of a dimer, and only give rise to the general acceleration 
of molecules approaching one another. 

Beversible dimerization in a vapour would be expected to cause an abnormal 
increase in thermal conductivity with rise of pressure. Such an increase was 
demonstrated by Schafer & Eoz GazuUa ( 1942 ) for ethyl chloride. Preliminary 
measurements made in this laboratory by Mr S. D. Woods have shown that for the 
vapour of diethyl ether at 26° C there is no measurable change in thermal conduc¬ 
tivity between 100 and 400 mm. pressure, while for the vapour of acetaldehyde 
there is a 2-6 % rise in thermal conductivity between these pressures (confirming 
earlier measurements by Milverton ( 1935 ) on acetaldehyde). Mann&Dickins ( 1932 ) 
measured the thermal conductivity of ethane over a range of pressures and found 
no variation greater than could be attributed, to convection under their experimental 
conditions. Professor Poz GazuUa (private conununication) has recently made 
measurements with benzene vapour, which shows no measurable change in con- 
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ductivity with, pressure, Srnd with methyl alcohol, which shows a lai^e increase. 
These results are in agreement with the view that class 11 vapours, acetaldehyde, 
methyl alcohol, imdergo reversible dimerization, while class I vapours, ethane, 
benzene, diethyl ether, do not. The one anomalous case is ethyl ch lor id e which is 
discussed in detail later. 


Validity of the Berthelot equation 

The Berthelot equation appears to be valid for a variety of vapours over a large 
range of temperatures. The molecular model from which it was derived is recognized 
to be inadequate, which would suggest a much greater limitation in apphcability 
of the equation than has actually been found. It is therefore interesting to examine 
the reasons for its success on more fundamental theoretical grounds. 

The problem of intermolecular forces for gases composed of spherical molecules 
has been treated by Lennard-Jones ( 1924 ) and is summarized by Fowler & G-uggen- 
heim ( 1939 ). JSy, the energy of interaction of two molecules separated by a distance r, 
may be represented by the equation 

IP -JL-t 

~ yl2 ye» 

where v and ii are constants. The value of the second virial coefficient B may then 
be expressed by the following equations; 

B = %nd?N.F{y), 



where Eq is the maximum energy of interaction and occurs when r = r^. d is the 
closest distance of approach for slow molecules and is given by the equation 

ro = d.2*. 

From these equations it follows that a plot of log (— F{y)) against — 21ogy can be 
superposed on a plot of log ( — 5) against logT. Comer ( 194 S) has shown that 
equations of similar form may be applied to cylindrical molecules. 

The critical temperature of a gas is a function of ; to a very rough approximation 
BTJ—Eq = 1-3 for several gases (Lennard-Jones & Devonshire 1937 ). The value 
chosen for y is thus a function of TJT for the substance under consideration at a 
temperature T. From the point of view of intermolecular forces the more inter¬ 
esting temperature region is above the criticsd temperature and few values of J'{y) 
have been published for values of y much greater than 2 , corr^ponding to TJT 
The measurements described here extend over a lower range of temperatures giving 
TJT between 0-8 and 2 * 1 . A fresh computation has therefore been made of F(^) 
over the range y = 1*1 toy = 4*0. The expansion was summed to twenty terms giving 
an accuracy of 1 / 1000 . The resultant plot of log ( — F(y)) against —2 leg y is shown in 
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figure 3. It will be seen that between the limits 21ogy = 0-3 and 2logy — i-i^ 
corresponding roughly to TJ_T = and TJT — 4-0, the points fall very close to a 
straight line of slope — 2 . Since this curve is superposable on the plot of log (— B) 
against log T, the virial coefficient B should be approximately represented between 
these limits by an equation containing as its chief term an inverse second power 
of the temperature. The Berthelot equation, B = a—bT~^, fulfils this requirement, 
since, in the range of temperatures considered, a^bT-^, and the values of the 
constants a and b calculated from the critical data seem to give a very fair empirical 
fit with measured values of B. 



The above calculations would be expected to apply to non-poh/r substances where 
the attraction between molecules is due to London dispersion forces for which 
Ef = —mjr^. Since the Berthelot equation also applies with considerable accuracy 
to some polar molecules, e.g. diethyl ether (/t = 1-15), it would appear that the equa¬ 
tion, with constants obtained from the critical data, also gives an adequate repre¬ 
sentation of the effeete of dipole interaction, in so far as these are not sufficiently 
powerful to give rise to the formation of double molecules. The effect of this of 

‘general’ dipole interaction is probably small compared with that of the dispersion 

forces, and furthermore obeys an equation of form E^ = (London 1937 ), 

which shows the same dependence on r as the dispersion forces. It is accordingly 
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assumed in the following section of this discussion that, for those polar molecules 
where dimerization occurs, the whole of the effect of ‘generalized^ intermolecular 
attraction (as opposed to dimer formation) can be represented by the Berthelot 
equation. The effect of the dimerization is then regarded as superimposed on this. 
The experimental curves showing B against T (figures 1 and 2 ) aU approach the 
Berthelot curve with rising temperature indicatiag that the dimerization becomes 
negligible before the critical temperature is reached. It is thus reasonable to use the 
observed critical data for calculating the Berthelot constants, even for substances 
which undergo dimerization. 

Dimerization 

The effect of dimerization on the observed second virial coefficient of a vapour 
has been elegantly treated by Schafer & Foz GazuUa ( 1942 ). Consider one mol. of 
a gas A of which a small fraction a is associated to A^: 

^A A^ 

(l^a) 4a mols. 

If the total pressure is p, then 

_ _ 2 j?(l-a)^ 

For small values of a, where 1 > a and terms in may be neglected. 


a 

2 


JL 


The second virial coefficient of a vapour is defined by the equation 

pv = n(BT+Bp). 

If J5 is the second virial coefficient of the monomer A, the equation of state for 
a mixture of % mols of A with a very small number mols of A^ may be written 
(to the JSrst order of small quantities) 


pv , , Briip 


(^i+TCa) = (l-a/2) 


so 


pV = BT+p\ 


(•*f) 


and %=!, 


The vapour thus follows an equation of state 

pV = BT+BqP, 

where the observed second virial coeffident 




It is possible to calculate from the measured second virial coefficient B^^ if 
it is assumed that the Berthelot equation giv^ the "true’ value of B for the mono¬ 
meric vapour. Values of have been calculated from the measurements on acetone, 



122 J. D. Lambert and others 

methyl alcohol and acetonitrile, and the plots of logio against IjT are shown in 
figure 4 . The values for acetaldehyde (Alexander & Lambert 1941 ) have been re¬ 
calculated over the whole temperature range by this improved method and are 
also plotted in the figure. The points for acetaldehyde and acetonitrile fall on 
straight lines whose slopes correspond to heats of dimerization AJ? = — 4600 cal./moL 
for acetaldehyde, and AH = - 5200 caL/mol. for acetonitrile. The points for 
acetone and methyl alcohol fall on curves whose slope increases with rise of tem¬ 
perature. Lor methyl alcohol the apparent value of — AH varies between 3200 and 
7309caL/mol,, and for acetone between 3200 and 8010 cal./moL 



Figxire 4 


The forces responsible for dimerization could be either dipole interaction or 
hydrogen bonding. The latter would be expected only with acetaldehyde and methyl 
alcohol, which could form dimers of structure 


CH,Cf >).CHs and 






The accepted values for the bond energy of 0—H---0 range between 4600 and 
8200 cal./moL (Pauling 1940 ), which is in fair agreement with the heat of formation 
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of the methyl alcohol dimer. No value has been estimated for a C—II---0 bond. 
The structure suggested above for the acetaldehyde dimer would correspond to a 
bond energy of 2300 cal./mol. per hydrogen bond. This compares reasonably with 
the values given (Pauling 1940 ) for G—H—N (3300 to 4300caL/moL) and for 
N—H---N (1300cal./mol.). 

Dipole interaction can, of conrse, occur with all polar molecules. Values of the 
energy of dipole interaction have been calculated using the approximation formulae: 
AU = for parallel pairs of dipoles, and Ai7 = — 2/^2/r^ for pairs of dipoles 

arranged end to end, where [i is the dipole moment and r the closest distance of 
approach of the centres of the dipoles, r was obtained by taking the covalent and the 
van der Waals radii of atoms and the bond angles given by Pauling ( 1940 ) and 
estimating the nearest distance of approach of the molecular dipoles, regarding the 
molecules as combinations of rigid van der Waals radii. The results are given in 
table 1 . The values of — A ?7 are minimum values, since, if two molecules form a dimer 
owing to dipole attraction, they probably lie closer together than the van der Waals 
radh would indicate. The calculated energies of dipole interaction are thus of the 
right order to account for the observed heats of dimerization of aU four substances, 
acetaldehyde, acetonitrile, acetone and methyl alcohol. It is to be expected that 
stable dimers will only be formed when — A!7>i2T. This requirement is fulfilled 
for the above four substances, where the values of —A[7 /jBT range between 2-8 
and 8*3 under the conditions of experiment. It is not fulfilled for diethyl ether 
and chloroform, where no evidence of dimerization was found, and for which 
- Ai7/jBT<0‘9. Ethyl chloride, where —LUjRT lies between 1*7 and 2 - 2 , may be 
regarded as a borderline case, and may show a degree of dimerization sujB&cient to 
influence the thermal conductivity measurements, but not the less accurate virial 
coejBdcient measurements. 

Table 1 



fi X 10^® 

r 

— AZJ calc. 

— AST obs. 


substance 

(e.s.u.) 

(A) 

(cal./mol.) 

(caL/mol.) 

40° C 

130° C 

acetonitrile 

3-5 

3-1 H 

6280 

6200 

8*3 

6*5 

acetone 

2-74 

3-2 tl 

3320 

3200-8010 

5-3 

4-1 

acetaldehyde 

2-7 

3-2 

3380 

4600 

6-4 

4*2 

methyl alcohol 

1-66 

2-6 ti 

2270 

3200-7300 

3-6 

2-8 

ethyl chloride 

2-02 

3*6 

1370 

— 

22 

1*7 

chloroform 

M 

4:*0 1 
t 

660 

— 

0-9 

0*7 

diethyl ether 

M6 

^•0 1 
t 

600 

— 

0-9 

0-7 


^ indicates that the maximinn energy of interaction is found when the dipoles are 
parallel to one another. 

I indicates that the maximum energy of interaction is found when the dipoles are 
arranged end to end. 

It is difi&cult to account for the apparent increase in heat of dimerization of methyl 
alcohol and acetone with rise of temperature, as contrasted with the constant heat 
of dimerization found wdth acetonitrile and acetaldehyde. Acetonitrile is a Imear 
molecule and might be expected to behave like a rigid dipole. The other three 
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molecules are non-linear, and it may be that the increased intramolecular vibrations 
at higher temperatures enable the dipoles of methyl alcohol and acetone to come 
closer together in the initial collision. If, on the other hand, the dimerizations of 
acetaldehyde and methyl alcohol are due to hydrogen bond formation, both would 
be expected to show similar'behaviour. It may be that formation of higher polymers 
occurs with methyl alcohol and acetone, which would invalidate the quantitative 
calculations. This would, however, be expected to give a curved pvjp plot, which 
was not in fact observed with these vapours. 


CoNOLUSiosr 

The general conclusion is that the attractive forces between molecules of a vapour 
produce two distinct effects: 

( 1 ) A general acceleration of molecules as they approach one another, resulting 
in a diminution of the observed pressure. This occurs with all substances and can be 
quantitatively expressed for pressures up to one atmosphere and temperatures 
between 0*5 and 1-2 by a second virial coefficient calculated from the critical 
data by the Berthelot equation. This applies to both polar and non-polar molecules, 

( 2 ) A formation of double molecules held together by dipole interaction or by 
hydrogen bonds. This occurs only with polar substances where the energy of inter¬ 
action between the molecules is larger than kT. Its effect on the compressibility 
of the vapour is superimposed on that of 1 . 

It has been shown by Toz GazuUa & Vidal ( 1947 ) that published data for the com¬ 
pressibilities of steam and of ammonia may be interpreted in terms of a similar 
dimerization and that reasonable values for the heats of dimerization are found. An 
alternative treatment of these vapours was given by Stockmayer ( 1941 ), who included 
the whole effect of dipole interaction in a calculation by Lennard-Jones’s method. 
This gave a fairly successful fit with experimental values, but has the disadvantage 
of involving many rather arbitrary assumptions about the values of constants and 
the exact molecular diameter. Measurements of the thermal conductivity of steam 
(Milverton 1935 ) show a marked increase with rise of pressure, which is in accord 
with the view that dimerization occurs. 

The authors are grateful to Dr B. Lambert for much help in the design and 
construction of the apparatus. The measurements on 7 ^-hexane were made by 
Mr R, G. Vines. 
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The structure and properties of the alloy CugMnln 
By B. B. Coles, W. Hume-Rothbey, F.R.S. and H. B. Myees 
{Received 26 July 1948) 

The ferromagnetic Heusler alloy CuaMnAl has a body-centred cubic structure with an ordered 
arrangement of the atoms. Considerations of valency and atomic diameters suggested that if 
the aluminium were replaced by indium the superlattice would be more stable, and that a 
homogeneous alloy would be obtained if the indium content were slightly less than that 
recjuired by the formula CuaMnIn. An alloy of composition Cu 2 . 057 Mno. 975 Ino. 9 j 5 was pre¬ 
pared and was ferromagnetic in the as-cast state, and also after a variety of heat treatments. 

The intensities of magnetization were measured in field strengths between 7250 and 17,150 
oersteds at temperatures between —183® 0 and the Curie point. X-ray powder photographs 
show that the indium alloy has the same structure as the aluminium Heusler alloy but with 
a larger lattice spacing. This increase in the size of the unit cell means an increase in the 
Rfr value for the closest approach of manganese atoms from 2*84 in CuaMnAl to 2’9 8 in 
Ou 2 MnIn, and corresponds with a fall in Curie point of 97® 0. The two alloys are strictly 
analogous as regards structme and valencies, and the results suggest that in the indium alloy 
the critical value of Rjr is being approached at which ferromagnetism will disappear. Reasons 
are given for supposing that the ferromagnetism is due to interaction between manganese 
atoms, in which case-the Bohr magneton number per atom of manganese is approsdmately 4, 
and manganese behaves as a univalent element, in agreement with conclusions reached 
independently from the study of phase-boundaries in ternary Cu-Mn-Al alloys. 

1. IXTBODUCTIOX 

The well known Heusler alloys have a coraposition given approximately by the 
formula •Cu 2 MnAl. An alloy of this composition on slow cooling is r^on-magnetic 
and has a structure resembling that of y-brass, whilst the ferromagnetic form ob¬ 
tained by quenching has an ordered body-centred cubic lattice. The structure of 
the ferromagnetic alloy was deduced independently by Bradley & Rodgers ( 1936 ) 
and by Heusler ( 1934 ) and is shown in figure 1 , 

The unit cell contains eight of the small body-centred cubic cells, and there 
are four kinds of atomic position which may be denoted a, 6 , c and d. In the ideal 
superlattice structure the manganese and alummium atoms occupy positions 
d and b respectively, whilst the a and c positions are occupied by copper atoms. 
According to Heusler ( 1934 ) the quenched alloy is not perfectly ordered, and on 
ageing at approximately 100° C the degree of order is increased, and the magnetic 
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properties are improved. The previous vpork suggested, therefore, that the ferro¬ 
magnetic properties of an alloy of this type depend on placing the atoms of man¬ 
ganese in a body-centred cubic structure vrith the further condition that a super¬ 
lattice must be formed in ■which the manganese atoms are prevented from being 
either closest or second closest neighbours. It has been shown by Hume-Eothery 
( 1948 ) that ha ternary alloys of manganese with copper and zinc or aluminium, the 
phase boundaries in the equilibrium diagram suggest that manganese acts as a 
divalent element in copper-rich alloys, and as a univalent element in more con- 



a % = C 

®=& ©=d 

Figure 1 

centrated alloys. If manganese be univalent, the composition CugMnAl corresponds 
to an electron/atom ratio of 3/2 and so satisfies the condition for the formation of 
a body-centred cubic structure. In this alloy it is clear that the superlattice is not 
very stable. The arguments of Hume-Rothery & PoweU ( 1935 ) suggested to us that 
the stability of the superlattice would be increased if either the manganese or the 
aluminium were replaced by an element of larger atomic diameter. As the ferro¬ 
magnetic properties depend on the manganese, it was the aluminium which had to be 
changed for an element of the same valency but of somewhat larger atomic diameter, 
and for this purpose indium appeared to be suitable. The work of Hume-Rothery, 
Be 3 rnolds & Raynor ( 1940 ) has shown that in the binary system copper-indium 
a typical body-centred cubic y?-phase is formed although its composition lies entirely 
<m llie copper-rich side of that corresponding to the formula Cugin. This effect 
was r^arded as due to the existence of short-range order in the alloy, and suggested 
that for the present purpose an alloy should be prepared with an indium content 
very slightly less than that of the formula CugMnIn. The present paper describes 
the preparation and properties of this alloy and shows that the predictions have 
been confirmed. 

2 . Prbparatioi?' of alloys 

The alloys were prepared from some especially pure copper kindly presented by the 
British Non-Ferrous Metals Research Association, indium metal of the highest purity 
made by Messrs Johnson Matthey and Co. Ltd., and pure electrolytic manganese 
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which was treated in hydrogen in order to remoTe surface oxidation. Alloys were 
jfirst prepared by melting the three metals together in an induction furnace, nsing 
an atmosphere of hydrogen. It was later found more convenient to prepare first 
a master alloy of copper and manganese which was remelted with the required 
amount of indium, using a resistance furnace and a flux of potassiTxm chloride. The 
resulting alloys were obtained in the furnace-cooled state or were oast into graphite 
moulds to give ingots fin. in diameter. AU alloys were given a preliminary homo¬ 
genization treatment of 4 days at 534° 0, and were then treated in different ways 
as described below. The annealing experiments were carried out in sealed, evacuated 
glass tubes. The alloy used for the magnetic measurements was analyzed after the 
heat treatments B, 0 and D referred to on p. 129. All three metals were determined 
and the percentage totals lay between the limits 99-94 and 99-97. These totals refer 
to material which had been annealed and quenched in water; it was found that the 
quenching produced slight superficial oxidation, and from the above figures it is 
clear that the melting and annealing techniques gave alloys of high purity. 

3. CnySTAL STBtrOTTTBB AND lATTIOE SPACING 

Several alloys were prepared with compositions near to that of Cu^Mnln. AU were 
ferromagnetic in the cast state and after different heat treatments, but micro¬ 
scopic examination showed that some were two-phase in structure. Attention was 
finally concentrated on an aUoy whose composition corresponded to the formula 
Cu 2 .o 57 Mno. 976 lno -985 (^4-4% copper, 18-2% magnesium and 37-4% indium by 
weight). Under the microscope this alloy was homogeneous after quenching from 
634° 0, and after cooling in air from this temperature, and also after very slow cooling 
from 634° C, although as shown later (p. 129) the magnetic measurements suggest 
that very slight sub-microscopic precipitation of a non-magnetic phase may have 
occurred during the slow cooling. 

Debye-Scherrer diffraction fiObtns were taken, using unfiltered iron radiation.* 
AUoys which had been annealed were brittle and could be ground to powder in a 
mortar, but the resulting Debye-Scherrer films showed fuzzy lines indicating that 
the material is able to undergo plastic deformation. The powder patterns from filings 
which were annealed and slowly cooled were indistinguishable from those of filings 
quenched from 634° C. Both showed the typical body-centred cubic lines together 
with the superlattice lines expected for the Heusler type of structure. It is thus 
clear that, in agreement with expectation, the superlattice of OujMhIn is much more 
stable than that of CuaMnAl. 

As shown by Bradley & Rodgers ( 1936 ), the Debye-Scherrer lines of the Heusler 
structure fall into three groups: (1) the lines of the 220,400,440,... reflexions which 
are those of the simple body-centred cubic structure with the indices doubled so 
as to refer to the large unit cell of figure 1 instead of to the small cubes; ( 2 ) the 
superlattice lines of the 111 , 311,... reflexions with A, X; and? odd; and (3) the super¬ 
lattice fines of the 200 , 420, ... reflexions with h, h and I even. In the Heusler alloy 
CuaMuAl the aluminium atom has the low^t scattering power of the three, and the 

* The experimeaital methods on the X-ray side were those which are now standard in this 
laboratoiy and have he®a desonbed on many occasions, cf. Axon <fc Hnme-Rothery ( 1948 )* 
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superlattice lines of class (2) are in general weaker than those of class (3). In the 
alloy CugMnIn the indium atom has the highest scattering power, and it is easy to 
show that this results in the superlattioe lines of class (3) being on the whole stronger 
than those of class (2). Table 1 shows the relative intensities of the lines calculated 
for iron Ka radiation taking into account the abnormal scattering power in the 
region of the absorption edge, together with the visual estimates of intensities. 
It will be seen that the expected reversal of the intensities of superlattice lines of odd 
and even indices is confirmed. In the paper of Bradley & Rodgers (193^) calculations 
were also made of the relative intensities of Debye-Scherrer lines from structures 
in which aluminium atoms occupied the b positions in figure 1, and copper and 
manganese atoms were assumed to occupy the a, c and d positions in ways other than 
that of the Heusler alloy structure. We have made similar calculations for the alloy 
CugMnIn and the resulting intensities of the superlattice lines cannot be reconciled 
with those observed. It is thus clear that the aUoy CugMnIn has the true Heusler 
structure with the aluminium atoms in the b positions, the manganese in the 
d positions, and the copper atoms in the a and c positions, and that the superlattice 
is extremely stable. 

Table 1 



calculated 

visual 

hue 

intensity (Fe JCa) 

estimate 

111 

2-2 

faint 

200 

1-0 

v.v. faint 

311 

7-9 

medium 

331 

6*9 

medium 

420 

1*8 

V. faint 

6111 

333/ 

1L8 

medium 

631 

26*5 

strong 

600 

1*2 

v.v. faint 


La this table the second coliamn gives the relative calculated intensities of the superlattice 
lines of ChiaMnlh corrected for both absorption and temperature, the intensity of the (200) 
line being taken as unity. The temperature correction was made by assuming a characteristic 
temperature 6jy = 240 which was obtained by using the melting-point equation of Lindemaim; 
the alloy was found to melt at approximately 630° C. It will be appreciated that, although an 
error in the temperature factor will affect the relative intensities of lines of high and low angle, 
it will have little effect on adjacent lines, and it is the comparison of adjacent lines which 
enables one to reject conclusively the alternative structures discussed by Bradley & Rodgers. 
The intensities of the main lines were all strong, in agreement with expectation. 

Uie lattice spacmg of the alloy Cu2.(,57Miij.g75lnQ.9j5 was deternained as a = 6-1866A 
for quenched specimen 2B at 19-5° 0, and as a = 6*1881 A for air-cooled specimen 
2 Catl 9 °C. 


4. Magnetic peopbkties 

The saturation intensities of the alloy specimens were measured by the ring 
balance evolved by Sucksmith (1939). The alloys were too brittle to be worked to 
shape, and were therefore examined as coarse crushed powder* which was packed 

* The diameter ofthe particles was of the order i mm. 
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into the cylindrical specimen container 4 mm. long by 2 mm. diameter. The speci¬ 
mens weighed about 40 mg. and as the intensity of magnetization of the alloy was 
low, the effect of the demagnetizing factor was readily overcome in the relatively 
large magnetic fields used (7000 to 17,000 oersteds). 

The saturation intensity of magnetization per unit mass for each specimen was 
measured at — 183°C, -75°C, room temperature, and at temperatures up to 
Curie point. All the measurements were made relative to pure iron (Johnson and 
Matthey) as standard, the intensity per unit mass being taken as 217'8 at 17° C 
(Weiss & Forrer 1929 ). The mass of the pure iron specimen was adjusted so that it 
gave deflexions of the same order as those of the alloy specimen. 

The aUoy of composition Cu 2 .o 57 Mn(,. 9 , 5 lno .965 was examined after the following 
heat treatments: 

A. Homogenized for 4 days at 634° C, quenched and crushed. 

B. Treated similarly to A, and then rearmealed for 12 hr. at 634° C and quenched. 

C. Treated similarly to A and then reannealed for 12 hr. at 634° 0 and allowed 
to cool in air. 

D. Similar to C but cooled very slowly. 

The intensities of magnetization per unit mass were measured in external magnetic 
fields of seven strengths between 7260 and 17,160. The field inside the specimen 
could not be calculated because the demagnetizing factor for the powder was 
unknown.* Extrapolation to infinite field strength was thus not possible, but as the 
alloy saturates easily in the field used, little error results from taking the value of 
the intensity in the highest field strength (17,160) instead of that in infinite field 
strength. 

The saturation intensities at room and low temperatures are shown in table 2 
from which it will be seen that the quenched specimen B has the highest mag¬ 
netization. The slightly lower values for specimen D may be the result of sub- 
microscopic precipitation of a non-magnetic phase during the very slow cooling; 
this hypothesis would agree with the fact that the figures for the more rapidly cooled 
specimen C are almost the same as those for specimen B. The material of specimen 
A (crushed after homogenization but not reannealed) differs only slightly from those 
of specimens B, 0 and D, and the figures in table 2 show that when once the material 
has been homogenized, its magnetic properties are comparatively little affected by 
later treatments, either mechanical or thermal. 

In figure 2 the values of cr for specimen B at 290, 197 and 90° K are plotted as 
functions of T and T®, and it will be seen that the relation is approximately a 
straight line in agreement with the general conclusions of Fallot ( 1935 ). We believe 
that the straight line law does not hold exactly at temperatures as high as 291°K, 
and have therefore extrapolated the straight line through the two lowest points in 
order to obtain the saturation value <r at the absolute zero. The value of cr^ for the 
external magnetic fieldH = 17,150oerstedsis74'4ergs/oersted/g.Ontheassumption 
that the magnetic properties of the alloy are due entirely to the manganese, this 

* If, however, the powder is assumed to act as a coDection of independent spherical grains 
the value of the demagnetizing field for a particular specific intensity of magnetization cr, would 
be J(47r/w), which fiir p = 8 and <r = 64 is 2100 oersteds. 


ypl, 196. A, 
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Table 2. Satoeation htteitsity of magstetization 

PEE TTNIT MASS AT BOOM AND LOW TBMPEEATtTEBS 


external field 

speoi- temperatiire ^ -a- 


men 

rc) 

7260 

8880 

10,800 

12,720 

13,740 

15,680 

17,160 

2A 

18 

62-5 

62-8 

62*9 

63-0 

63-1 

63-3 

63-3 


- 75 

67*3 

67-6 

67-9 

68-1 

68-3 

68-4 

68-4 


-183 

7M 

71-6 

72-0 

72-1 

72-3 

72-7 

72-6 

2B 

18 

62-8 

63 

63-1 

63-3 

63-3 

63-3 

63-6 


- 75 

68-4 

68*5 

68-9 

68-9 

68-9 

69 

69-1 


-183 

72*4 

72-4 

72-8 

72-9 

73 

73-1 

73-3 

2C 

18 

63 

63*1 

63-4 

63-6 

63-6 

63-7 

63-8 


- 75 

68*2 

68-5 

. 68-8 

68-8 

68-8 

69 

69 


-183 

72 

72-3 

72-7 

72*6 

72-6 

72-8 

72-9 

2D 

18 

62*6 

62-6 

62-8 

63 

63-i 

63-2 

63-5 


75 

67-9 

68*3 

68-4 

68-4 

68-6 

68-5 

68-7 . 


-183 

71*6 

72-1 

72-3 

72-2 

72-3 

72-4 

72-6 




Curie points 









Curie point (® C) 






2A 


2B 






7,260 

240 


232 


212 



17,160 

250 


240 


222 



T(^K) 



l^GTJKB 2. H, = 17,160, <r, = 74-4, = 4-04(6). 
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oon’espbnds to a Bohr magneton value for the manganese atom of 4-04(6).* The 
validity of this assumption is discussed later. 

The high temperatee measurements were carried out in vacuo and the variation 
of (T of specimen B with temperature is shown in figure 3, indicating an apparent 
Curie temperature of 243° 0 in an external field of 17,150 oersteds, and of 233° 0 in 
a field of 7260 oersteds; The true Curie temperature, that appertaining to zero 
external field strength, would not differ greatly from the latter value. 



Fioubb 3 


Disoxtssion 

In table 3 we show some physical properties of the ferromagnetic alloys Cu^MnAl, 
taking the Bohr magneton value and Curie point obtained by Valentiner & Becker 
(1933), Cu 2 MnIn, and of the analogous alloy CujMnSn examined by CarapeUaA; 
Hultgren ( 1941 ). The body-centred cubic form of this last alloy is stable only at high 
temperature, and the data refer to quenched material. If manganese and tin are 
assumed to be univalent and tetravalent respectively, the composition CuaMnSn no 
longer corresponds to an electron concentration of 3/2, but in the Cu-Mn-Sn system 
the /?-phase area at high temperature is sufficiently wide to include this composition. 
The three alloys form a well-defined group in which the Bohr magneton number of 
the manganese atom is approximately 4, if the whole of the ferromagnetism is 
associated witl^ the manganese atoms; if this assumption is invalid a Bohr magneton 
number of approximately 4N is associated with an atomic group of the, type 
(CuaMnX)N, where X = Al, In or Sn, and N expresses the unknown molecular 
weight of the grouping responsible: for ferromagnetism. 

According to the accepted theory, ferromagnetfein requires the presence of atoms 
with an incomplete shell of electrons to provide a permanent moment, and in practice 

* In the calculation of this quantity the value of the Bohr magheldtl was to he 6664 

units/g. atom. The recent revision of the fundamental constants sagged'that the value 6680 
units/g. atom is more probable, but we have retained the older value in order that ccax^paiison 
may be made with other work. 
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only d and / shells need be considered because the radius of the incomplete shell 
must be large. The atoms -with incomplete shells must hare neighbours with which 
they can interact to produce a positive value of the exchange integral, and hence the 
distance between the atoms must not be too great, or else the interaction energy 
becomes insu£S.cient to stabilize the ferromagnetic condition. Slater has shown that 
in general positive interaction occurs when the ratio of the atomic diameter (i.e. the 
intemuclear distance) to the ‘diameter’ of the incomplete electron shell is greater 
than about 1-6. Stoner (i 93 o)has also shown inhissimplifiedinterchange interaction 
theory of ferromagnetism that the following relationship is in general terms correct: 



Table 3 

CuaMnln 

Bohr magneton value per Mn atom 4-04(6) 

Curie point (° C) 233 

intemuclear separation (kX) 4*38 

B atomic diam. 2*98 

r electron shell diam. 

(incomplete shell) 

where J = interaotion energy per electron pair, d = Curie temperature, Z = number 
of nearest neighbours, k « Boltzmann's constant. The Curie temperature is thus 
a measure of the interaotion energy. The relationship between the interaotion 
energy, as measured by the Curie temperature, and the ratio iZ/r has been quanti¬ 
tatively established from observations on the normal ferromagnetics and their 
alloys. Slater’s ( 1930 ) empirical rules indicate a value of about 1-47 kX for the radius 
of the Zi shell in manganese and this value has been used in calculating the values 
of Bjr in table 3. It will be seen that the values of Rjr lie between 2*84 and 2-98, and 
are considerably larger than those for the normal ferromagnetics. According to the 
Stoner-Slater hypothesis, the interaction energies should be much weaker owing to 
the greater separation of the atoms, and this should be manifested by lower Curie 
temperatures, as is in fact the case. Now gadolinium has been found to be ferro- 
ma^etic with a Curie temperature of ^ 16^ C with an Bjr value of 3 * 1 . Clearly this 
indicates the approach to the upper limit of Bjr at which interaction is insufficient 
to stabilize the ferromagnetic state. It is significant therefore that the increase in 
the value of Bjr from 2*84 in CugMnAl to 2*98 in CugMnIn corresponds with a fall 
of ^ 97® C in the Curie temperature. These two alloys are strictly analogous as regards 
valencies, structures and electron concentration, and the figures suggest clearly that 
the critical value is being approached at which ferromagnetism will disappear. 

Objection has been taken (e.g. Stoner 1934 ) to the view that the magnetic pro¬ 
perties of the Heusler alloys are the result of interaction between manganese atoms, 
on the grounds that the distances are too great. Slater ( 1930 ) suggested that in a 
Heusler alloy the copper atoms might exist in a divalent form with an incomplete 
d shell so that interaction could occur between manganese and copper atoms.* 

* Interaction can only take place between incomplete shells and so a univalent copper atom 
with a complete {M)^^ sub-group could not interact with manganese to produce ferromagnetism. 


CugMnAl 0u2MnSn 

4*04 4-14 

330 — 

4-17 4-36 

2-84 2-97 
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This hypothesis appears less probable than that of normal interaction between 
manganese atoms, because it is difficult to imagine the existence of divalent copper 
atoms in the presence of highly electro-positive metals like aluminium, whose 
valency electrons would have a strong tendency to fill the vacancies in the d shells 
of the copper atoms. 

If the hypothesis of normal interaction between manganese atoms be accepted, 
the resulting value of approximately 4 Bohr magnetons per manganese atom would 
mean that each manganese atom had about six electrons in the Sd shell (four 
unpaired, and two paired), leaving approximately one electron free to join the valency 
electrons of the crystal lattice. This would imply an almost univalent manganese 
in agreement with the quite independent evidence obtained from the study of the 
phase-boundaries (Hume-Rothery 1948 ). It is also to be noted that Potter ( 1928 ) 
showed that the directional characteristics of the magnetic properties of single 
crystals of OugMnAl were those of the face-centred cubic arrangement of the 
manganese atomsf in figure 1 , and thus provided further evidence for manganese- 
manganese interaction. On the whole, therefore, the hypothesis of normal inter¬ 
action between manganese atoms appears the least improbable assumption since it 
implies a valency agreeing with that deduced from the phase-boundaries, whilst 
the difference in Curie points of CugMnAl and CugMnIn suggests that the inter¬ 
atomic distances responsible for the ferromagnetic interaction is almost at its limit. 

[Note added in proof 14 December 1948.] Since the proofs of the above paper 
were corrected, the authors’ attention has been drawn to a note by Valentiner 
(1947). Details of the work are not given, but the lattice spacing 6-2 A and a 
Curie temperature of roughly 270° C are in reasonable agreement with the results 
of the present work. 
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Non-central interactions between neutron and proton 
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Calculations are carried out concerning the magnetic moment of the deuteron, the scattering 
of neutrons with energies up to 20 MeV by protons and the photodisintegration of deuterons 
by high energy (17 to 20 MeV) y-rays assuming various non-central interactions between 
neutron and proton of the form 


-K-'Ta 

1 




where crj, CT 2 , Tj, are the spin and isotopic spin operators of the particles, r the distance 
between them. For three ‘shape’ functions V (spherical well, exponential and Yukawa forms) 
the constants a, g^, y are determined for diffei^ent values of the range ro, so as to give correctly 
the binding energy of the ground state, and the quadrupole moment, of the deuteron and the 
low velocity neutron-'proton cross-section. Calculations are then carried out for chosen values 
of Tq and the three forma of the exchange operator for each shape. A comparison is made of 
the ranges derived from different data for each of the shapes considered. 


Introdtjctiok 

Although it seems very probable that the meson must play some essential role in 
the eventual theory of nuclear forces it is stiU far from clear what form this wiU 
take. Meanwhile it is possible to proceed in two distinct ways. One may either 
attempt to seek theoretically an improved field theory from which to derive the 
nuclear forces or may proceed empirically to obtain information about the forces 
from experimental investigations. Tor the latter purpose it is necessary to carry 
out calculations of the results to be expected for a wide variety of assumptions. 
A considerable programme of work to this end has already been carried out, assuming 
the force between neutron and proton to be central in character (Massey & Bucking¬ 
ham 1937 ; Kittel & Breit 1939 ; Hulth^n 1943 , 1944 ; Pais 1946 ; Brohlioh, Ramsey 
& Sneddon 1947 and Ramsey 1947 ). However, the discovery of the quadrupole 
moment of the deuteron (Kellogg, Rabi, Zachariasfe Ramsey 1939 ) directed attention 
to the existence of a non-central interaction between a neutron and a proton. A term 
of this character can be obtained from vector or pseudoscalar meson field theory but 
proves to be highly singular at the origin. To remove this singularity, Meller & 
Rosenfeld ( 1940 ) proposed a combined vector and pseudoscalar meson theory which 
gave a purely central interaction in the first approximation. The quadrupole terms 
are then supposed to arise in higher approximations. This procedure is formally 
convenient but awaits detailed confirmation. Moreover, the question whether the 
singularity does or does not reappear in the higher approximations stiH seems to 
be undecided. On the other hand, Bethe ( 1940 ) has attempted to develop a theory 
in which the purely central forc 6 term does not appear and the singularity in the 
remaining non-central force is removed by an empirical cut-off method. Apart 
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from the doubtful significance of the cut-off method other difficulties arise which 
reduce the applicability of the theory (Volkhoflf 1942 ). An alternative procedure 
has been introduced by Rarita & Schwinger ( 1941 ) which does not attempt to follow 
the predictions of meson theory in any detail but merely starts from an interaction 
in the form of a linear combination of terms, involving the spin and isotopic spin 
vectors, which have the correct transformation characteristics. These terms repre¬ 
sent the variation of the interaction with the total spin and with the angles between 
the spin and relative position vectors. They are then associated with an empirically 
chosen function of the distance between the particles which involves a range and 
intensity parameter. The constants in the linear combination, together with those 
specifying the range and intensity of the forces, are then to be determined from the 
experimental results. These include the binding energy, electric quadrupole monient 
and magnetic dipole moment of the deuteron, the collisions of neutrons and'of 
protons wdth protons, the disintegration of the deuteron by y-rays and the binding 
energies of other fight nuclei such as H®, He^ and He^. As the adequacy of this data 
grows it becomes possible to do more than determine the constants. Different sets 
of data may be used for this purpose and the consistency of the results obtained in 
these various ways may be checked. In the absence of a satisfactory check the 
assumed type of interaction would then have to be discarded. So far, detailed 
calculations on these fines have only been carried out for a limited range of experi¬ 
mental conditions, for forces with a radial dependence of spherical well type with 
a range of 2-8 x 10 “^® cm. In this paper we describe an extension of this work to 
deal with a wider range of experimental conditions and other ranges and types of 
radial variation of the force. 


1. Assumed form of fundamental interaction , 

We have adopted the same general forms as those assumed by Rarita & Schwinger 
{ 1941 ). If Gi, Gg are the nuclear spin vector operators, Tg the corresponding iso¬ 
topic spin operators and r is the relative position vector of the particles, then, in 
order to possess the correct transformation properties, the neutron-proton inter¬ 
action must be a linear combination of the operators 

. ^ SGi-rGg.r 

1, Gi.Gg, Ti.Tg, -a^.Gg. 

We assume for the interaction the expression 

+ -O,. a,)j F(r/ro). (1) 

where M. is the mass of the nucleon and is the range of the force. F(y/ro) defines 
the radial dependence and will he assumed to be either the ‘spherical well ’ 


F(a;)=l (»<!), 

= 0 (»>!), 
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the exponential function or the Yukawa potential e“®/ri?. P determines the 
exchange character and we shall consider the cases 

Pi = -^Ti.T2, (2) 

-Pii = “ • '*^2)5 (^) 

PIII = 1. (4) 

These forms correspond to symmetrical, charged and neutral meson theory respec¬ 
tively. We do not, however, use the radial dependence of the force which is given 
by these theories. 

The constant a measures the strength of the interaction, g its spin-dependent 
part and y the non-central force. For simplicity g and y are assumed constant. 


2. Expebimental data used to deteemine the intebactiok constants 

For an assumed shape, given by V{rfr^, there are four constants a, g, y and rQ. 
Three relations between these constants may be obtained without ambiguity from 
the binding energy of the deuteron (2-19MeV), the cross-section (20 x lO-^^cm.^) 
for collision between thermal neutrons and protons (essentially determined by the 
energy of the state of the deuteron) and the quadrupole moment of the deuteron 
(2-73 X 10~2'^cm.^). These relations are independent of the nature of the exchange 
operator so they apply to all three forms. 

The fourth relation can be obtained in principle from the cross-section for the 
scattering of medium energy (1 to 6 MeV say) neutrons by protons, from the cross- 
section for disintegration of the deuteron by y-rays, from the cross-sections for 
collision of thermal or lower energy neutrons with parahydrogen molecules, and 
from the magnetic moment of the deuteron. The difficulty in the first three cases is 
one of obtaining sufficiently precise experimental data. On the other hand, although 
the magnetic moments of the proton, neutron and deuteron are now known with 
great precision, there is some uncertainty in the theory of the deuteron moment 
which makes the fourth relation derived from the magnetic moment data somewhat 
unreliable. 

In view of this position one of the four constants, the range Tq, has been treated 
as a variable parameter and calculations carried out for more than one range for 
each shape F. To assist in the choice of the values of r^ for detailed calculation, 
information, of a less direct character than that discussed above, may be used 
(see §7). 

3. Detebmination oe the constants a, g and 7 fob a guven bangs 
3*1. Energy levels in the non-central field 

The energy levels of the two body system with an interaction energy of the forms 
(1), ( 2 ) have been discussed by Bethe ( 1940 ) and by Earita & Schwinger ( 1941 ). The 
Hamiltonian commutes with the total angular momentum and with the magnitude 
of the total spin and is invariant against inversion. On the other hand, the orbital 


10-2 
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angular momentum and tlie components of the total spin are not constants of the 
motion. The four quantum numbers specifying a state may therefore be taken as J, 
determining the total angular momentum, M its 2 ;-componeht, 8 the total spin 
and the parity. 

As S' is a quantum number the states divide into a singlet and a triplet system. 
For the former, as = 0, J = Z the orbital angular momentum quantum number, 
which is thus a true quantum number for the singlet states. This corresponds to the 
fact that the non-central interactions, averaged over the spin wave function 
a(l)yff(2)-a(2)/ff(l) for a singlet state, vanishes. The effective potential which 
determines the singlet states is therefore spherically symmetrical but, when the 
isotopic spin operators are present, it depends on the parity. With the forms (1), (2), 
(3) and (4) we have the following expressions for W. For even states and all three 
interactions 

^Ve,cn = -J^2(l-2?)F(r/ro). (S) 

while for odd states we have, for interaction I Wodd= interaction II 

^Vodd = -^Veveji and interaction III Wodd = ^Veven* 

For the triplet states the problem is somewhat more complicated. We first note 
the effect of the isotopic spin operators on the effective interaction for states of 
different parity. We have now for the respective interactions I, II and III 

W^dd ~ ^^odd ^^odd ^"^even* (^) 

For a particular triplet state, characterized by J, there are three possible 
Z values, I — J,J±l, and three possible values of the magnetic quantum number m, 
M, M±l. The wave function may therefore be written as the linear 
combination 

j+i 

• Zssss*/’ —1 

iir+x 

where = 2 (8) 

m—M—l 

Here 3^ = ( Z +m|i ) i^ormalized tessera! harmonic and 

XM-m is spin wave function which takes the usual forms: 

Xi = a(l)a(2), X-x = mm, Xo = 2-Ha(l)/?(2)+ a(2)/?(!)}. (9) 

r, 6^ are the relative polar co-ordinates of the two particles and their spin 
co-ordinates. 

The ratios of the constants are determined from the condition that 
should be a proper function for the total angular momentum operator J^, and they 
may be completely determined (apart from an arbitrary sign) from the normalization 
condition 
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Table 1. Values oe the coefeicieetts c, 


l = J-l 


l = J+l 


m = M—l, 
r(4-+ilf){J+M-l)U 
\ 2 ^( 2 ^-!) I 

1 2J(J+1) I 

(J-M+2) (J-M+W 
2(J+l)(2J+3) I 


m = M 

\J( 2 J- 1 )) 

M 

(J+l)(2J+3)) 


m = M +1 

\ 2 J (2 J- 1 ) I 

( {J-M){J+M+1) Y 
I 2J(J+1) I 

|(J+M + 2 )(J-+M+ 1 )V 
1 2{J+l)(2/+3) 1 


As there is no coupling between states of different parity the state with I = J 
is not coupled to those with 1 = J±l and, for interaction III, the radial function 
fjjM satisfies 


Z(Z+ 1 ) 


■K^+aro\l + 2y)V{rlr,) = 0 . 


The same equation holds for the other two interactions if J is even, but if J is odd 
a(l + 2 y) must be multiplied by — ^ for interaction I and by — 1 for interaction II. 

For the oases Z = J ± 1 and interaction III, we have two simultaneous equations 
of the form 

[|r 2 - y {[1 + Ytji] fjiM+yiju'fji'm} * 0 

(Z,Z' = J± 1 ), ( 11 ) 

where the coefficients tjj, are given by (Bethe 1940 ): 




2 (J- 1 ) 

■ 2 J +1 ’ 


2(J+2) _QJi(J+l)i 
■ 2J+1 ’ *JB'- 2'J^+I • 


The same equations hold for the interactions I and II if J is odd but if J is even 
aF{r/j-o) must be multiplied by - ^ for interaction I and by -1 for mteraction II. 
It will be noted that in the special case J = 0 the equations reduce again to a single 
equation, i.e. for the state. 

3 - 2 . Determirudion of the constants a, g and y 

The ground state of the deuteron is the triplet state with J = 1 , being a com¬ 
bination of ®S and ®I) terms. The differential equations for the radial functions are 
therefore as given by ( 1 1) with J = 1 ; Z = 0 , 2 , the same for all these interactions, viz. 

[£2-'^'^ + «1^(*)]/io = -2V2yaF(z) A„ ] 

Fd^ 6 -1 

= - 2 V 2 r«F(a:)/j,o,^ 

where x = rjr^ and k'^ = Khl. 

If the functions are normalized so that 


j“in+mdx=i, 


(14) 
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the qnadmpole moment Q of the deuteron is given by 

^^j\2^2foU-n)x^dx=Q. (15) 

Given the form of V and having chosen a value for the range Tq, the problem is to 

determineaandysothat,if/oand/2aretobeproperfunctions,/c2 = 5*24x lO^^cm.-^ 

and Q = 2-73 x lO”^"^ cm.^. An iterative method of approximation, described in 
appendix I, was found suitable for this purpose. 

Figure 1 illustrates, the variation of a,y and ay with Tq for the spherical well 
potential. The full line curves have been obtained by actual numerical calculation 
but the dotted extrapolations are only intended to indicate general features. It 
will be seen that for Tq < rj, no real values of a and y will give a large enough quad- 
rupole moment. For *< the central force is attractive, the non-central 



range of force in cm. 


Figxjbe 1. Variation of the constants a, y and ay with range Tq for an interaction of spherical 
well shape in order to give the correct binding energy and quadrupole moment of the 
deuteron. 

repulsive. As' approaches the depth constant a tends to infinity. In the next 
region, rg<the signs of the central and non-central forces are reversed. The 
central force decreases to zero as approaches Thus for this range the force is 

entirely non-central. Finally, for both components become attractive and the 
importance of the non-central force decreases with increasing 
This general behaviour is independent of the shape of the function F(r/ro). 
Numerical values of a and y for the Gaussian, exponential and Yukawa potentials 
are given in table 2 , together with results for the spherical well. 
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The constant g is determined by the energy of the (virtual) state of the deuteron 
which is not affected by the non-central part of the potential. Taking the energy of 
the level as 75,000 eV (derived from the measured collision cross-section 
20 X 10“2^cm.^ of protons for thermal neutrons) the values of g given in table 2 
are obtained for the various cases. 


Table 2. Interaction constants 

range of 


shape of force, 


interaction 

(10-13 cih.) 

KTq 

a 

y 

g 

q. 

spherical well 

2*18 

0*5 

-1*83 

-2*61 

M3 

0*085 

spherical well 

2*62 

0*6 

1-93 

1*29 

-0*086 

0*049 

spherical well 

3*05 

0*7 

3*24 

0*50 

0*156 

0*030 

spherical well 

3-49 

0*8 

3*97 

0*29 

0-224 

0*019 

Yukawa 

1-74 

0*4 

1*94 

0*73 

0-107 

0*026 

Yukawa 

2-18 

0*5 

2*43 

0*44 

0-194 

0*017 

Yukawa 

3-05 

0*7 

3*09 

0*24 

0*271 

0-010 

exponential 

1*74 

0*4 

6*2 

0*83 

0*074 

0-032 

exponential 

2*18 

0*5 

8*2 

0*44 

0*185 

0-020 

Gaussian 

2*18 

0*5 

3*39 

0*59 

— 

0-029 


It was assumed that the ground state of the deuteron is a + ^D-state but it is 
important to notice that this becomes inconsistent with the values of the constants 
if the range is too small. Thus, for the interaction I, the ®Po state becomes stable if 
r^ < 2-05 X 10“^® cm.* and would be lower than for r^ < 2*02 x 10““^® cm.* For 

interaction II the corresponding values are 2*52 x 10“^^ cm.* and 2-48 x 10~^®cm.* 
Interaction III similarly gives rise to a stable state lying lower than -I- if the 
range is Jess than about 1*9 x 10“^^ cm. This imposes an important restriction on 
the magnitude of the range which can be adopted with the interactions we have 
assumed. 


4. Magnetic moment oe the deuteron 

The wave function for the ground state of the deuteron is not entirely of type 
but includes an admixture of component, which contributes an orbital magnetic 
moment. This contribution is given by 

(16) 

where ? = J /12 f'v respective magnetic moments of a free neutron 

and proton, g is a measure of the proportional admixture of the component. 
It is given as a function of r^ for the different shapes of potential in table 2. In general 
q increases as the range decreases because it depends on the charge distribution at 
rather smaller distances than does the quadrupole moment. As a result to maintain 
this moment constant as the range decreases, q must be increased, 

* These values were obtained by interpolation. The absolute values are not reliable to 
three figures, but the relative positions are correct. 
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If it can be assumed that the mtrinsic magnetic moments of neutron and proton 
are unaffected by their binding the total magnetic moment of the deuteron would be 

pbjf, and /ip hare recently been measured with ^eat precision, the values obtained 

being, in nuclear magnetons, 

[ip = 2-7896 + 0-0008 (Millman & Kusch 1941), 

/in = - 1'9108 + 0-0016 (Arnold & Roberts 1947), 

/tj)— 0-8666 + 0-0004 (Millman & Kusch 1941)1 

In order that these values should be consistent with (17) ^ must be taken as 
0-04 ± 0-003. This gives for the respective ranges, in units 10““ cm., of the spherical 
well, exponential and Yukawa interactions 2-8,1-6 ± 0-06 and 1-4 + 0-06 respectively. 

The difficulty about this determination of range is that (17) ignores the effect of 
the binding and of relativity on ju,^ and /ip. The first of these would be expected to 
arise from the distortion of the virtual meson charge round the nucleons by their 
mutual interaction. Reasons have been given (Villars 1947) why this effect might 
be negligible in the deuteron, but the position is stUl not quite definite. Even less 
certain (Bredt & Bloch 1947; Sachs 1947; Primakoff 1947) is the importance of the 
relativistic correction due to the motion of the nucleons but it may be comparable 
in importance to that arising from the non-central force. The ranges derived above 
can therefore be regarded as unreliable, at least imtil the theory has been fully 
developed. 


6. The elastic soATTEEiNa oe netjteons by protons 


A detailed study of the velocity variation of the total cross-section and angular 
distribution for the scattering of neutrons by free protons at rest is likely to provide 
information about the exchange character as well as the range of the fundamental 
interaction. It is also of interest to examine the importance of the non-central terms 
in determining the character of the scattering cross-sections. 

The modifications to the usual scattering formulae due to the non-central force 
have been discussed by Rarita & Schwinger (1941). When the neutron spin is anti- 
paraUel'to that of the proton the only new feature introduced is the dependence of 
the scattering potential on the parity. The differential cross-section U{d)do), for 
collisions in which the kinetic energy E of relative motion is is given by 


1/(0) = 


J_ 

4P 


i:(e«’/i_i)(2l+l)P(cos0) ^ 
0 


where is such that the asymptotic form of the proper solution of 




a(l-2g) 


F(r/ro)- 


2s(2s+ j 
y2 j/2s 



IS 
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is defined in the same way for forces of type III (neutral theory), but for forces 
of types I and II V is replaced by — 3F and — V respectively. The total cross-section 
is given by 

47r 

= pS(2i+l)sin3i?j. (18) 

For the triplet scattering the situation is more complicated. The method of 
Rarita & Schwinger was developed especially for application to the scattering of 
waves with low relative angular momentum. We shall derive the general formulae 
by a method which is exactly parallel to that employed in the theory of scattering 
by central forces. 

We calculate first the cross-section for scattering when the component of total 
spin, resolved along the direction of incidence, is Mfi. The wave function describing 
the scattering can then be expanded in the form 

( •74-1 

T = s S fjmir) Fj^id, <!>, s), 

ler j=,o i=j-i 

where is as defined in (4). The functionswill have the asymptotic form 


fjm~ (1^) 

The incident wave expanded in the form 

■ (20) 

.7—0 1 

where = {\nkrf 

wx{kr'-\hT). 

We may write then 

{4:7r'\^ ^ 

T = + I. ( 21 ) 

for 

If T* is to describe the scattering correctly the sum must represent asymptotically 
an outgoing spherical wave. For this we must have 

= ‘^'^(2!! +1 exp {irijiM) ^ jzjfo- • (22) 

The differential cross-section for scattering through an angle 6 into the solid 

angle do> is now given by 

77* Z+1 ^ 2 

®-4r(^) = pS S S (2Z+l)^Cjrijfo{®^(2»??jiaf) —(23) 

K s 1=0 J ==1-1 

where denotes summation over the spin co-ordinates. 

On substitution for the Cjjjf, and Fji^j we obtain finally 
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%o(^) = 4p 

1 


S + (^+ 1 ) 


Z-0 


%l{0) = 


4jfc2 


S {^Z-1,Z,0 ““ ^Z+l,Z,o} -Pz(®^® 


Z=1 


1 ^ (I — 1 21/ +1 2-l~2 1 T>1/ /%r\cs 

®-42{^) = 


%o{0) = 


£ {(i -1) ei-i,i.i+ (2? +1) eu.i + + 2) ez+i,j.i} P,(cos 0) 


z=o 


and 




( 26 ) 


The total cross-section Q is given by 
where 

as given in (18), 

^Qm^q = l ^i-isUo 1^ + (^+1) 1 %i,z,o 1^}» 

^Qm^±i = ^ I ^?-Ui i^ + (2i!+1) I jH (2 + 2) I 

When the coupling terms vanish, as is the case when J 5 = Z and J = 0 , the phases 
Tj may be derived at once from the asymptotic form of the proper solution of the 
differential equation forandIf, however, J — l±l the funotions/^^ 

derived as proper solutions of two simultaneous second order equations. 
Each function will just be obtained as a linear combination of two functions involving 
two undetermined constants A jj^, Bjj^ independent of I, These constants and the 
two phases niay be determined by the condition that have 

the asymptotic form (19) with k jij^ as given in ( 22 ). In doing so a dependence of the 
phase ^ on if will be found, even though M does not appear in the appropriate 
coupled equations. It is also noteworthy that the phases derived from the coupled 
equations are in general complex corresponding to fluctuation of amplitude between 
the two states. 

The cross-sections (24) and (26) must finally be averaged over the possible if 
values to give H{d) and the cross-sections for scattering when the neutron and 
proton spins are parallel. Finally, for comparison with observation the cross- 
sections must be averaged also over the neutron spin to give 


m = + % + Q = JiQ + f Q. (26) 

At a given neutron energy the phases will be small for such values of I that 
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♦ 

where is the range of the force. For sufficiently low energies the only important 
phases will be those for which Z = 0 . At any particular energy the convergence of 
the series of partial cross-sections is best for the spherical well potential owing to 
the absence of any interaction at long range in that case. 

Over a large part of the neutron energy range covered by the present calculations 
the major contributions come from the zero and first order phases but even then 
a great number (about 500) of phases have to be determined to cover the variety 
of assumed interactions. The methods actually used in determining these are 
described in appendix II. 

The zero order phases do not depend on the nature of the exchange operator and, 
being determined largely by the binding energy of the respective and states 
of the deuteron, are fairly insensitive to the shape of the potential and to the range 
for a particular shape, especially at the lower neutron energies. On the other hand, 
the first order phases do depend quite strongly on all these features. 

For neutrons with energy of this order and a central interaction, the P phases 
given by exchange forces of either type I or type II are of opposite sign to those 
given by ordinary forces of type III which are always positive. With non-central 
forces of the form assumed this is no longer the case because the ^Pq phase for each 
type of interaction has the opposite sign to the remaining P phases. As it is associated 
with a small statistical weight it does not completely vitiate the discrimination 
between the predicted scattering with exchange and ordinary forces. Its influence 
is most marked for tjpe II forces with a large non-central component, i.e. a short 
range. For the exponential and Yukawa forms oiVirjr^ it is necessary to allow for 
the contributions from T> and even F phases. 

Using the calculated phases the total cross-sections Q and angular distributions 
I(6) were calculated for neutron energies of 2-13,5-20,13*3 and 20*8 MeV for a variety 
of interactions. 

Table 3 gives the calculated cross-sections Q. For comparison with central force 
theories values obtained by assuming a purely central interaction of the same range 
and shape, with depth adjusted to give the correct binding of the appropriate deuteron 
state (^S or ^S), are also given together with experimental values (Sgilant & Kamsey 
1940 ; Amaldi et al. 1943 ; Sherr 1945 ; Bailey et ah 1946 ; Sleater 1947 ) whenever 
available. It appears from a study of this table that the non-central character of 
the force has no marked effect on the total cross-section except for ordinary forces 
(at the higher energies) and exchange forces of type II at the smallest range. 

Comparison with the experimental results shows clearly that non-central inter¬ 
actions of type III predict too large cross-sections for higher neutron energies. 
Owing to the lack of sensitivity of the cross-section to change of range of the force 
for this type of interaction,* a large reduction in range is necessary to reduce the 
calculated cross-section to the experimental value, even in the cases of the ex¬ 
ponential well and Yukawa potentials where the discrepancy is not so marked as 
in the case of the spherical well. Apart from other reasons against this reduction 
of range in the case of non-central interactions, a much smaller range will predict, 

* The decreases in the phases due to the reduction in range are, to some extent, balanced 
by the necessary increase in the non-central part of the interaction. 
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in every case, too small cross-sections for low energy neutrons, For interactions of 
type II, it is also not possible to fit the experimental cross-sections for the neutron 
energy range 2 to 20MeV with a spherical well interaction because a range larger 
than 2-6 x 10-^^ cm. is necessary at the higher energy end and a smaller one to fit 
the low energy end. For the type I interaction, one can fit the experimental values 
tolerably well with a spherical well of range nearly 2-4x lO-^^cm. With the ex¬ 
ponential and Yukawa potentials, the range chosen in the calculation give good 
agreement with observations for both types of exchange force. More refined measure¬ 
ments would be necessary to discriminate between them. 



Fioube 2. Angular distribution I{6) per unit solid angle in the C.M. system for scattering of 
protons by 13-3 MeV neutrons, calculated on different assumptions concerning the 
interaction. El exponential form of type I, range 1*74x 10~^® cm. Eli exponential 
form of type II, range 1*74 x 10 ”^® cm. E 11(c) exponential form of type II, range 
1*74 X 10-1® cm., but taken to be wholly central. Bill exponential form of type III, 
range 1*74 x lO-i® cm. Sl spherical well, of type I, range 2*62 x lO-i® cm. YI Yukawa 
form, of type I, range l‘74x lO-i® cm. <j) Experimental observations of Powell & 
Occhialini (Bamsey 1947 ) for 13 MeV neutrons with range of error. 

The angular distribution of the scattering is more sensitive to the type of force. 
Table 3 gives calculated values of the ratio I(7t)II{^7t) of the scattered intensity at 
180° (in the centre-of-mass system) to that at 90° for the same energies and assumed 
interactions as for Q. It will be seen that measurement of this asymmetry ratio 
offers much more hope of discrimination between ordinary and exchange type forces. 
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For this purpose it is clear that neutrons with energies not much less than 13MeV 
would have to be used. At this energy and with non-central forces, the ratio for 
ordinary forces is much smaller than for either exchange ty]pes (except type II with 
the spherical well with range 2-6 x 10"^® cm. which, in any case, would seem to be 
excluded from the total cross-section data of table 3). Thus if the asymmetry ratio 
is found to be nearly equal to unity then ‘ordinary’ non-central forces would be 
excluded. It is of interest to note from table 4 that this would not be so if the forces 
were central. Observations at a higher energy such as 20MeV would serve to dis¬ 
criminate between non-central forces of exchange type and ordinary central forces. 

Detailed evaluation of the expected angular distribution function was also carried 
out for the various assumed interactions and table 3 gives the coefficients in the 
expansion of this function in powers of cos 0 for the two energies of most interest 
(13*3 and 20-8MeV). Insufficient experimental data are available at present to enable 
much choice to be made. In figure 2 the experimental resxilts, with their probable 
error, obtained by Powell & Occhialini (1947) are compared mth various theoretical 
curves. These observations are definitely against assumption of an ordinary non¬ 
central force but unfortunately the position is not yet so deflbnite as this because 
experimental results have been reported (Amaldi et al. 1942) which do not agree 
with those illustrated in figure 2. On the other hand, measurements by Laughlin & 
Ejuger (1948) with 12 to 13MeV neutrons do tend to favour the work of Powell & 
Occhialini. 

6. PHOTO-DISTINTEGRATIOlir OF THE DETJTEEON BY HIGH BNBKGY y-BAYS 

The mam contribution to the cross-section for disintegration of the deuteron by 
high energy y-rays arises from electric dipole transitions. As the initial state is of 
mixed ®S-t-®D type, transitions to the continuous states can take place which are 
wholly or partially of ®P and ®P character, the latter possibility arising only from the 
presence of the small *D adnoixture in the ground state. As the ®P functions are very 
small indeed over the range of the ground state wave functions when the energy of 
relative motion of the disintegrated particle is not too large, we may neglect any 
such contributions in the present calculations. 

Emplo3dng the usual perturbation formula for this process, we find for the 
differential cross-section 1 ( 0 ) the formula 

JJJ 

^.+4. l>-iK !• 

and for the total cross-section 

^ ~ —^ 1 ^ + ^ 1 -^ 211 ^+^ I -^0 |^}> ( 28 ) 

where ' lo = j”rPo(fo-^/2f2)dr, A = J %i(/o + ^ a) 

■^20 = ^/2 j -^21 = 
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fjr and fjr are the respective and components of the radial wave function 
for the ground state of the deuteron which is normalized to unity, pjr, pjr, p^^jr 
p^Jr are the respective wave functions for the continuous states 

ePo,3Pi,3P2(ilf = 0) and 3p^(Jf = ±l)). 

They are normalized so that p sin {kr -^n+S) with S the appropriate phase. 
Sis related to the corresponding phase rj appearing in the theory of elastic scattering 
by the relation § ^ 

E is the quantum energy of the incident photon, the absolute value of the 
binding energy of the deuteron and = M{E — E^ 

The formulae (27) and (28) reduce to those given by Rarita & Schwinger if the 
coupling between ^Pg and waves is neglected. Since the coupling between ^Pg 
and ^Fg waves changes appreciably the phase shift for ^Pg waves, it may effect the 
angular distribution of the disintegrated nucleons. In order to be certain about this 
point, detailed calculations have been carried out for 17-5 MeV y-rays, using the 
Yukawa potential. The results were then compared with those obtained by neg¬ 
lecting their coupling. It was found that the inclusion of their coupling does increase 
the isotropic component considerably, although the change in total cross-section is 
much less important (see table 4). Since we are interested in the order of magnitude 
of this term for different types of interactions rather than its precise evaluation, 
it is considered sujBEicient for our purpose to neglect the ^P^-^Fg coupling in aU other 
cases. . . . 

The result of calculations for y-rays of energy 17*6MeV and 28*8 MeV are given 
in table 4. Parallel calculations with central interactions have been carried out and 
the results included in the same table. It is obvious from the data given m the table 
that the inclusion of the non-central force has no remarkable effect on the total 
disintegration cross-sections, except at the higher energies. The chief effect is to 
introduce an isotropic component in the angular distribution of the ejected particles, 
which in the central force case varies as sin^ 6, This effect is only important for type III 
interaction (ordinary force) unless the range of force is much less than any used in 
the present calculations. As has been pointed out by Rarita & Schwinger, this 
difference in angular distribution can be used as an effective means of discriminating 
between interactions of type III and those of exchange type (I and II). Measurements 
of total cross-sections wiU also provide valuable confirmatory evidence in this respect 
as the ordinary force theory predicts a smaller cross-section than those predicted 
by forces of type I and II. Discrimination between type I and II interactions would 
be much more difficult and could not be carried out by photo-disintegration experi¬ 
ments alone, because the predicted angular distribution by these two types of inter¬ 
actions varies considerably with different ranges and shapes of the potential wells, 
the ranges of these variations nearly overlapping each other. However, precise 
empirical knowledge in this respect is still very valuable as confirmatory evidence 
on the nature of nuclear forces. At the time of writing no such experimental evidence 
is available. In view of the availability of betatron sources, it seems Kkely that 
detailed experimental information in this respect will be forthcoming in the near 
future. 
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* The angular distribution of the ejected nucleons is given hy A sin® 0. 

f Values inside the brackets were calculated without neglecting the coupling between ®p 2 and waves. 
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7. Discussion. The range oe the neutron-rroton force* 

Although the experimental data at present available are insufficient to permit an 
adequate check of the self-consistency of any assumed neutron-proton interaction 
there is already enough to make worthwhile an examination of the position in 
tliis regard. One such check is to compare, for a given shape of interaction, the 
ranges required to give agreement with independent observed properties, choosing 
as far as possible those properties which are insensitive to the exchange character 
of the force so that the check is independent of this aspect. For this purpose we give 
separately in table 5 for each of the spherical well, exponential, Yukawa and Gaus¬ 
sian interactions a number of ranges deduced by use of the following properties: 

(а) Magnetic moment of the deuteron. 

(б) Scattering of 1 to 6MeV neutrons by protons. 

(c) Scattering of low energy neutrons by ortho- and para-hydrogen. 

(d) Diffraction of neutrons by solid hydrogen. 

(e) Photo-electric cross-section for the disintegration of the deuteron by 
2‘62MeV y-rays. 

(/) Proton-proton scattering. 

(g) Triton binding energy. 

Of these, the first five depend only on assumptions about the neutron-proton force. 
(a) may be somewhat unreliable in view of the uncertain position about the theory 
of the deuteron moment. In (6) it was assumed that the forces are of type I, which 
gives the best fit with the observed cross-sections. If t3rpe III forces were assumed, 
the best range would be slightly less but good agreement over the whole range of 
neutron energy could not be obtained with any range. Por both, the ranges are 
compatible with the quadrupole moment of the deuteron. 

In the determination of range from (c), (d) and (e) the interaction has been taken 
as purely central because the inclusion of the non-central part does not seriously 
affect the theoretical predictions (Hepner & Peierls 1942), provided the energies 
of the and states of the deuteron are given correctly. The ranges obtained from 
(c) and (d) and possibly from (e) are so small, however, that no choice of the constant 
y in the non-central form (1) would give rise to the observed quadrupole moment. 
Thus in § 3*2 it was noted, by reference to figure 1, that this would be so if the range 
were < 1*3 x 10“^® cm. 

Proton-proton scattering gives, at present, information on the interaction 
between protons. The present experiments are still consistent with equality between 
this interaction and the corresponding one between neutron and proton if the range 
is taken to be the same. Assuming this to be true, the range which best fits the proton- 
proton scattering should be the same as that derived for neutron-proton interaction 
from other data. 

The binding energy of the triton, though practically independent of the exchange 
character of the forces, may depend, for a given shape and range, on the non-central 
nature of the interaction. No detailed calculations have yet been carried out with 

* A preliminary account has been given by the authors in a letter to Nature (Massey & 
Hu 1947 ). 
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II The upper limit was determined by Lubanski & De Jager (Rosenfeld 1948 ). 
^ Margenau & Warren ( 1937 ), Margenau & Tyrrell ( 1938 ). 

** Brown ( 1939 ). 
tt Rarita & Present ( 1937 ). 
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such an interaction. The ranges given are those derived on the assumption of central 
forces and charge independence of the fundamental interactions. 

Even ignoring the data of (c), {d) and (e) the agreement obtained between the 
ranges derived in the diJfferent ways is not good, for any shape of interaction, and is 
particularly bad for the Yukawa potential. The exponential potential gives the most 
consistent results. 

A way out of these difficulties could, of course, be found by utilizing the patent 
remedy of theoretical nuclear physics, i.e. introducing more adjustable constants 
into the interaction potential. One of the obvious ways of doing this is to use different 
ranges for the ordinary, the spin exchange and the tensor forces, in other words 
we may assume both g and y to be functions of the relative distance between the 
nucleons. It still remains to be seen how far this would have to be carried out. 

The situation is clearly very fluid and we are yet far from a consistent picture of 
the nature of the fundamental interaction. 

Mathematical appendix 

I. Solution of the differential equations for the ground state of the deuteron 

a. General formulation of the iteration method 
The usual task in a nuclear two-body problem is to determine the constants in 
the interaction potential with a given binding energy. For this purpose, it is more 
convenient to transform the Schrodinger equation into an integral equation and then 
solve it by an iteration method. The advantage of this procedure is that the inter¬ 
action constants are determined in the process of calculation while, with the usual 
method, we have to determine them by trial and error. 

We shall henceforth use the range r^ of the force as the unit of length. The Schro¬ 
dinger equation for the relative motion of two nucleons is then 

V2^ir+(a?7(r)-e2)^ = 0, (29) 

where = MErljh^ U{t) = 

The solution of (29), conforming to the boundary conditions of a bounded state, 
satisfies the integral equation 

To solve (30), a series of iterated functions 

are constructed from a properly chosen initial function Then the successive 
approximations to 'ilr and a are given by 

= {Jl $^.^1 . (32) 

It can be shown that the process does converge to the true solution of (30) (Svartholm 

1945)- 


11-2 
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b. Application of the method to determine a and j 
For the interaction assumed in this paper 

Uir) = (l+yS^,)V{r). 

To ensure rapid convergence, is calculated from the equation 

^0 = ^ r * ' W)foir')Xxdr', (33) 

with /o{»-) = (r<l) 

rsmk 

— (r>l) 

and k cot & = — e. 

With ^0 given hy (33), it can be shown that the iterated functions (p^Sx) are all 
of the form ^ 

and (31) become simply (Watson 1944 ): 

Sncix) = »-*-fi(er) ^'*-S^i(e^')[/m-x.o(»‘')+V8rA-i.2(»-')] F(r')i?r' 

+riZi(er) jy*/i(er') Un-i.o(r’)+^S7fn-x.2ir')] r{r')dr', 

' (34) 

A,(r) = riIi{er)j%'iKiier') U8rf,.^,(r') + {l-2y) /„_i.,(r')] V(r') dr' 

+riKi{eT) rV'i/ 4 (er') [V 8 rA-i.o(»-') + (1 - 2 r) /n-i. 2 (»-')] F(/) dr', 

Jo 

where I and K are Bessel functions of first and second kind with imaginary argu¬ 
ments. (The notation is that used by Watson 1944 .) 

The ^^th approximations for a and y are given by the relations 

= [J(/l,0+/^,2)^r/J(/l-1.0+/l-l,2)^^]'*, 

2 ^(72 fn, 0 /», 2 - 2 ) dr 

and ^ -= 2-73 X 10-2’ ( 35 ) 

\iflo+fl2)dr 


The second relation is the condition for the deuteron to have the correct electric 
quadrupole moment. It is to be noted that a simple justification of the general 
formulation (a) is possible only when y is kept constant throughout the iteration 
processes. The procedure given here is reliable only when the variations of y in the 
successive approximations are not very large. 

In the case of the spherical well interaction, F(r) vanishes outside the range of the 
force. Inside the range of the force, the interaction is much larger than the binding 
energy of the deuteron. To take the full advantage of these circumstances, a slightly 
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modified procedure has been used. Referring to the differential equations (IS)^ the 
solutions/o and /2 now satisfy the integral equations 

/oW = {« - +rj^ /od!a:j + 2^2 yai^jxf^dx + f^dx^ + c^r, 

6/2W = j^x%dx+r^ j xr%dx^ 

H-{a(l —2y) — J a;®/ 2 cila:+r® J aj'^/gdajj+Cjr®, 

for ?•<!. These fimotions must be joined smoothly to the solutions outside the 
range, viz. 


36) 


/o = e-«-, /2 = ge- 




The conditions for a smooth joint at r = 1 are 

Ci = -ee-«, C 2 = -i{e®+e®)g'e-«, 


(l + e)e“® = (a —e®)J cll^Qdx+^J8yaj xf^dx, 
g'e-®[^5^1+e+|-)+i(6®+e®)J = ^8ya j^od>fQdx+{a{l-2y)~e^}j^x%dx. 


(37) 


The simultaneous mtegral equations (36) are again solved by an iteration method. 
The constants a, y and q are determined for each approximation by the last two 
equations of (37) and the second equation of (35). The initial functions for the 
iteration were taken to be 


/o — ® ‘ 


sinir 
sin A ’ 



siniir 
sin A; ’ 


where k is given by i cot i = — e. 


As an illustration of the convergence of the method described above, the value 
of a and y obtained by successive approximation for three different potential wells 
are given in table 6. 






Table 6 





type of potential well 


ai 

^2 

ag 

7i 

72 

Ts 

spherical well 

(Tg = 2-62 X 

10“ 

cm.) 

1*95 

1*93 

— 

1-26 

1-29 

— 

Yukawa well 

(rg= 1-74 X 

10- 

cm.) 

1*87 

1-94 

— 

0-763 

0-730 

— 

exponential well 

(7-0= 1-74 X 

10- 

-13 cm.) 

5-64 

6-09 

6*20 

0-94 

0-85 

0-832 


II. Calculation of the phases 

In the present work, over 500 phases had to be calculated. We shall give only a 
brief sketch of the methods used in these calculations. 

The various continuous states can be divided into coupled and uncoupled states. 
The phases for a pair of coupled states are determined by the simultaneous differ¬ 
ential equations (11) and the asymptotic conditions (19) and (22). For uncoupled 
states, a single differential equation and the usual asymptotic form sin (Jfcr ~ 
is sufficient to determine the phase Th. 
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a. The wnampled states 

All singlet states and the triplet states with I — J axe uncoupled states. To these 
one may add those states with I -J~1 when their coupling with states I = J+l 
can be neglected. Within the energy range considered in this paper, the couplmg 
of and states can be neglected in the case of a spherical well interaction since 
the F-wave does not rise to sufficient amplitude within the range of force to perturb 
seriously the P-wave coupled with it. For Yukawa and exponential wells, the 
couplings between ®F 4 and and and states can be neglected. 

The differential equation for an uncoupled state is 

+ ( 38 ) 

For the spherical well case, the phase % is given by 
tan% = {-lyAijBj ,, 

Ai = kg^_^{k) g^{Jc’) - h'g,_^{h') g^{k), 

Bi = kg_i^.-i{k)gi{k')+k'gi_-i{k')g_i{k), 

For other potentials i/g was calculated by numerical integration of (37), and, for 
was calculated by Bom’s approximation 

(39) 

To calculate i/j, the simplest version of Hulth^n’s method (HultWn 1944 ) has 
been used. As is well known, the phase th is related to the wave function /j by the 
formula a T* 

sin % = J 0 /i S'! (40) 

If we replace/j by gi we obtain (39). Writing/^ now in the form 

/j = g'j(fe)cosi/j+iij(a;)sin%. (41) 

Substituting in (40), and solving for i/j, gives 

cot% = [%(P)]-^|l gAVix)d:^. (42) 

According to Hulth^n, hi{x) can be put approximately in the form 

(-1)^ (1 + 6e-») (1 - e-®)«+i gjjcx)* 

The value of 6 is determined by the condition 

Witli the help of (42), can be eliminated from (43). We get, then, a quadratic 
equation for 6 . To select one of the roots, a further condition 

* This will be a poor approximation when the first zero of g^i{kx) lies within the range of 
force. (This will not happen in all cases considered in this paper.) 
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has been used. The adequacy of this method can also be tested by this relation. 
As a farther check to this method, numerical integrations have been performed for 
several cases. The results are given in table 7. 

Table 7 

For Yukawa potential V(x) = h = 1*062 


€L 

4*772 

-4*772 

-1*591 

by the approximate method 

0*7983 

-0*3959 

-0*1564 

rji by numerical integration 

0*7974 

-0*3961 

-0*1557 

For exponential well V{x) = 

k = 1*062 


a 

16*62 

-16*52 

-5*504 

7jj by the approximate method 

0*9642 

-0*3520 

-0*1470 

by numerical integration 

1*0161 

-0*3510 

-0*1466 


It is of interest to notice that an interpolation formula for rji can be derived from 
(42) by expanding h{x) as a power series in a. We get, then, 

(9/^(5) cot %-l) = Cia + C2a2 4-C3a® + ..., (45) 

where c^, Cg, etc. are coefficients depending on the value of h only. 

With two or three coefficients determined by known values of % (46) represents 
a quite accurate relation between a and We have used this formula to check our 
numerical calculations. 

b. The coupled states 

For the coupled states and in the case of the spherical well, the differential 
equations (11) were solved by series expansion. For other shapes of potential, 
direct numerical integrations of the simultaneous dififerential equations was em¬ 
ployed. (We are indebted to the Scientific Computing Service for this numerical 
work.) 

For other states, the following approximate methods were used. The wave fimc- 
tionsfj^x{x),fj^^{x) are connected with the phases by the relations 

1 

sin VJ-1.M = V + bfj+ii^)] dx, 

1 C°° 

where a, b and c are the coefficients of V{x) in (11) and are as defined in (22). 

For Bom’s approximation, we put/^^^(a:) = neglect all higher 

orders of tj. We get, then, 

VJ-1.M = I Jo 

VJ+1.M = {9j+i{kx)YVi^)dx. 



( 47 ) 
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In the case of J = 2, a modified Bom’s approximation was used. The improvement 
consisted simply in replacing /j±i by 

(1 — e-®)2^-i] ^ 

/j'+i(*) “ '^j+i,m\ 3j+x{^) + (— lK"*"^sin^j-^j^j(^gr_jr_j(Aa:) (1 — e~®)®'^+2].J 

(48) 

Substituting (48) into (46), we obtain a pair of simultaneous equations firom which 
Vj+i 7 j-_i can be determined. As a check of the accuracy of the method, numerical 
integration has been performed for a single case with a Yukawa well interaction. 
The results, together with those obtained from both Born’s approximation and the 
modified version are given in table 8. 


Table 8 

?/or = ^ = 1'062 

a = 1-034, 6 = 3-791 and c = -0-3134 


numerical integration 
modified Bom’s approx. 
Bom’s approx. 

^10 

0-3176 

0-3068 

0-243 

0-1783 

0-1567 

0-088 

^80 

0-0487 

0-0526 

0-062 

'Isi 

-0-0897 

-0-0883 

-0-093 

numerical integration 
modified Bom’s approx. 
Bom’s approx. 

Cio 

-0-0225 

-0-0228 

Sii 

0-0161 

0-0168 

Cso 

0*0161 
+ 0-0154 

£^81 

-0-0223 

-0-0207 
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In the kinetics of their gas phase oxidations primary and some secondary ohloro-paraf5Sns are 
generally similar to the corresponding hydrocarbons. The rate is strongly affected by the 
pressure of the organic reactant and nearly independent of oxygen. (With tertiary chloro- 
compounds an oxygen-catalyzed pyrolysis obscures the direct oxidation.) 

For the oxidation a mechanism analogous to that proposed for hydrocarbons is assumed^ 
namely one in which the rate is governed by branching chains whose development depends 
upon the breaking of an imstable —O—0— link. 

Previous work on the influence of hydrocarbon structure is interpreted with the aid of the 
hypothesis that methyl groups exert a specific stabilizing effect (and that relatively rapid 
oxidation demands a point of attack in the molecule sufficiently remote from a methyl group). 

In the light of this hypothesis the influence of chlorine atoms is compared with that of 
methyl groups. The chlorine accelerates the oxidation (a) by impairing the symmetry of a 
methyl group into which it is introduced, and (6) by a direct inductive effect of its own. 

The opposite effects of chlorine and of methyl are consistent with the view that the 
—O—O— links are stabilized by electron accession and weakened by electron recession. 


Introbuction 

One of th .6 most remarkable characteristics of hydrocarbon oxidation is the profoimd 
influence of structure on reaction rate. It expresses itself both in a rapid increase in 
velocity as a normal parafSn chain is lengthened, and in an equally striking decrease 
as a molecule of given carbon content becomes more branched. These eifepts are 
specific to the oxidation reaction and do not affect the pyrolysis in anything like 
a comparable way. The object of the present paper is to consider the influence of 
chlorine substitution upon oxidation. 

Here we have to deal with the effect of a given substituent atom, and it wiU facili¬ 
tate subsequent discussion to explain first that in the light of the evidence now 
available we consider the influence of structure on the oxidation of normal and 
branched paraffins to be very largely a function of the methyl groups in the molecule. 
The present point of view may be stated as follows. Methyl groups appear in the 
first place to be inherently resistant to initial attack (compare the very low oxidation 
rates of methane and ethane), a matter which is being considered further in another 
paper. Normally, therefore, the initial attack of oxygen on the hydrocarbon is at 
a CHg or CH group. In this respect the behaviour of oxygen is aiTini 1 a.T- to that of 
other electrophilic reagents, e.g. alkyl radicals and 01 atoms (Smith & Taylor 1939 ; 
Rice & Rice 1935 ; Steiner & Watson 1947 ). Methyl groups also exert a specific effect 
m hindering the development of the branching chain (which must be postulated to 
explain the kinetic phenomena as a whole). It is the development rather than the 
mitiation of the branching chains which wiU have the greatest influence on the rate. 

* Member of the staff of the Division of Tribophysics, C.S.I.R., Australia. 
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We assume, indeed, that the molecules which contribute to the reaction are over 
whelmingly those in which the initial attack has been suitable for this rapid develop¬ 
ment. (Even if another initial mode of attack were somewhat easier it would 
contribute little, because the chain-branching which ensues from it is relatively so 
much less important.) 

Without for the moment making any further hypothesis about the nature of the 
stabilizing effect of methyl groups the assumption of its existence suffices to correlate 
the structural influences just referred to, which are otherwise rather difficult to bring 
under one head. 

We assume the oxidation rate to be some inverse function of a ‘stability factor % 
calculated by assigning unit contribution to a methyl group adjacent to that centre 
in the molecule where the initial oxygen attack has occurred, 1/3 to a group one 
atom removed and so on. The decrement of 1/3 is taken by analogy with the work of 
Derick ( 1911 ) on inductive effects in acid dissociation. 

The stability factor, /S, for each possible reaction centre of a given paraffin is 
calculated and the chain ramification taken to be determined by the lowest possible 
value of S. A graph of 8 against the logarithm of the reaction rate shows a single 
functional relation for normal and branched paraffins, as may be seen in figure 6 . 

According to this way of regarding the matter long normal paraffins oxidize 
readily because they contain points of attack far enough removed from CH 3 groups, 
while branched structures are stable because they do not. 

The effect of the methyl group may reasonably be ascribed to its efficiency as an 
electron source, and this in turn may very possibly be due to its symmetry and its 
aptitude for participation in electron delocalization phenomena (Coulson 1947 ; 
Hinshelwood 1948 ). If the three hydrogens of the methyl group all contribute 
electron density to the fourth bond, then the transmission of negative charge to 
the rest of the molecule is facilitated. It is in this connexion that a comparison 
between the effects of methyl and of chlorine on hydrocarbon oxidation assumes 
special interest. The same phenomenon manifesting itself in a different way leads 
to a stabilization of the methyl group, which may, therefore, be expected to resist 
initial attack by oxygen. 

For the purposes of the comparison between methyl and chlorine the interpreta¬ 
tion of the reaction mechanisms involved in hydrocarbon oxidation need not be 
carried further. A more specific hypothesis, however, is relevant to the discussion 
of the general kinetic behaviour of the chloro-derivatives. Our working hypothesis 
about chain initiation and development has been discussed elsewhere (CuUis, 
Hinshelwood, Mulcahy & Partington 1947 ). The essentials are as follows. Initiation 
is by the steps RH + O 2 = R+HO 2 

R + O 2 — R—O'—0— 

R_0—0—+ RH = R—0—0—R 
R_0—0—R = 2R—0— 

Alkoxyl radicals of the right type break down to give lower alkyl radicals + aldehydes. 
The former may react with oxygen to suffer further degradation or with paraffin 
to regenerate B. 
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The stabilizing effect of electron sources is assumed to consist in a strengthening 
of the peroxidic link, and the consequent hindrance of chain development. 

The most striking kinetic characteristics which this scheme summarizes are: 

{a) the existence in the low temperature oxidation of an induction period and the 
gradual acceleration of the reaction to a maximum rate; 

{b) independence, over a considerable range, of oxygen pressure and reaction rate; 
(c) steep increase of rate with concentration of hydrocarbon* 

If the oxidation of the chlorine-substituted hydrocarbons takes place according 
to a mechanism basically similar to that which obtains for the unsubstituted com¬ 
pounds, the same kinetic characteristics should again be in evidence. 

In what follows the problems to be considered are: 

( 1 ) To what extent the reactions of the chloro derivatives are comparable in 
mechanism with those of the simple paraffins. 

( 2 ) Where the mechanisms are in fact comparable, what are the relative influences 
of methyl and chlorine. 


Exterimentax. 

Methods 

The vapour of chloro-hydrocarbon and oxygen were admitted separately to a 
closed silica reaction vessel at constant temperature and the reaction followed 
manometrically. Details, including methods of analysis, were as previously described 
(compare Chillis et ah 1947 ). The reaction is very sensitive to surface conditions. At 
first erratic results are obtained, but after a number of preliminary runs in the 
vessel with standardization of evacuation procedure reasonably consistent values 
for the rate are achieved. Two separate reaction vessels of 290 and 270 ml. respec¬ 
tively were used, the rates in the larger vessel being the greater. A certain irrepro- 
ducibihty is almost certainly due to variations in the chain-controlling character 
of the vessel walls, but it is not serious enough to mask the broad structural com¬ 
parisons which are to be considered. 

The pressure-time curves 

With most of the chloro-paraffins a gradual build-up in the reaction rate was 
observed, the pressure-time curves being, in a general way, analogous to those 
obtained with the unsubstituted substances. 

The effect of rexictant concentrations on the reaction rate 

This was investigated by measuring at constant temperature the maximum rates 
of oxidation {p^ax.) for various mixtures of chloro-paraffin and oxygen. Results 
are given below for l-chloro-propane, l-chloro-3-methyl-butane, 2 -chloro-propane 
and 2 -chloro-butane, the first being a primary substituted straight chain, the second 
a primary substituted branched chain and the third and fourth secondary sub¬ 
stituted straight chains. It will be shown later that tertiary substituted compounds 
are unsuitable for investigation. 

l-Chloro-propane, Figure 1 (curve A) refers to mixtures of 102 mm. initial oxygen 
pressure with various initial pressures of l-chloro-propane at 271° C. The rate rises 
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witli rather more than the second power of the chloro-hydrooarbon pressure. Figure 2 
(curve a,), which refers to 30 mm. 1-chloro-propane with various pressures of oxygen 
at 271® C, shows the rate to be independent of oxygen concentration from 500 to 
20 mm. initial pressure. Between 20 and 7 mm. the rate falls off rapidly.* It is evident 



FiGUitE 1 . Curve A, oxidation of 1 -chloro-propane at 271° C (O 2 = 102rQin.)- 
Curve jB, oxidation of 2-chloro-propane at 343-5° C (O 2 = 250mm.). 



Figubb 2 . Rates (pmax.) curve (a), and total pressure changes (Ap^) curve ( 6 ), for 
i-chloro-propane {30 mm.) at 271° C. 

that in the strong dependence of the rate on hydrocarbon concentration and the 
absence of any effect of oxygen over a wide range, the behaviour of this substance 
is similar to that of unsubstituted hydrocarbons. 

Figure 2 (curve 6) gives the final pressure increase on complete reaction (Apoo) 
for various pressures of oxygen and 30 mm. 1-chloro-propane. increases to a 
maximum value at about 100 mm. initial oxygen pressure, thereafter remaining 

* The rate of pyrolysis in absence of oxygen is appreciable (0-05 mm./min.) under these 
conditions, though small compared with the rate of oxidation. There was no sign of an induction 
period in the absence of oxygen but with 7 mm. oxygen the reaction took 12 min. to attain its 
Pmax. of 0-7mm./min. 
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substantially constant. Analogous behaviour is shown by unsubstituted paraffins 
(Ouffis a al. 1947 ). Above 294“ 0 (30 mm. C3H7Cl/260mm. Og) the reaction gives 
rise to a cool flame, a further indication that the general nature of the reaction is 
aiTYiilflr to that of unsubstituted hydrocarbons. 

1-CMcn-o-Z-mahyl-bvtane. Figure 3 shows that the behaviour of this compound 
at 227° C is also analogous to that of the paraffins. 



upper, Pq O 2 (mm.); lower, Pq halide (mm.) 


FiGtJitE 3. Osddatiou of l-ohloro-3-methyl-butane at 227® C. Open circles, halide 60 mm., 
Og varied, left-hand scale. Filled-in circles, O 2 200 mm., halide varied, right-hand scale. 



Figuhe 4. Oxidation of 2-chloro-butane at 220® C. Open circles, halide 50 mm., O 2 varied. 
Filled-in circles, O 2 200 mm., halide varied. 


2-Chloro-butane, Figure 4 shows the behaviour at 220 ® 0 of this secondary com¬ 
pound. Dependence of on the reactant concentrations is similar to that of the 
primary and of the unsubstituted compounds. The rate remains independent of 
oxygen concentration down to an initial oxygen pressure of less than 10 mm. 
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2-Ohloro-propane. Figure 1 (curve B) shows the effect on of increasing initial 
pressures of this compound at 343'5° 0. Comparison with curve A shows that the 
rates are less than those found with 1-chloro-propane in spite of the 70° 
temperature. Figure 5 (curve a) shows that Pmai. is independent of oxygen con¬ 
centration above 8 mm. The initial (maximum) rate of pyrolysis (50 mm. 2-chloro- 
propane) was 0-27 mm./min. 

The evidence so far indicates similarity between the reactions of the primary and 
secondary substituted propanes. Nevertheless, the case is quite otherwise, as may 
be seen by comparison of the effects of initial oxygen concentrations on the fina.1 
pressures reached (figures 2 (curve b) and 6 (curve 6)). With 2-chloro-propane, 



Figure 6 . Oxidation of 2-ohloro-propane at 343’6° C. Halide 50 nun., O 2 varied. 

Curve (a) max. rate. Curve (5) total pressure change, Ap„ (mm.) 

$ 

Apoo is almost independent of the oxygen pressure: there is no falling off of the 
pressure of products as the amount of oxygen is decreased such as is observed with 
the primary compound. In fact Apoo reaches the full pyrolysis value of 60 mm. with 
only 0*2 mm. oxygen present. With increasing oxygen concentration, Apoo decreases 
somewhat, reaching an apparently constant value of 46 mm. at about 250 mm. 
initial oxygen pressure.* The contrast with the behaviour of the primary compound 
is remarkable. 

It is apparent from this result that the main function of the oxygen is catalytic. 
Presumably the reaction observed is the pyrolysis to propylene and HCl catalyzed 
by oxygen. This view is supported by various experiments of which the following, 
with 30 mm. 2-chloro-propane and 250 mm. oxygen at 330° C, may be quoted as 
an example. The initial reaction was almost complete in 2 hr., but after a further 
40 min. a fast reaction suddenly set in, which was due undoubtedly to oxidation of 
the products of the first stage. 

* With 260 mm. oxygen and various pressures of 2-chloro-propane Ap^^ is a little less than 
the original ohloro-propane pressure, but increases linearly with it up to at least 130 mm. 
initial chloro-propane pressure, i.e. to over one-half the pressure of oxygen present. 




166 C. F. Cullis, Sir Cyril Hinshelwood and M. F. R. Mulcahy 

The experiments with 2-chloro-propane clearly provide no values for the rate of 
oxidation suitable for quantitative comparison with 1-chloro-propane and other 
compounds. The rate of pyrolysis observed does, however, give an upper limit to 
the rate of oxidation and there is no doubt that the 2-compound oxidizes much 
less rapidly than the primary one. 

Other secondary and tertiary compounds. The question arises whether other 
secondary (and tertiary) compounds are oxidized or pyrolyzed under the conditions 
of the experiments. With 30 mm. 2-chloro-butane and 250 mm. oxygen at 260*7° C. 
Apoo was found to be 32 mm.; with 5 mm. oxygen Apoo was 5 mm. On the other hand, 
30 mm. of the isomeric tertiary compound 2-methyl-2-chlorO“propane at the same 
temperature gave 28 mm. for Apco with 6 mm. oxygen which is nearly equal to the 
34 mm. obtained with 250 mm. Moreover, the maximum (initial) rate of pyrolysis 
of the tertiary compound in the absence of oxygen at 260*7° 0 was found to be half 
the maximum rate of oxidation. A similarly high rate of pyrolysis was observed with 
2-methyl-2-chloro-butane. It may be concluded that the reaction with the secondary 
substituted butane, and probably other secondary compounds, except 2-chloro- 
propane, is oxidation, but catalyzed pyrolysis occurs with the tertiary com- 
poimds. 

Most of the substances for which the comparative rates have been measured are 
primary compounds. Apart from 1-chloro-propane (which is the least susceptible 
to oxidation), the dependence of the jGbaal pressure on oxygen pressure was not in¬ 
vestigated. In view, however, of the comparative stability of the compounds to¬ 
wards pyrolysis, the result obtained with 1-chloro-propane, the similarity of the 
formal kinetics to those of the unsubstituted substances and the general structural 
consistency of the comparative oxidation rates (see below), there can be little doubt 
that the reaction of the compounds with oxygen is basically similar in nature to 
that which occurs with the unsubstituted paraffins. 


Analytical results 

Various analytical measurements were made by the methods stated in the 
previous paper (Culhs et al. 1947 ) on 1-chloro-pentane for comparison with those 
previously made for the paraffin oxidation. Both peroxides and aldehydes were 
detected. In the early stages of the reaction, the concentrations of peroxides and 
aldehydes run roughly parallel with the rate of pressure increase, and reach maximum 
values when the rate acquires its maximum value (Pniax.)- The results given in table 1 
represent the maximum amounts of intermediates present at any stage of the 
reaction. On the assumption that the quantities of intermediates present are 
approximately proportional to the rate of pressure increase at that time, the 
numbers given have been reduced to equal values of Pmax.* Peroxides are formed in 
roughly equal amounts in the two cases, but whereas in the oxidation of 7 Z--hexane 
approximately equivalent quantities of higher aldehydes and formaldehyde are 
formed, the aldehyde detected during the slow combustion of 1-chloro-pentane 
consists almost exclusively of formaldehyde. The reason for this difference is not 
yet clear. The chloro-aldehydes, which would presumably be formed from the latter 
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compound, may polymerize or decompose rapidly under the experimental con¬ 
ditions, or, possibly, such compounds may not respond as readily as unsuhstituted 
aldehydes to the methods of analysis employed. 


Table 1. Relative quantities oe inteemediatb products eobmed during 

THE SLOW OXIDATION OE M.-HEXANE AND OE l-OHLORO-PBNTANE 


compomid 

peroxides (max.) 
total aldehydes (max.) 
formaldehyde (max.) 


n-hexane 

2-88 

5*55 

2-04 


1 -chloro -pentane 

3-47 

1*83 

1*64 


Discussion of structural influences 

Hydrocarbons, In table 2 are shown the relative oxidation rates of a number of 
straight-chain and branched-chain hydrocarbons together with the minimum values 
of the stability factor, S, which have been calculated as explained in the introduction. 
As far as possible, the comparisons of oxidation rates have been made under identical 
conditions of concentration and temperature but, where this was not practicable 
because of the enormous differences in oxidizability between the compounds studied, 
measurements had to be made in pairs at a series of temperatures. Figure 6 shows 
the relationship between log^^ (rate) and 8, to which reference has already been 
made. 



Figure 6. Stability factor and log (rate relative to pentane) for paraffins and chloro-paraffins. 
O straight-chain hydrocarbons; 0 primary chloro-hydrocarbons; • branched-chain 
hydrocarbons; ■ secondary Chloro-hydrocarbons. 


Primary chloro-paraffins. Table 3 (a) shows the relative oxidation rates and the 
stability factors for a number of primary chloro-paraffins. S was calculated in the 
following way. 

The important point of attack of a hydrocarbon molecule is where the com¬ 
bined influence of the methyl groups is least. The group CH^Cl may be regarded 
as a substituted methyl group, the symmetry of which has been impaired by the 


VoL igS, A. 


Z2 
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replacement of a hydrogen atom by a chlorine atom. Initial attack will be taken 
not to occur readily at this group. In the compound 1-chloro-butane, 

( 1 ) ( 2 ) ^ ^ 

CH3.CH2.CH2.CH2CI, 

the point of attack wiU probably be either at (1) or (2), but (2) is more likely than (1) 
since it is further from the unsubstituted methyl group, which has a more powerful 
stabilizing influence than the substituted group. If we assign to the group —CH 2 CI 


Table 2. The ineltjencb oe struottjee on the bate of 

OXIDATION OF SOME PABAFFIN HYDBOOABBONS 



oxidation rate 

stability 

structure 

(a) straight-chain hydrocarbons 
* 

(relative to n-pentane) 

factor 

CH 3 .CH 2 .CH 3 

0*1 

2*0 

CH 3 .CHa.CH 2 .OH 3 

s|c 

0-5 

1*33 

CH 3 . CHa. CHa. CHa. CH 3 
* 

(1-0) 

0*67 

CSEj . CHj. CHj. (CHa) 2 . CH* 

* 

7*6 

0*44 

CfH,. (CSj)^. CH,. (CHa),. CH, 

* 

200 

0*14 

CH,. (CH,),. CH,. (CHa),. CH, 

( 6 ) branched-chaiu hydrocarbons 
CH, 

1 

He 

1380 

0*04 

CHj.CH.CH, 

CH,CH, 

l< 1 

0*036 

3*0 

CH,.CH.CH.CH, 

CH, 

1 * 

0*0046 

2*67 

CH,.C —CH,.CH, 

1 

OH, 

CH, 

* 1 

0*058 

2*0 

CH,.CH,.CH.CH,.CH, 

CH, 

1 * 

0*28 

1*44 

GECg.CH.CHa.CHj.CH, 

CH,.CH, 

1 1 . 

2*66 

1*0 

CH,.caa: . ch ' cHj . ch , 

CH, CH, 

1 * 1 

0*11 

1*65 

CH,.C.CHj.CH.CH, 

CH, 

0*18 

‘ 1*67 


* Indicates assumed point of attack. 
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i 

as a whole a contribution x (relative to CH 3 = 1 * 0 ), the stability factor of the above 
compound will be: x + J( 1 * 0 ). If, moreover, the substituted compounds are to show 
general conformity with the hydrocarbons themselves, then from the results for 
the latter (compare figure 6 ), 1 -ohloro-butane (for which logi^ (rate) = 0*300) 
should have a stability factor of 0 * 66 . Equating these values, a;+ 0*33 = 0 * 66 , 
whence x = 0*33. 

S may now be calculated for other primary chloro-compounds with the assumption 
that this contribution of the —CHgCl group is decreased to ^ for every —CHg— 
group intervening between it and the point of attack. Figure 6 shows that the 
general relationship between S and the oxidation rate is maintained in the primary 
alkyl chlorides. 


Table 3. The mFLiTENCE of struottjbe on the bate of 

OXIDATION of some CHLOBO-PABAFFINS 

oxidation rate stability 

structure 

(a) primary chloro-paraffins 

(relative to n-pentane) 

factor 

CH3.CH2.CH2CI 

CH3 

i 

0*2606 

1*33 

CH3.CH.CH2CI 

0*069 

2*33 

CH3.CH2.CH2.CH2CI 

CH3 

3*62 

0*66 

CH3.CH2.CH.CH2CI 

CH3 

1 * 

1*48 

1*44 

CH3.CH.CH2.OH2CI 

2*41 

1*0 

CH3. CHa. CHa. CHa. CHaCl 

(b) secondary chloro-paraffins 

6-45 

0*44, 

CH3.CH2.CHCLCH3 

1*77 

0*79 

CH3. CHa. CHa • CHCl. CH3 

3*19 

0*48 


* Indicates assumed point of attack. 


The introduction of a chlorine atom into the end of a hydrocarbon molecule may 
exert two distinct influences: ( 1 ) it impairs the symmetry of a methyl group, ( 2 ) it 
exerts its own specific inductive effect. These two effects are difficult to separate. 
The experimental results indicate clearly that a —CH 2 CI group as a whole exerts 
a less unfavourable influence than a —CH 3 group on ease of oxidation though the 
relative contributions of ( 1 ) and ( 2 ) cannot yet be estimated. 

Secondary chloro-paraffins. The influence of the chlorine atom alone may, however, 
be found from measurements on secondary ohloro-paraffins. The experimental 
results are unfortunately not numerous since, of the compounds examined, only 
2-chlorO“butane and 2-chloro-pentane undergo normal oxidation, the reaction of 


12-2 
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2 -chloro-propane with, oxygen being probably an oxygen-catalyzed pyrolysis 
(see above). 

Table 3 ( 6 ) shows that both the chJoro-compounds studied oxidize about three 
times as fast as the correspondiug hydrocarbons. Thus the replacement of hydrogen' 

by chlorine facilitates oxidation, even when the substitution does not destroy the 

( 1 ) ( 2 ) 

symmetry of a methyl group. In 2 -chloro-butane: CH 3 .CH 2 .CHCLCHg, the 
favourable influence of chlorine makes attack more probable at ( 2 ) than at ( 1 ). 
If we ascribe to the chlorine atom a contribution y (relative to CH 3 = 1*0), the 
stability factor of this compound will be: 0-33 + 1-0 + 2 /. At the same time, it appears 
from figure 6 that for this compound (for which logio (rate) = 0-249) the value for 
8 should be 0-79, whence 

0-33 + l-0-hy = 0-79, 

so that y = — 0-54. ^ 2 ) 

In 2 -chloro«pentane, CH3.CH2.CH2.CHCl.CH3, the most likely points of 
attack will be ( 1 ) and ( 2 ). If we adopt the above value of — 0-64 for the influence of 
chlorine, the stability factor will be a minimum for attack at ( 1 ). /S is then 
0-33 + 0-33 +J( —0-54), i.e. 0-48, which makes this compound conform to the 
general series (figure 6 ). 

Assuming that the inductive influence of chlorine is the same in both primary 
and secondary chloro-paraf&ns, an estimate can now be made of the relative magni¬ 
tudes of the two effects produced by substituting chlorine for hydrogen in a methyl 
group. At an adjacent carbon atom, the contribution of 1-0 for —CH 3 becomes 0-33 
when this group is replaced by —CH 2 CI, so that the introduction of Cl causes a 
change of —0-67 in the stability factor. Of this, J( —0-54), i.e. —0-18 is due toi;he 
inductive influence of chlorine, so that the remainder, i.e. -0-49 might be ascribed 
to the impairment of the symmetry of the methyl group. The latter effect thus 
appears to be of considerably greater importance. 

Peroxide stability. Observations on the influence of structure show clearly that 
in the oxidation of hydrocarbons and alkyl chlorides ( 1 ) methyl groups have an 
unfavourable effect on the rate, and ( 2 ) substitution of chlorine for hydrogen 
facilitates oxidation, both because the number of methyl groups may thereby be 
diminished and because the chlorine exerts a specific influence of its own. 

In an earlier paper (CuUis et al, 1947 ) the large structural influences encountered 
m hydrocarbon oxidation were ascribed primarily to the varying ease of fission of 
the O—0 bond in intermediate peroxides. The stability of such peroxides may well 
depend on electronic effects transmitted by the groups attached to the two oxygen 
atoms. Chlorine, which is a powerfuUy electronegative element, constitutes an 
electron-attracting group. Its specific influence is opposite to that of the methyl 
group which possesses a capacity for electron-repulsion. 

The results so far obtained therefore suggest that the 0—0 bond in peroxides of 
the type: R — 0 — 0 — R' is strengthened if the attached groups are electron- 
repelling, and weakened if they are electron-attracting. This conclusion is in 
agreement with the view recently expressed by Walsh ( 1947 , 1948 ), who argues that 
the strength of bonds between strongly electronegative elements wiU be increased 
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by the attachment of electron-repelling groups, since such groups will facilitate 
expansion of the atomic orbitals and thereby allow increased overlap of the latter 
without the occurrence of nuclear repulsion. 
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[Plates 2 and 3] 


A quantitative study of the mechanical properties of two-dimensional bubble rafts has been 
made. The elastic properties have been used to check the theory of the interaction of the 
bubbles, and reasonable agreement is obtained. The plastic properties are the main subject 
of this paper. Plastic deformation proceeds by the motion of dislocations, and we have 
taken advantage of the possibility of making absolutely perfect crystalline rafts to study 
the production of dislocations. They are produced either in pairs in the body of the rafts, or 
singly from the edges. The shear strain required to produce them varies from 7® for bubbles 
of 2 mm. diameter to a fraction of a degree for bubbles of less than 0*5 mm. diameter. The 
analogy with metals is best for bubbles of about 1*2 mm. diameter; for these the critical 
shear strain is about 3®. The observed shear strains can be explained in terms of the forces 
between the bubbles, and so it seems that the very low shear strengths of metallic single 
crystals cannot be explained in terms of dislocation creation, but must be a consequence of 
the initial presence of faults of some kind. 


1. iNTRODtrCTION 

In a recent paper entitled ‘A dynamical model of a cr 3 rstal structure ’ (Bragg & Nye 
1947 ) an account was given of the behaviour of a model of a metal consisting of an 
assemblage of bubbles. The bubbles are between 2 and 0-2 mm. in diameter, and are 
formed on the surface of a soap solution. They are attracted together by capillary 
forces, and kept apart by the pressure at the interfaces where they touch. They 
crystallize under the influenqe of these forces as close-packed hexagonal sheets in 
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two dimensions, and as structures of cubic or hexagonal closest packing in three 
dimensions. A mass of the bubbles exhibits many phenomena characteristic of metals, 
such as grain growth after being broken up into a mass of small crystals, and slip 
by the movement of dislocations when strained beyond the elastic limit. These 
phenomena were described in a qualitative way. 

In the present paper, we attempt a quantitative treatment of the mechanical 
properties of a two-dimensional sheet of bubbles floating on the liquid surface. The 
variation with distance of the attractive force between two small bubbles has already 
been calculated by M. M. Nicolson ( 1949 ). The variation of repulsive force with 
distance at the point of contact of two bubbles has been calculated by one of us 
(W.M.L.). The expressions for these forces make it possible to calculate the deforma¬ 
tions of a raft subjected to stresses, and so to obtain values for Young’s modulus 
and Poisson’s ratio. The calculated values of these quantities are compared with 
the values dete rmine d by experiments with an extended regular raft of bubbles, 
and it is found that agreement is satisfactory, indicating that the theory is a good 
approximation. 

We go on to calculate the limiting strain beyond which we would expect the bubble 
raft to cease to react elastically and suffer permanent deformation due to slip, and 
to compare the theoretical limit with that which is observed experimentally. This 
comparison is inevitably much less precise than the comparison between the 
theoretical and experimental values of the elastic constants. The experimental 
determinations of the strain at which slip starts vary considerably, as they depend 
upon the conditions of experiment. Slip may start either by the creation of two 
dislocations in the interior of a perfect crystal which run in opposite directions, or 
by a dislocation starting from a weak point at an edge of the raft. We have calculated 
upper and lower limits for the limiting strain, on certain assumptions which lead 
to an upper limit about three times as high as the lower limit, and it is found that the 
observed points for bubbles of a range of diameters he between these upper and 
lower extremes. The agreement is satisfactory to this extent. It shows that the 
mechanical properties of the two-dimensional raft of bubbles are in accord with 
what we would expect from the forces determined by the surface tension of the soap 
solution. 

Details of the calculations are given by one of us (W.M.L.) in an accompanying 
paper, and only the results will be quoted in the present paper, which deals with the 
comparison between theory and experiment. 

2. Forces between two bubbles 

The attractive force between two bubbles of equal diameter has been calculated 
by M. M. Nicolson. In the calculations a simple expression for the curvature of the 
free liquid surface is used which is equivalent to assuming that the square of its slope 
is small compared with unity; this condition is satisfied to a sufficient approximation 
for bubbles which do not exceed 2 mm, in diameter. Nicolson’s formula for the 
potential energy V due to the attractive force may be expressed in the form 

V == Talf{RlaQ)K^{dla^), 


( 1 ) 
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where T = surface tension, 

al = Laplace’s capillary constant TJpg, 

B = radius of free bubble, 
d == separation of bubble centres, 

Kq = Bessel function of zero order, 

^ = function evaluated numerically by Nicolson. 

A measurement of the surface tension of the soap solution used in the experiment 
gave a value of 23 dynes/cm. With this value 

aQ = 1*48 mm., Ta^ = 0*0503 erg. 

Graphs of the functions Kq and of Ta^ijr are given in the accompanying paper, and 
enable V to be calculated for any values of B and d. 

In his original calculation of the repulsive force Nicolson assumed that two 
bubbles in contact retain a spherical form except at the flat interface where they 
touch. Experimental measurements of the modulus of elasticity of a sheet of bubbles 
gave values only one-quarter of those calculated on Nicolson’s assumption, and a 
further examination of the conditions for equilibrium revealed the source of the 
error. The bubbles are distorted from the spherical form when they are pressed 
together by the attractive forces. The bubbles yield where they touch and expand 
elsewhere, and the elasticity modulus is less than it would be if this alteration in 
form were precluded. It is this yielding which enables the inner surface of the bubble 
in contact with the liquid to merge tangentially into the flat double-sided film at the 
interface. The same condition holds at the edge of the thin double-walled cap at 



Figure 3. Abscissae represent the distance between bubble centres in millimetres. The ordinates 
are proportional to the mutual potential of pairs of bubbles, but for convenience in repre¬ 
senting these potentials for bubbles of different sizes the actual quantities plotted are 
y/^ (see equation (1)). The horizontal straight lines are drawn from the point of first 
contact to the point of equilibrium; the numbers at the minima give the mutual potential 
in ergs x 10“®. 
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the top of each bubble. Figure 1, plate 2, shows the fringes near the rim of this cap; 
the mean angle of the wedge as indicated by the first few fringes is less than 
Annthflr consequence of the deformation is that the repulsive force between two 
bubbles for a given value of d depends upon whether only a pair are in contact or 
whether both form part of an extended raft; it is greater in the latter case because 
expansion can only take place at top and bottom of each bubble. A recalculation of 
the elasticity allowing for this distortion gave good agreement with the observed 
value. 

The repulsive force is due to the pressure inside the bubbles acting upon the inter¬ 
faces. It is possible to see these interfaces through the film at the vertex of each 
bubble, which forms a cap or Kd so thin that the interface is viewed without optical 
distortion. A photograph of interfaces is shown in figure 2, plate 2. The measured 
diameter of the circular rim of the interface is in good agreement with calculation, 
and this affordsa check on the expressionfortherepulsive force, and on the calculated 
value of the attractive force which balances it. 

Curves of potential energy for bubbles of different diameters are given in figure 3. 
It will be noticed that small bubbles are considerably more rigid than large ones. 


3. The ELASTIC PEOPEBTIBS OE an extended sheet OE BtJBBLES 

A sheet of bubbles is elastically isotropic because of its hexagonal symmetry. Two 
elastic constants are therefore sufficient to specify its elastic properties. The most 
convenient constants to measure are Young’s modulus and Poisson’s ratio. 

To measure Young’s modulus, a raft of rectangular shape is formed between two 
smooth barriers on opposite sides, the other two sides being free. One barrier is 
attached to pivoted arms so that it is free to move; its small gravity-controlled 
deflexion is used to measure the stress after a calibration with a light rider on 
a special arm. The other barrier can be moved backwards or forwards, and its dis¬ 
placement, after a small correction for the yielding of the suspended side, measures 
the strain. Young’s modulus is the ratio of the stress to the strain. 

Poisson’s ratio may readily be measured by taking two photographs, one of a 
free raft of bubbles and the other of the same raft which has been compressed or 
extended as in a Young’s modulus measurement. If these photographs are super¬ 
imposed as in figure 4, plate 2, a moir6 effect is produced. If the raft is being com¬ 
pressed, spacings will be smaller in the direction of pressure, and greater at right 
angles to it. For some intermediate angle there will be neither compression nor 
extension, and this direction is shown by the stripes in the moir6 pattern! If the 
slope which they make with the direction of compression or extension is 6, it can 
easily be shown that 

V = (1 cos W)l{\ — cos 26). 

Since Poisson’s ratio v cannot exceed unity, cos 26 is always negative. For instance, 
if Poisson’s ratio were unity and the expansion of the raft sideways were equal to its 
compression in the direction of the applied force, the stripes would be at an angle 6 
of 46°. If Poisson’s ratio were zero so that no sideways expansion took place, the 
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stripes would be perpendicular to the applied force {6 = 90°). Actually they range 
around an angle of about 60°. The observed values of Poisson’s ratio increase fairly 
uniformly with bubble diameter, from 0*45 to 0'6 when the diameter increases from 
0*8 to 2-0mm. The calculated values fit quite well up to a diameter of 1*5mm.; 
after this the approximations of small strains and additive deformations break down 
and lack of agreement can be expected. 

It may be noted that if there were independent central forces between the bubbles, 
Cauchy’s relation would give i; = 0-33. The difference is due to interaction. A bubble 
which is pressed in at one point expands at other points of its surface as has been 
explained above. 

The calculated and observed values of Young’s modulus for different values of R 
are plotted in figure 6. The agreement is as good as might be expected, bearing in 
mind the approximations used in the calculations and the errors of measurement. 



Figube 5. young’s moduliis is plotted against bubble size. (The lattice spacing is approximately 
2i?.) -theory, O experimental results. 


4. Obseevations on the obigin of dislocations 

The experiments on the formation of dislocations in perfect single crystals were 
carried out using one or other of two tjrpes of distortion, either simple uniaxial 
compression or tension between smooth barriers as in the Young’s modulus experi¬ 
ment, or else shear applied by forming the raft between two parallel springs of pitch 
equal to the bubble diameter and translating one of them parallel to its length. 
In both cases we noted the range between the strains in either direction at which 
slip began. 

The latter experiment might at first sight appear to be of the more simple type, 
but this is not the case. The stresses set up are complicated. For instance, if the free 
edges of the raft are perpendicular to the springs there can be no shear strei^ acting 
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along thie slip lines where they meet the edges. An edge is therefore not likely to give 
rise to ginglfi dislocations and deformation should proceed by the formation of pairs 
of dislocations in the body of the raft. The creation of such pairs was in fact observed. 
Figure 6, plate 3 , shows successive frames from a 16 mm. cinematograph film taken 
at interv&ls of sec. Two dislocations are formed which then run in opposite direc¬ 
tions to the free edges. The points of creation of the dislocations were in satisfactory 
qualitative agreement with the positions of the maxima of shear stress as deduced 
by IngHs (1923) and by Mann (to be published) (see figure 7 ). 




Figure 7. The curves give the values of the shear stress along a motUtm lino xiarallel to the 
springs; the broken line represents the shear stress which would be deduced simply from 
the relative movement of the springs. Most dislocations start in the shaded areas whore the 
strain is greatest. 

The experiment is not suited for quantitative comparison, because of uncertainty 
as to the exact fit of the rows of bubbles in the space between the springs and con¬ 
sequent uncertainty of the compression normal to the slip lines. It did, however, 
appear that slip started at a fairly definite shear strain whatever the dimensions of 
the raft. This observation contradicts a statement in the previous paper (Bragg & 
Nye 1947, p. 480 ), that slip appeared to start when energy was released by its com¬ 
pletion. It would now appear that this condition was merely true for rafts of the 
dimensions used m the earlier experiments, and does not hold in general. ^ 

More consistent experimental results are obtained when a regular raft is subjected 
to simple uniaxial compression or extension between smooth barriers. The free 
edges of the raft were trimmed so as to be perpendicular to the barriers. It was 
compressed or extended until slip occurred along one of the lines inclined at 60 ° to 
the barriers. The overall length of the elastic range was measured for various sizes 
of bubbles. Results were reasonably reproducible provided care was taken to make 
the free edges straight. Dislocations always started from an edge, never in pairs in 
the body of a perfect raft. If a point of weakness, such as a small notch, were 
deliberately made at one edge it became a very probable origin of dislocations owing 
to the local stress concentration. Even in such a case, the critical strain was seldom 
lowered by a factor as great as two. Vacant lattice sites gave rise to pairs of disloca¬ 
tions in compression, becoming filled up in the process, but their presence had no 
marked effect on the critical strain. If a dislocation parallel to the barriers happened 
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to be present, it turned on slight compression into two dislocations inclined at 60 ° 
and as compression proceeded these ran away along appropriate slip lines. A. fixed 
boundary reflected a dislocation which ran into it so that a single dislocation could 
cross the whole raft by reflexion backwards and forwards between the barriers. 
A cinematograph film of these phenomena has been made.* In it a raft of .gmfln 
bubbles is compressed and extended through a range much greater than the elastic 
range. The dislocations appear as dark lines, because the displacement of the bubbles 
exposes the blackened bottom of the dish containing the solution. The dislocations 
can be seen darting about along the slip directions, starting at points of stress con¬ 
centration at an edge, being reflected at the barriers, being created in pairs at faults 
in the structure, or running together and creating a fault, and in fact presenting an 
animated scene which gives a graphic picture of what may be supposed to be airing 
place in a strained metal crystal. A series of phenomena of this type is shown in 
figure 8, plate 3 , which shows three frames taken from the cinematograph film. 
The raft was being extended in the vertical direction. The V in the lower right-hand 
corner of figure 8a becomes a dislocation in figure 86, and this lengthens as the 
tension increases. Two parallel dislocations in the centre of figure 8 a run together 
to form a complex fault in figure 86, and this develops into two parallel dislocations 
on a slip plane inclined at 60 ° to the first. A dislocation is seen in the bottom left-hand 
corner which runs towards the edge. In these prints from a positive film the disloca¬ 
tions appear as white lines. 

6. Experimental determination oe the elastic limit 

The measurements of the elastic limit for uniaxial tension or compression are 
plotted in figure 9 . 

The range of strain between a compression at which slip starts and an extension 
at which slip starts is plotted as ordinate against the diameter of the bubbles as 
abscissa. Table 1 gives the mean shear strain along the slip lines deduced from the 
compressional and extensional strains. It must be rememWed, however, that this 
cannot be simply correlated with the critical shear strain for an infinite lattice, 
because in this experiment the dislocations start from a free edge. It is interesting 
to note how rapidly the critical shear strain diminishes as the bubbles become smaller 
and behave as more rigid bodies. 

Table 1 

diameter (mm.) 2-0 1-6 1-2 1-0 0-6 

critical shear strain (observed) 6-66° 4-7° 3'26° 2-7° 1-1“ 

We should have liked to have pursued the investigation with still smaller bubbles, 
but such small strains cannot be measured except with a large raft, and this contains 
such a very large number of the small bubbles that it is difiSlcult to manipulate into 
perfect regularity before shrinking and bursting of the bubbles defeats the experi¬ 
ment. 

* We are greatly indebted to Mr A. P. M. Brookes of the Department of Engineering, 
Cambridge University, on whoso expert knowledge we have depended for the making of the 
cinematographs. 
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6. CoMPAmsosr or thborekoal ajstd experimental 
VAL tTES or LIMITING SHEAR STRAIN 

An upper lim it to the theoretical value to be expected can be calculated as follows. 
Let it be supposed that when slip takes place, all the bubbles in one row raove 
simultaneously over those in the opposite row on the other side of the slip plane. The 
initial state of equilibrium of the two rows is represented by figure lOa, where the 
spheres are shown as intersecting to indicate the formation of the flat areas of contact 
of the bubbles which give rise to the repulsive forces. 



Figtjeb 9. Comparison between experimental determination and theoretical prediction of the 
length of the elastic range, for a range of bubble diameters. O measured, + theoretical 
upper limit, • theoretical lower limit. 


In figure 106 the shearing movement has taken place to such an extent that each 
of the upper bubbles is just losing contact with its lower left-hand neighbour, so 
that the repulsive force has fallen to zero. There is then equilibrium between the 
shearing force which is drawing the upper row of bubbles to the right, the repulsive 
forces at the remaining points of contact, and the internal pressure arising from the 
attractive forces which is pressing the two rows together. Beyond this point, the 
upper bubbles may be thought of as shding over the lower ones up an incline which 
becomes less steep as shear proceeds, so that the shearing force diminishes and finally 
falls to zero when one row is vertically above the other. The shearing force must have 
attained its maximum value at the strain corresponding to the point .where contact 
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is just being lost as in jSlgure 106 . A crystal uniformly strained beyond this point is 
unstable; the slightest excess of shear on any one glide plane makes that plane weaker 
than its neighbours, so that slip takes place on it while shear strain is released on 
the neighbouring planes. The strain calculated in this way therefore represents an 
upper limit to the elastic range. 

The shorter the range of the repulsive force, the lower wUl be the critical angle of 
shear. It is clearly for this reason that the critical angle diminishes as the bubbles 
become smaller and more rigid. In fact, as Orowan has pointed out in discussion, 
the critical shear strain should be zero for an assemblage of incompressible spheres. 
This argument is only given in a general way here, and is developed more fully in 
the accompanying paper. 



b 

Fioxtbb 10 


In the experiment on the critical values of compression and extension the slip 
started at an edge, and this has two distinct effects. The attractive forces which give 
rise to the internal pressure are long range forces as compared with those of repulsion, 
and hence the internal pressure diminishes as the edge of a raft is approached. The 
last rows of bubbles at the edge are held to the raft by a force which is only a fraction 
(e*g. 0*3 for 0-6 mm. bubbles) of the attraction across a slip line in the interior. When 
considering slip starting from one edge along the line of dashes in figure 10 c, it is to 
be expected that it will be controlled by the smaller value of the attractive force 
between A and the bubbles at the tip of the wedge jB. We have calculated a lower 
limit to the critical strain on this assumption. The second effect is only operative in 
compression. It is shown in the acompanying paper that at a certain value of the 
compression a bubble which is at the extreme edge of the raft will be squeezed out of 
position. The movement of a bubble at an edge is supposed to initiate a dislocation. 
This process has actually beeh observed with medium sized bubbles of 1 * 4 mm. 
* diameter. An example of its occurrence is shown in figure H, plate 3 . A lower limit 
has been calculated for the range between the onset of slip in tension and com¬ 
pression, allowing for the diminution in the attractive force and, in the case of 
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compression, assuming a dislocation to start by the displacement of a single bubble 
at the edge. 

These upper and lower limits are plotted in figure 9. It will be seen that points 
representing the observations lie between the calculated curves in the case of the 
smaller bubbles, and approximate to the lower limit in the case of the larger ones. 

7. Analogy with metals 

To sum up, the observed strength of a perfect bubble raft is in agreement with the 
‘theoretical strength’, calculated in terms of the forces between the bubbles. The 
observed critical strains, which may be quite low for small bubbles, are not the 
consequence of pre-existent dislocations or special points of weakness. An irregular 
edge or vacant lattice site lowers the limit, but not to less than half its value for the 
perfect raft. 

We undertook this investigation in an attempt to cast some light on the factors 
which determine the yield point in a metal. It is interesting to note that the critical 
yield strain may be quite low in the bubble model. We have observed values as low 
as 1° for bubbles of 0-5 mm. diameter; an extrapolation of our curve indicates that 
the critical angle for an infinite raft of bubbles of 0*16 mm. diameter would be about 
13 min. of are. This value is not far from the critical shear strain in copper which has 
been hardened by cold-work, which is about 10 min. of arc according to Taylor & 
Quinney (1934). 

However, the compariso* is not as promising as this correspondence might in¬ 
dicate. In the first place, our experiments have been made with a perfect raft. 
Comparison ought to be made with a single crystal of copper which yields for almost 
vanishingly small values of stress. In the second place, critical strains of the order 
of a degree or less are only observed with very small bubbles. It is shown in part III 
that the forces between copper atoms in copper metal correspond most closely to 
those between bubbles of 1-2 mm. diameter. This correspondence is arrived at by 
choosing a diameter for the bubbles which gives the closest correspondence between 
its law of repulsive force and the calculations of Fuchs on the variation of repulsive 
force with interatomic distance for copper ions. The critical shear strain for bubbles 
of 1*2 mm. diameter is 3-26°, a value some twenty times greater than the value even- 
for hardened copper. 

Since bubbles of quite large size best represent the metal atoms, and such bubbles 
have quite high values of critical strain if the crystal is essentially perfect, it would 
appear unlikely that stresses cause a metal to slip by creating dislocations in an 
initially perfect structure. 

Measurements on the properties of rafts containing dislocations are not as profit¬ 
able as might be thought. The bubbles have effectively no mass, and therefore a 
dislocation has no kinetic energy. The main method of energy dissipation is by work 
against viscous forces, whereas in a metal it is presumably by the radiation of elastic 
waves. Experiments to determine the minimum strain required to move a disloca¬ 
tion have not been successful. The viscosity determines the rate at which a disloca¬ 
tion proceeds. Smaller strains cause it to move at even slower rates, and the experi- 
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ment is rendered impossible by the time limit imposed by the abrinlring and bursting 
of the bubbles. 

We therefore cannot consider the bubble model as representing the dynamic 
behaviour of a real lattice, quite apart from its disadvantage of being two- and not 
three-dimensional. We nevertheless consider that its behaviour is interesting, if only 
because it shows that calculations of the ‘theoretical strength’ lead in fact to values 
in good accord with observation. 
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Explaitatiok op Plates 2 and 3 
Plate 2 

Figure L Fringes in the wedge of liquid near cap. 

Figure 2 . Flat interfaces seen through cap of bubble. (Illuminated from underneath to get 
specular reflexion from flats.) 

Figure 4. Superposition of two plates of different compressions to show direction of zero 
compression. 

Plate 3 

Figure 6. The formation of a pair of dislocations, from 16 mm. film. 

Figure 8 . Throo frames from 16 mm. film of raft being extended. 

Figure 11 . Squeezing out of edge bubbles of a raft in compression—the first stage in the 
formation of a dislocation (illuminated from below). 
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A calculatioa of the maximum shear strain under which a two-dimensional close-packed lat¬ 
tice is stable has been carried out in terms pf the forces between the lattice components. Two 
types of force were used; those between floating bubbles, which enabled a comparison with 
experiments on actual rafts of bubbles to be made, and also the forces derived from a poten¬ 
tial V = which form has been frequently proposed as an approximation to the repiil- 

sive interaction terms between metal ions. The conclusion reached is that this maximirm 
strain may be considerably less than that deduced from a simple sine law approximation to 
the shear force versus displacement curve. Detailed consideration is given to edge effects in 
bubble rafts, and reasonable agreement with experimental results obtained. The overall 
result is that the formation of dislocations and consequent plastic yielding can occur in an 
initially perfect lattice only at quite large* shear strains. The analogy with metals is dis¬ 
cussed, and we conclude that the low strengths of metallic single crystals are explicable 
only on the assumption that they are not perfect and that dislocations already exist in them 
and move under very small shear stresses. 


1. Intbodxtction 

In this paper the shear strain at which a perfect two-dimensional lattice of bubbles 
becomes unstable is calculated. The calculation is applied to actual experimental 
conditions; the comparison of the results of theory and experiment are given in the 
accompanjing paper. The forces between pairs of bubbles on which the whole cal¬ 
culation is based are very briefly described; a fuller account of their derivation and 
confirmation will be published elsewhere. A discussion of the analogy with metals 
shows that medium sized bubbles should best represent a typical metal such as 
copper. There are many rather questionable assumptions and approximations in 
the calculation, but the main purpose is to show that in a perfect lattice the strength 
is of the same order as the theoretical value despite the fact that plastic deformation 
proceeds by the motion of dislocations, and that at the low elastic strains obtainable 
in metals there is little possibility of the stresses producing dislocations. 


2. I'OECBS BETWEBIT BUBBLES 

These forces have been discussed in § 2 of part II. The attractive force acting 
between a pair of bubbles is derived from a potential (see equation ( 1 ) of part II) 

■ (') 

where d = separation of bubble centres, Laplaoe^s capillary constant. <!> is a 
function of the size of the bubbles and of the solution used, which we evaluate 
numerically from Nicolson’s work ( 1949 ), while is the zero order Bessel function. 
Both O and Kq are plotted in figure 1 . In the present calculation we do not use the 
attractive forces directly in this form, but instead represent their effect in an infinite 

[ 182 ] 
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raft as an internal pressure whose value is found by summing many terms of the form 
(1). This internal pressure gives rise to a force of F dynes per bubble; F decreases 
rapidly as the bubble diameter decreases. Since many comparatively distant bubbles 
contribute to F we assume it to be independent of local deformations. 

The repulsive forces, on the other hand, are determined solely by the position^ of- - 
nearest neighbours, the magnitude of the force between any pair being the product 
of the excess pressure 2TIR and the area of the flat film between them. Because 
a bubble compressed in one direction expands in other directions the force between 



a h 

Figubb L a Tho function K^dja,^) is plotted against the separation of bubble centres d 
{«(! = 1-48mm. for the solution used). 6 The function <D (equation 1) is plotted logarith¬ 
mically against the bubble radius. 

two bubbles is not a function only of their separation but also of the positions of 
their other neighbours. It may be assumed that, if y is the ratio of the expansion at 
60° to the direct compression, the forcealong a close-packed direction in a hexa¬ 
gonal array will be 

/i=/(^)=m+r{^,+4}). (2) 

where i, j, h denote the three close-packed directions, and is the ‘ overlap ’ of two 
bubbles lying in the ith close-packed direction. This overlap can be regarded as made 
up of two contributions; first, the approach of the centres of the two bubbles con¬ 
cerned makes an overlap equal to the difference between the free diameter 2B and 
the actual separation d, and secondly it will be increased by expansions in this ith 
direction arising from compressions in the other two directions j and k. The first 
contribution, expressed as a strata, is written — the compressions 

in the other two directions’are and 8^. and so the second contribution is the sum of 
fhe expansions ySj and ySj^. Thus, if the deformations are additive, which is probably 
true only for small total deformations, the overlap is -f y{$j -t- dj^ and is greater 
than the apparent value {2B—d)l2B = df. 

The function/(A) has been calculated and is plotted in figure 2. Using this curve 
we can find the value of/^ corresponding to any set of Si, 8j, d*. 
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The ordinates of figure 2 are dimensionless and so apply to all sized bubbles; they 
must be multiplied by ^TR to get the actual repulsive force in dynes. 

When the raft is in equilibrium (denoted by sufi&x 0), the repulsive forces/balance 
the attractive force F, and we easily see (figure 46) that 

/o = ;^=/(Ao)- (3) 

Since in equilibrium all three axes i, j, h are equivalent we have 

^0 = ^0(1 + 27)- 



PiauBB 2. The ordinates are a dimensionless representation of the force resulting from a uni¬ 
axial compression plotted as abscissa. The vertical broken lines show the equilibrium 
compressions or overlaps Ao in an infinite raft for bubbles of radii (from left to right) of 
0-296, 0-692, 0-888 and 1-184 mm. 


This quantity the fractional difference between the lattice spacing in an infinite 
raft and the diameter 2 B of a free bubble, proves to be very important; it is the key 
factor in the calculation of the shear strength and most other properties of bubble 
rafts depend on it in some degree, d, is bigger for larger bubbles, as is shown by the 
vertical lines in figure 2 and by the second column of table 1. When is small, the 
bubbles are nearly spherical; when it is large, they are more nearly hexagonal in 
cross-section. It is the close approximation of the smaller bubbles to spheres that 
gives the impression of great rigidity and hardness. 


3. Shbae stuength oe a pbeeeot inbtottb lattice 

The experiments described in part II showed that the shear strain at which plastic 
3nelding of perfect bubble rafts begins depends very much on the size of the bubbles, 
ranging from about 1° to 10° for the sizes used. In much theoretical work (e.g. Peierls 
1940; Nabarro 1947) the variation of force as a row of atoms is displaced parallel to 
the adjacent row is assumed to be approximately sinusoidal, the value of the shear 
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modulus of elasticity fixing the scale of the curve. On such a supposition, we find 
that the shear strain at which the shearing force begins to decrease with increasing 
strain, that is, the strain for which the crystal becomes unstable, corresponds to 
a relative displacement of adjacent rows ^ equal to a quarter of the lattice con¬ 
stant a. This is a shear strain of Ja.2/^/3.o and is 16°. Thus either the sine law is 
a poor approximation, or else other effects, such as those arising from the edges, are 
active to various degrees for different sized bubbles. 

It was found possible to measure the force required to shear two whole rows over 
one another by using a modification of the parallel spring arrangement described 
in § 4 of the accompanying part II .Only two rows of bubbles were used and one spring 
was suspended so that its deflexion measured the force. The relative movement of 
the rows was deduced from the motion of the-micrometer screw with a small correc¬ 
tion for the deflexion of the suspended side. A comparison between the experimental 
figures for bubbles 1-3 mm. diameter and the sine curve which best flts the elastic 
region is made in figure 3. 



Fioubb 3. The shear force acting when two adjacent rows are displaced parallel to one another. 
-sine curve fitted to elastic region; O experimental points. 

It is seen that the maximum force, which, denotes the onset of instability, occurs 
at a much smaller displacement than the Ja of the sine approximation. An approxi¬ 
mate calculation of the position of this maximum is made in terms of the forces 
outlined above. 

Figure 4 a shows the forces acting on a bubble m a raft. In the elastic region 
A = /«; A = /s; A — /e; ■when the raft is free from stress the S3anmetry shows all these 
forces to be equal to/p. Taking a section parallel to a row along the broken line we 
find a resultant force normal to the row equal to V3./o. This is balanced by the 
attractive forces whose* resultant we have called F (figure 46). There are no tan¬ 
gential forces since the horizontal components of/g and/g are equal and opposite. 


13-2 
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Now consider the raft under shear strain. The forces still balance in pairs, but the 
forces/a and/j are no longer equal, and a tangential force H acts on the section because 
of the dijfference in their horizontal components. This force represents a shear stress 
and is transmitted by the raft to the edges where it is balanced by the applied forces. 
The force F still balances the vertical components of/a and/3. 

We want to estimate the shear strain at which the force H reaches a maximum. 
A full solution of the problem would be extremely complicated. Suppose we give 
the raft a shear strain which displaces the bubble B a distance parallel to 

a row as shown in figure 4c. The equilibrium position of the bubble will, in general, 
be such that its displacement is not purely parallel to the row; the angles of the 
lattice will have changed, and so too will the forces/a and/3. simplified treatment 
which enables us to find the displacement for the maximum shear stress fairly 
accurately is given. 



a 



F 

h c 

FiauBB 4 



Consider the equilibrium of the bubble B. The resultant of the forces /i, 
and/4 components F normal, and H parallel, to the rows. These are balanced 
by the forces /a and f^. The force F, as was explained in § 2, is considered to be 
independent of the distortion, while H is the shear force whose maximum we in¬ 
vestigate. Take moments about the centre of A. This gives, with BO = a, 

Fa cos dg = Ha sin 6^ -f/aU sin — 6*3). 

Suppose the strain of the raft is increased, so that the change in equilibrium position 
of B along the row is d<p. The changes in the moments give 

-Fi<j> = d{Hamid^) + d{f^a^{d^ + 6^), 
or — F d^ - Hd{amid^ —f2d(ami{6^ + d^)) = asind3(iJJ-i-asin(^a + ^s)^/2- 

Now iff? is at its maximum, = 0. Also d/a can be written (ii/a/dA)dA; we know 
dfldS., the change in force due to a certain compressive strain, from the curve of 
figure 2, and d<p gives a strain dA along the join BOoi — cos d^{d<pla). (This should be 
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slightly increased because of the movement of the bubble normal to the row. It can 
be seen that this would make df^ greater and so our argument even better.) Since 
^2 is nearly 60 ° this is —d^j^a. 

So -Fd(p-Hd{a sin 63) -f^ d{a sin + ^j)) = - as sin +^3) — . 

(^L\ JiCt 

The third term is very small, and the second is about ^Hd^ and H cannot be more 
than so that certainly within a factor of two the equation can be written 


From figure 2 we see that, on the arbitrary scale there used, F is never greater 
than 0 - 3 . So the slope should not be greater than 0-6; at A = 0-02 the slope is 1-3, 
so that even in the most unfavourable circumstances the maximum of H occurs when 
the compression between two bubbles B and 0 is about 1 %, which is less than a 
tenth of the equilibrium compression, and we can therefore use the criterion that the 
force/a shall vanish to define the state of maximum shearing stress. The value of 
the force H at this point is then 



H =/a cos 6^3. 

( 5 ) 

Also we have 

II 

(6) 

therefore 

H = Foot ^3. 

( 7 ) 


This relation holds as long as/a = 0 , and so applies to all the region where two rows 
ride over one another, giving the form of the falling part of the stress-strain curve. 
It is almost linear. 

The lattice as a whole is unstable when it is at the point of maximum shear stress, 
for if one plane gets an accidental extra displacement the stress on it will decrease 
and it will continue to move, relieving the strain in the rest of the raft. We now see 
the importance of the quantity $„; it is this which determines the strain necessary 
just to separate bubbles B and 0 . 

To proceed further it is necessary to make other approximations which limit the 
calculations to small bubbles. The measured strains are small for small bubbles, and 
this justifies treating the angles of the lattice m the critical state of strain as being 
nearly 60 °. Subject to this approximation we have from equation ( 5 ) and equation (6), 

So the critical state is defined by the system of forces 

A=/o. /2 = o, A = 2/0. 

We must find the compressions $ corresponding to these using equation (2) and 
curve 2, and use these to give the shear strain 


(8) 
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It is apparent from figure 2 that the force curve cannot be considered linear over 
ranges of compression as large as Sq. We call Sm the compression, in direction 3 , 
which gives/j = 2 /o, /a = 0. This is calculated from the actual force curve figure 2 
and involves some interaction terms. The sides of a triangle such as ABC in figure 4 c 

are then 2i2(l-<Jm), 2i?(l + r(<yo + <yra)). 

and an application of the cosine formula gives 

^ _ ^in( 1 + y)+y^o 

2 a~2 212(1-50) (l-<So)® ’ 

In table 1 values of 8 ^, and' for several values of bubble diameter are given 
and it is seen that the maximum theoretical shear strain is about two or three times 
5 o, the homogeneous expansion required to make the repulsive forces vanish. Thus 
for the very hard small bubbles we get low critical strains. 




Table 1 




^0 

5ttt 


e^sa, tension 

0-296 

0-0185 

0-036 

0-048 

0-0268 

0-592 

0-044 

0-086 

0-134 

0-0815 

0-888 

0-076 

0-136 

0-220 

0-129 

1-184 

0-103 

0-170 

0-270 

0*162 


squeezing 

-(-f) 

001(0 lower 


compression 

out 

limit 

n 

0-0477 

0-006 

0-7 ' 

0*013 

12-5 

0-132 

0-023 

0-6 

0-064 

5*0 

0-196 

0-045 

0-36 

0*129 

3-2 

0-246 

0-065 

0-26 

0-186 

2-8 


4. MonmoATioiTS fob actual conditions of fxpbeimbnts 
(i) Change to tensile tests 

It is not yet possible to make a comparison with the experiments since these 
were not done on infinite rafts in pure shear, but for finite rafts under 
tension and compression, such that slip occurred along lines at 30 ° to the com¬ 
pression direction. The application of the stress not only provided a shear com¬ 
ponent, but also altered the value of F, the force acting normal to the slip line. If 
jPj be the force due to the attractive forces, we can write 

F = Fo + 2B(rsm^ZO, 

where <t = stress = force per unit length, and so requires the factor 2i2 to reduce it 
to the force per bubble. Thus 

F = F^-{-lor.2R. 

The tangential force H is 

H — <rsin 30 cos 30 . 2 i 2 = '^criR. 




189 


A dynamical model of a crystal structure. Ill 
The maximum value of H is, as above, J'/^ 3 , so that for slip to occur 



that is 2 Bcr = —Ff, or 2J},. (10) 

The negative sign indicates tension. 

Thus in tension F = ^Fq, and in compression F = ^Fq. 

The value of F is introduced into the calculation of the critical strain via the 
initial compression. Thus by using different values of and we can obtain values 
for the strain from the above equations (8) and ( 9 ); this can be converted to 1 inp^.r 
extension by the formula 

, _ 2 1 ^ 

and directly compared with experiment. 

There are, however, two objections to this. Krst, a tension of the value indicated 
is sufficient to pull the raft apart normally to the tension. This was observed, but 
only for the smallest bubbles. Secondly, the strength in compression was not 
observed to be greater than that in tension, which is the implication of the different 
values of F above. The former objection is not serious, for we have neglected the 
variation of the angles 6 (figure 4 c) by taking H = Fj^Z. This would reduce the 
critical value of H by several per cent if it were taken into account especially for 
larger bubbles where the 6 undergo larger variations. Thus the brittle fracture of 
small bubbles and its absence for larger ones is quite satisfactory. The second 
objection is more serious, but we believe that as a calculation of the strength of an 
infinite raft the above is valid. One effect of the edges, as we shall show, is to make 
a greater reduction in the compressive strength than in the extensional. The results, 
using the above values oi F = ^Fq and F = fJfJ, are given in the fifth and sixth 
columns of table 1; their sum is plotted in figure 9 of part II as the theoretical upper 
limit. They are necessarily an upper limit, for we have neglected edge effects and 
considered the angles 6 constant. 

Before proceeding to the edge effects, we must discuss the relevance of these 
calculations of the displacement of whole rows to the formation of dislocations. It 
is clear that if a crystal is uniformly at the maximum stable shear strain a small 
additional local strain will make the crystal yield in that region; the stress in this 
region will decrease, and so more will be supported by the surrounding parts of the 
lattice and the plastic region spreads. An alternative way of stating this is that the 
extra strain lifts over a part of a row into its next equilibrium position, thus producing 
a pair of dislocations of opposite signs which separate under the applied stress. It 
is obvious that such pair creation involves a temporary local increase in elastic 
energy, and so we suppose that pair formation will occur only if there is a local 
weakness or concentration of shear stress. This is in accord with the observations 
described in part II; that pairs were not formed in uniform compression, and that 
in the shear experiments, they formed at peaks of shear stress. The production of 
a single dislocation at the edge of a raft is easily understood if it is assumed that the 
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theoretical strength is rather less there than elsewhere. Then two rows get displaced 
relative to one another at the edge and this displacement again spreads, the edge of 
the displaced region being a dislocation. In the following section it is assumed that 
the Tnfl,iTi difficulty is the formation of dislocations, and not their movement, and 
accordingly we take the strength of the lattice to be determined by that strain which 
exceeds anjrwhere in the lattice the theoretical strain calculated on the above lines. 

(ii) Edge effects 

The edge has two distinct effects. One is again represented as a variation of the 
attractive force F; this force is less near the edge since, as explained in part II, there 
are fewer bubbles beyond the slip line to be attracted to the raft as a whole. The 
reduction in F due to this effect at the edge is such that we get 

J’ = JI,(l-exp(-V3|J). (12) 

The application of this equation is difficult, for the distance into the raft in which 
the force F reaches its maximum value is of the same order as the length of a dis¬ 
location. We ought therefore to use an intermediate value between F and JJ,, but it 
is by no means easy to decide what mean to take; the value of exp {-.yJS B/Uq) is 
given in column eight of table 1 and shows the order of magnitude of the effect. 



Fiatran 5. The squeezing out of an edge bubble in a compression experiment 
(see also figure 11 of part 11). 

The second effect of the edge is active only in compression, and is illustrated in 
figure 6. The bubble D is situated at the edge, and when the raft is compressed, the 
forces/a and/g increase as E and Q approach one another. Now when the horizontal 

components of/a and/g together exceed the attractive force J()|l — exp 

the bubble will move outwards as shown in figure 6 until the forces /a and /g have 
decreased to give equilibrium again. This decrease in/a will upset the equilibrium 
of S to a certain extent, and it may be that E will start to follow D, thus initiating 
a dislocation. This mechanism has actually been observed for medium sized 
bubbles ~ 1 - 4 mm. diamfeter (see for instance part II, figure 11). The strain to dis¬ 
place D has been calculated (column seven, table 1), and this is considered to be a lower 
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Mmit to the compressive strength, because the movement of bubbles in a position 
like that of D must be the first stage in the formation of any dislocation. This strain, 
added to that for tension (using the reduced edge value of F), gives the lower limit to 
the strength (column nine, table 1 and part II, figure 9 ). 

For the smallest bubbles, to which the assumptions most nearly apply, the experi¬ 
mental points lie between our upper and lower limits, while for the larger ones, the 
lower limit seems almost correct. This is reasonable since for the larger bubbles 
dislocations are only some two or three bubbles long, so that the displacement of 
the first one, our lower limit, is in effect equivalent to the formation of a dislocation. 
Also, the basic calculation assumed the angles of the lattice to be constant, an 
assumption which, as we noted earlier, will tend to make all of the calculated strengths 
higher than they should be. Thus it appears that the agreement between theory and 
practice is quite as good as could be expected. 

6. Length oe dislocations 

Another rather crude check of the theory can be made by considering the length 
of dislocations. Let us define the length as the number of spaces where corresponding 
bubbles have lost contact, i.e. where the relative displacement of the two adjacent 
rows is greater than the critical value. As noted by Bragg & Nye (1947) this length 
increases rapidly as the bubble diameter decreases. The experimental data are very 
j poor, for the length depends almost entirely on boundary conditions; in figure 6 the 
arrows show the sort of spread of lengths even when as much care as possible is taken 
in the experimental conditions. The theoretical curve is derived as follows. 



FxauRB 6. The length of dislocations is plotted against lattice spacing. 

-theory; arrows observations. 

Koehler (1941) has shown that^the shear strain at a distance r from a dislocation 
(r being in the direction of the displacement vector of the dislocation) is 

ma 1 
' ®*i'""27r(w-l)r’ 

where 1 /m = v = Poisson’s ratio. 
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This solution is valid as long as Hooke’s law is true; in our case we assume this is 
so until the critical strain is reached. Using the measured values of Poisson’s ratio 
we can thus find the value of r for which the critical shear strain is exceeded. Then 
2r/o is the number n of spaces visible, that is 


7 «/ = —-- 

7r(m-l)ea^ 

The curve in figure 6 was plotted using the calculated values of (see last column 
of table 1); there is reasonable agreement. 

To sum up, then, it may be claimed that the yield strength of an initially perfect 
bubble raft can be explained in terms of the known forces which are acting between 
the bubbles. It is not very much less than the theoretical strength of a lattice, that 
is, the shear required to make two whole rows displace relative to one another 
simultaneously. The shear strains required to form dislocations are about 6° for the 
sizes of bubbles used, and so are far above the yield strains of metals. We could get 
smaller strains by using smaller bubbles, and so must consider now what sizes best 
represent metals. 


6. Akaioqy with metals 

The behaviour of the bubbles is largely determined by their size, and we now try 
to find what size best represents a typical metal. We compare only the repulsive ' 
forces, since the attractive ones may be represented in both oases as an internal 
pressure. 

Some calculations by Fuchs (1936) enable a direct comparison with copper. He 
calculates the potential arising from the closed-shell interactions of the copper ions, 
and this is compared with the potential due to the repulsive forces between two 
bubbles. The ratio of slope to ordinate of the curves at the equilibrium spacing is 
fitted to Fuchs’s curve as well as possible; it is found that this needs an equilibrium 
compressionAo equal to 0-066 forthe bubbles. For a diameter of 1-2 mm. Ao = 0 - 0566 , 
and so this size is used for calculation of the potential curve, which is of course the 
integral curve of figure 2. The general form is quite a good fit for Fuchs’s points, but 
this is in part deceptive, and the curvatures at the equilibrium distance which deter¬ 
mine the elasticity do not agree very well. However, this quantity does not enter 
into our calculation and so it seems that as far as the formation of dislocations is 
concerned the elasticity will not be important. For these bubbles we obtained a 
critical shear strain = 0-134 radians. 

Now Fuchs’s figures have been approximated by a formula V = A 6 ~^^\ Using 
such a form we can follow Nabarro (1947) and get an expression for the energy of 
mutually displaced rows 

F = ^ fl 4- log ^ -t- log S 

J? is a measure of the normal force we have called F, 0 is the only variable in this 
equation, and so a direct differentiation gives us the tangential force H = --dVld<j>. 
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By considering only nearest neighbours we reduce the sum to two terms, and 
finally find that the maximum of occurs when 


4>J-, 1 

a 2 ~ 2/Ja2 


cosh~’-(/Sa® —1). 


The shear strain is given by 



As 00, -> 0 so that again we see that infinitely hard lattice components have 

zero critical shear strain. For copper 20 and so ejjj, = O-ll. 

This is smaller than the bubble value, probably because no interaction was con¬ 
sidered in the metal case. The value for the bubbles is reduced to 0‘112 when y is 
made zero. Thus it seems that the size bubble to represent copper ions is about 
1*2 mm. diameter; the length of the dislocations is then about five atoms, which 
agrees with many previous estimates, although detailed comparison is not easy 
owing to the ill-defined term ‘length’. 



Figtjbb 7. The potential due to repulsive forces is plotted against the separation. O Fuchs’s 

calculations for copper ions; - potential curve for bubbles of diameter 1-18 mm. 

reduced to same scale as Fuchs’s results. 


The potential curves for alkali metals and inert gases could not be fitted by any 
size of bubble, the slope at the equilibrium distance being a smaller multiple of 
the ordinate than for any bubbles. We can use the second argument, however; for 
the alkalis 7 and so e^^ is about 0‘21. This is reached (without interaction) by 
bubbles about 2-0 mm. diameter and so this size might be that to use. If this is so, 
dislocations will be about three atoms long and the elastic range of a single crystal 
almost double that for copper. 

The conclusion to be drawn from this work seems to be fairly definite. Bubbles of 
quite large sizes best represent metal ions; they have very high yield strains if the 
crystal is initially perfect. It is therefore unlikely that stress alone ean produce 
dislocations, and since the thermal fluctuation energy hT is some hundred times- 
smaller than the estimated self-energy of a dislocation, even the joint effect of stress 
and fluctuations seems a doubtful source of dislocations in a perfect lattice. 
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Measuremeats on the properties of rafts containing dislocations are not as in¬ 
formative as might be hoped. There is no doubt that a dislocation runs along its slip 
line under very small shear stresses. The measurement of the minimum stress to set 
a dislocation in motion was not possible; in the bubble model, the strain energy which 
the dislocation relieves is dissipated in work against viscous forces, and the slower it 
moves the less work it dissipates. In practice the shear strain can be reduced and 
the dislocation made to travel more slowly until it is moving so slowly as to appear 
stationary—some would move again after a stop over a minute. The time limit of 
bursting and shrinking again puts a stop to this sort of experiment. This need cause 
no great disappointment, since in any case the model cannot give a good representa¬ 
tion of the dynamics of a metal; the lattice components have no mass and no thermal 
motion, dislocations have no kinetic energy, and energy dissipation against viscous 
forces replaces radiation of elastic waves. These considerations, however, should 
not invalidate the conclusions we have drawn about the formation of dislocations 
being unlikely, and even the limitation to a two-dimensional system should not have 
any serious qualitative effects. 


Refeebnoes 

Bragg, W. L. & USTye, J. F. 1947 Proc. Hoy, Soc, A, 190 , 474 . 

Fuchs, K. 1936 Proo. Roy, Soc. A, 163 , 622 . 

als‘0 Mott & Jones 1936 Properties of metals and alloySf p. 143 . Oxford University Press. 
Koehler, J. S. 1941 Phys, Rev. 60 , 397 , 

Nabarro, F. R. N. 1947 Proo, Phys, Soc, 59 , 269 . 

Nicolson, M. M. 1949 Proc, Camb. Phil, Soc. (in the Press). 

Peierls, R. 1940 Proc, Phys, Soc. 52 , 34 . 



Vibration spectra of hydrocarbon molecules 

1. Frequencies due to deformation vibrations of hydrogen 
atoms attached to a double bond 

By N. Sheppard and G. B. B. M. Sutherland 
Laboratory of Colloid Science, University of Cambridge 

{Communicated by Sir John Lenna/rd-Jones, F.R.S.—Received 18 May 1948 ) 


An analysis has been mad© of the infra-red and Eaman spectra of alkyl substituted ©thylenes 
for ‘characteristic’ freqxienoies in the region between 1500 and 700 The mean values 

of the frequencies characterizing the various types of substitution are as follows; asymmetric¬ 
ally disubstituted, 1415 and 890 om."“^; ^mn^-disubstituted, 1303 and 973 cm."*^; c^-disub- 
stituted, 1260 and 973 cm.”’^; mono-substituted, 1415, 1295, 990 and 910 cmr^; trisub- 
stituted, 1383 and 820 cm.“^. These frequencies have all been assigned to specific modes of 
vibration, essentially localized in deformation motions of the hydrogen atoms directly 
attached to the double bond; the higher frequencies (>1000cm.“i) are concerned with 
motions in the plan© of the ©thylenic double bond and the lower frequencies arise from 
motions out of that plane. Using a valency force field, a theoretical explanation has been 
given of the persistence of these characteristic frequencies in alkyl substituted ethylenes 
and detailed calculations have been mad© of the relevant force constants involved. The 
variation in certain of these charaoteristio frequencies when halogen atoms replace the alkyl 
groups has been considered and shown to be due to changes in the force constants and not to 
the changes in the masses of the substituents. For a given type of substitution, the force 
constant decreases progressively along the series alkyl groxxp, iodine, bromine, chlorine and 
fiuorine, i.e. with increasing electronegativity. The use of these methods to provide a means 
of following changes in the electronic structure of the double bond with substitution is 
discussed. 


Introduction 

The fundamental vibration firequencies of hydrocarbon molecules fall naturally 
into five classes. Proceeding from high to lover frequencies these are: 

( 1 ) a group of firequencies between 3400 and 2860 cm.~^ ( 2-9 to 3 - 6 /(); 

(2) a narrow band of frequencies near 2000 cm.~^ (6/t); 

( 3 ) a narrow band of firequencies near 1650 cm.“^ (6/i); 

( 4 ) a moderately wide band of frequencies between 1500 and 600 cm."^ ( 6*7 
to 16 - 7 /{); 

(6) a group of frequencies between 460 and 200 cm.“^ (22 to 50 /t). 

The general physical interpretation of these subdivisions has long been clear; 
thus, the first three groups of frequencies are due to vibrations which are highly 
localized respectively in the stretching of 0 —H, 0 =G and 0 =C bonds. The fourth 
group, however, includes two entirely different types of motion, viz. (1) vibrations 
due to deformation motions of the hydrogen atoms in C—bonds, and (2) vibrations 
due essentially to the stretching of C —0 bonds. The fifth group arises from deforma¬ 
tion modes of vibration of carbon atoms. Although the classification may break down 
in a few special cases (e.g. where resonance between neighbouring multiple bonds 
occurs or in certain ring structures) it certainly holds for the great majority of hydro- 
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carbons and forms the natural starting point for any discussion of the vibration 
spectra of hydrocarbons as a whole. It is clear, however, that this general interpre¬ 
tation of the spectra does not take us very far in the correlation of the spectrum of 
an individual hydrocarbon with the structure of that hydrocarbon and it is only when 
detailed assignments of frequencies within these groups have been achieved that 
vibration spectra can be used to give reliable information on the structure and 
properties of hydrocarbons. 

There are two lines of approach to this problem of assignment. The first is to 
concentrate on the simplest hydrocarbons, obtain a detailed analysis of the normal 
vibrations, investigate the selection rules governing transitions in infra-red and 
Raman spectra and so achieve a full interpretation of the spectra of a number of 
simple hydrocarbons. Having done this, one may hope to extrapolate the results 
to the more complex hydrocarbons for which the normal vibration analysis is im¬ 
practicable. While this approach has given a theoretical justification for the above 
general classification of frequencies, the extrapolation of the results on simple 
hydrocarbons to more complex molecides has so far led to little of importance. The 
main reason is that each molecule studied has usually had special characteristics 
of its own, particularly some form of symmetry, not existing in the larger molecules. 
A further reason is that the internal force fields controlling the vibrations have not 
yet been established with certainty, so that even in the simpler hydrocarbons 
controversy stdl exists over some of the assignments. 

The second, and at present more promising, line of approach is to isolate the 
vibrations of certain key groups or unit structures common to classes of hydro¬ 
carbons and to concentrate attention on the detailed interpretation of the normal 
vibrations of these groups. The justification for this method is that in practice it 
has been found that the spectra of hydrocarbons possessing certain key groups do 
in fact have many spectroscopic features in common. It seems reasonable to con¬ 
clude that the mtemal vibrations of these key groups are, to a high degree of approxi¬ 
mation, independent of the rest of the molecule and may therefore be isolated for 
separate theoretical treatment. In particular, certain vibrations of the hydrogen 
atoms are virtually independent of the vibrations of the carbon atoms, and Fox & 
Martin ( 1940 ) have shown how frequencies in the fibrst class (OH stretching) may be 
dealt with in this manner to characterize CH, OHj and CHj groups in particular 
environments in a wide variety of hydrocarbons. In the present two papers, we 
propose to consider the detailed theoretical interpretation of frequencies in class 
( 4 ) in certain key groups existing in hydrocarbons. This first paper deals essentially 
with deformation vibrations of hydrogen atoms directly attached to carbon atoms 
in an ethylenic tjpe of double bond; the second will be mainly concerned with C—0 
stretching vibrations in parafSinic hydrocarbons containing terminal groups of the 
type CH3. CH(0H3) . CH2... or OH3. C(CH3)2. CH2.... In each case a large accumula¬ 
tion of experimental data had shown that frequencies characterizing these groups 
persisted over a wide range of hydrocarbon molecules containing them. 

A preliminary note giving some of the results of the second investigation has 
already appeared (Simpson & Sutherland 1947). 
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The EXPEBIMENTAIi DATA 

The first requirement for our investigation is a set of reliable infra-red and Raman 
spectra of several hydrocarbons of each of the following structural t3rpes: 



where X, Y and Z denote alkyl groups. 

We do not propose to consider here the spectrum of the parent ethylene molecule 
as this has recently been fully dealt with by Herzberg (1945) with whose inter¬ 
pretation we are in essential agreement. Moreover, the relevance of the ethylene 
spectrum to those of the substituted ethylenes is not as great as might be expected. 

The necessary data on the Raman spectra have been available for several years 
in the work ofBourguel and his associates {1931,1932a, 19326, 1933a, 19336,1935) 
and of Grddy (1935a, 1935 6,19350,1937) who jointly made a detailed investigation 
of such hydrocarbons with the object of following the variation of the C=C 
stretching frequency with substitution, but these spectra are equally useful for our 
purpose. A certain number of these hydrocarbons have been re-examined by 
Cleveland (1943a, 19436,1943c, 1944) and more recently an extensive compilation 
of Raman spectra of hydrocarbons has been published (Fenske and others 1947). 
We have used these more detailed results where apphcable. 

The infra-red spectra of series of hydrocarbons of these types were first obtained 
by Lambert & Lecomte (1932,1935,1938a, 19386) and Andant, Lambert & Lecomte 
(1935), but during the past six or seven years the whole field has been covered with 
much higher resolving power by several workers in this country (Sutherland & 
Thompson 1945; Fellgett, Harris, Simpson, Sutherland, Thompson, Whiffen & 
Willis 1946) and m U.S.A. (Rasmussen & Brattaiu 1947 and Ammcan Petroleum 
Institute Reports 1947). 

Certam of the absorption bands between 1000 and 800cm.~^ in these infra-red 
spectra were quickly correlated with characteristic olefinic groupings and have been 
widely used since as an empirical guide to molecular structure. The earliest work on 
these correlations was by Lambert & Lecomte (1938a, 6) but Rasmussen & Brattain 
(1947) and Thompson & Torkington (1945) have derived a more complete set of rules 
from the newer data. It is generally recognized that these very important infra-red 
bands are associated with deformation modes of the hydrogen atoms but no 
detailed assignments have been made. One of the mam purposes of this paper is 
to show how these and other such bands can be assigned to specific modes of vibration. 

The infra-red and Raman spectra of a representative number of each of the various 
types of substituted ethylenes are shown in figures 1 to 9. The various sources from 
which these spectra have been taken have been enumerated above. In table 1 are 
given the characteristic frequencies that can be picked out from the spectra as 
common to each of the various types of substituted ethylenes. These frequencies can 
be divided into two series, (a) those that lie in the region 1260 to 1460 cm.~^, most of 
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which are strong in Raman scattering but medium or weak in intensity in infra-red 
absorption, and ( 6 ) those that lie between 800 and 1000 cm."*^, all of which are strong 
in absorption and weak in scattering. We shall show that each of these groups of 
frequencies represents related vibrations of the molecules concerned. 

However, before proceeding to the detailed discussion of these frequencies, it 
will be convenient to note two frequencies which occur in most of the spectra but 
which are characteristic of the saturated hydrocarbon chains of the molecules. 
These lie in the regions 1360 to 1380 and 1440 to 1480 cm,”"^ respectively, and are 
caused by deformation vibrations of hydrogens in the CH 2 and CH 3 groups. The 
1360 to 1380cm.~^ frequency is well known to be the symmetrical deformation 
frequency of the methyl group, whilst bands in the 1440 to 1480cm."“^ region are 
caused both by the doubly degenerate deformation mode of this group, and by the 
symmetrical deformation of OHg groups (Herzberg 1945). 

Table 1. Observed oharaotbristio erequbnoibs m the vibration 

SPECTRA OB olefins 


structural type 

observed 

characteidstic 

frequencies 

(cm.-^) 

intensity in 
infra-red (IR) 
and Raman (R) 

V 

A 

1410-1420 

886 - 896 

R, strong 

IR, strong; R, weak 

H/ \Y 

1296-1310 

1296-1310 

966- 980 

R, strong* 

IR, medium* 

IR, strong; R, weak 

V 

i 

1260-1270 

966- 980 

R, strong 

IR, strong; U, weak 

V 

A 

1410-1420 

1290-1300 

986- 996 

905- 916 

R, modixim 

R, strong 

IR, strong; R, weak 
IR, strong; R, weak 

Xs .H 

>c=c<; 
y/ \z 

1380-1390 

800- 840 

R, strong 

IR, strong 


* The reason for the assignment of these two frequencies to separate vibrations will be given 
later. 


Assignment of the characteristic frequencies 

Several considerations lead us to assign these frequencies to hydrogenic vibrations 
of the structural units concerned. In the first place, the fact that they are indepen¬ 
dent of the precise nature of the alkyl groups X, Y, Z makes it appear unlikely that 
any of them are stretching vibrations of C — C linkages around the double bond. In 
the second place, it is generally apparent that as we proceed from mono-substituted 
to multiply-substituted ethylenes, the number of frequencies decreases with the 
number of hydrogen atoms remaining attached to the double bond. Furthermore 
this is true, whether we consider the whole range of frequencies or the two sub¬ 
classifications previously mentioned. The reverse effect would be expected if these 
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frequencies arose from C—0 stretching vibrations. We may best proceed to assign 
them to particular deformation modes of the hydrogen atoms by considering first 
certain of the symmetrical disubstituted ethylenes. 

X H X H 

Molecules of the type 

Por such molecules there will be four hydrogenic deformation frequencies 
associated with the double bond. The approximate forms of vibrations together with 
the selection rules for the more symmetrical molecules with two X groups (point 
group are shown in table 2. In this and all subsequent tables, the hydrogen 
atoms are indicated by • and heavier atoms (or groups of atoms) by o. The 
approximate motions of the hydrogen atoms only are indicated. 


Table 2 . The assignment oe the oharactbeistic eeeqttbnoibs 

OB ASYMMETRICALLY DIStJBSTITtrTBD ETHYLENES 


designa¬ 

tion 

form of vibration 

syrnmetry 

class 

selection 

rules 

assignment 

intense in 


>=< 


IR and R 

1410-1420 

Raman 



B. 

IR and R 

? 

— 

*^3 

x: 

Bx 

IR and R 

886 - 896 

infra-red 



A.^ 

R 

? 

— 


We shall consider in turn the assignment of the two observed frequencies near 
1416 and 890 cm."’- (figures 1 and 2) to these four possible modes. The strong Baman 
frequency between 1410 and 1420 cm.~^ can be assigned with confidence to for 
two reasons. It is the strongest Raman line of those that we are considering, and 
hence would normally be assigned to the only totally symmetric vibration, viz. 
Secondly, the corresponding symmetrical deformation of the CHg group ua ethylene 
and in saturated hydrocarbons is well established at about 1460 cm.“^. 

The strong infra-red band (and weak Baman line) in the region 886 to 896 cm.~^ 
is less easy to assign to one of the remaining three modes. However, can be rejected 
as it would be inactive in the infra-red in the case of molecules of this type, whereas 
in practice the 890 cm.“^ band remains strong in such molecules, e.g. isobutylene. 
We are thus left -with a choice between and Vg and in this case it proves to be 
possible to distinguish between these alternatives by considering the rotational 
contour of this infra-red band of isobutylene. An approximate calculation of the 
moments of inertia of isobutylene shows that it is very nearly a symmetrical top 
having almost equal moments of inertia about axes in the plane of the molecule. In 

the notation of Gerhard & Dennison ( 1933 ), io== 2 /^ and hence 1 =? - 0 - 6 . 

J-o 


Vol. 196 . A. 


14 
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Thus 'perpendicular’ bands will have approximate contours consisting of two P 
and jB shoulders with a weak Q branch in the middle, whereas 'parallel’ bands will 
have very pronounced Q branches whose intensity will be nearly half that of the 
whole, band. 


1400 1200 1000 a 00 cmr^ 
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Figuee 1. Raman spectra of asymmetrically disubstituted ethylenes. 


1400 1200 1000 BOO cixir^ 



Examination of the contour of the infra-red band at 890 cm."”^ in isobutylene 
reveals that this has the predicted contour of a parallel type band. Hence the corre¬ 
sponding vibration has its associated change in electric movement perpendicular 
to the plane of the molecule and it must therefore be V 3 . It may be added that the 
calculated value for the P—i? spacing of such a parallel band is approximately 36 cm. 
agreeing well with the observed spacing of 33 cm.”^. As further confirmation of the 
above assignment of this absorption band we see that the corresponding infra-red 
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active vibration in ethylene occurs at 949 cm.“^ and is very intense in the infra-red, 
whereas the analogue in ethylene is at a higher frequency (995 cm and is much 
weaker in absorption. The remaining two modes and cannot yet be assigned 
with certainty to observed frequencies. 


Xn. /H Xv /' 

Molecules of the type j>c=c<^ and ^c==sC<^ 


/H 

^x 


The experimental data are given in figures 3 and 4 and the modes of vibration in 
table 3. The Raman data for cis- and ^raw. 5 -butene -2 are taken from Gershinowitz 
& Wilson ( 1938 ). Here again there are four possible modes to correlate with the 
observed frequencies at 1295 to 1310cm,"“^ and 965 to 980 cm.'"^. 


Table 3. The assionmekt oe the chakaoteristic ebeqxjexoies 

OF TUANS DISTJBSTITTTTED ETHYLBHES 


designa¬ 

tion 

form of vibration 

symmetry 

class 

selection 

rules 

assignment 

intense in 



A, 

R 

1295-1310 

R 




IR 

1295-1310 

IR 




IR 

965- 980 

IR 




R 

? 

— 


(400 

1200 

1000 

800 cm.“^ 



j 


1 

1 

TRA 

1 

NS BUTEI 

I 

1 

ME2 

h 


1 

1 

1 

J 


1 

1 

I 1 

TRA^ 

h 1 

I 

4S RENTE 

:ne*2 

1 1 

ME *2 

1 1. 

I 

. 1 

1 1 

I 1 

1 1 



\ 

\ 

TRAr 

- . - . 1 

4S HEPTE 

1 


j 



TRAI 

1 

OCTE 

NE-2 

111 


- 1 - 1 


J 

1 

i 

1 

1 

. 1 

TRA 

1 . 
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:nE'3 

1 . . 
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Fiotjre 3. Raman spectra of tram disubstituted ethylenes. 


14-55 
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FiGtTRB 4. Infra-red spectra of trana and cia disubstituted ethyleneB. 


It should he observed that in the case of the more symmetrical molecule 
X H 

N3=c/ there is a centre of symmetry (point group G^, so that infra-red 

active frequencies are forbidden in Raman spectra and vice-versa. Consequently 
with such molecules, there should be no coincidences between Raman and infra-red 
frequencies. However, the experimental data indicate that the frequency near 
1300 om.~^ occurs with considerable intensity in both absorption and scattering 
even in the case of the simple molecule <mns-butene-2. If the appearance of this 
frequency in both spectra had been a violation of the selection rules the intensities 
would have differed greatly in absorption and scattering. We accordingly assume 
that there are two distinct frequencies and assign them to two separate modes. 
Since they differ so slightly in numerical magnitude they must be either and Vg 
or Vg and v^. Our previous arguments on the asymmetrically disubstituted molecule 
showed that the frequency of the bending mode in the plane (j^i) was distinctly 
higher than that in wiuoh the hydrogens moved out of the plane (v,) and so we assign 
these two frequencies to Vj (Raman active) and Vg (infra-red active). The remaining 
strong infra-red band must then be Vg. It should be noted that the weak Raman line 

in the region 966 to 980 om."^ occurs only in the spectra of molecules of the type 
X H ^ 

x; in which coincidences between infra-red and Raman frequencies are 

allowed. The Raman active has not yet been identified. 


Molecules of the type 


H. yK Hv yE 

Ny X/ ~ 

The assignment of the two obseirved C—deformation frequencies in this case 
follows very naturally from the foregoing analysis of the corresponding trovna form 
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of molecule. The frequency near 1260 om.“^ (Raman, strong) is clearly to be associ¬ 
ated with Vi of table 4 as this is the more symmetrical vibration and hence would be 
more intense in the Raman spectrum (figure 5). The 966 to 980cm.“^ band, being 
strong in absorption (figure 4) is most probably V 3 ; and have not yet been 
identified. Although there is a fairly persistent Raman firequency near 1300 cm.“^ 
in the spectra of these ‘cis’ disubstituted olefins (figure 5), the fact that it is absent 
in the spectra of cis-butene -2 and cis-pentene -2 has made us hesitate to assign it to Vj. 
It should be added that it would be desirable to have the infra-red spectra of a few 
more cis compounds to confirm our assignment of Vg.* 
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Ficiuan 6. Raman spectra of cm disubstituted ethylenes. 


Table 4. The assignment oe the ohaeacteristic feeqttbncies 


designa¬ 

OF 

CXB DISXTBSTITUTBB BTHYLBNEJS 

symmetry selectioii 

intensity 

tion 

form of vibration 

class 

rules 

assignment 

characteristics 



Ax 

JR and R 

1250-1270 

R, strong 



Bx 

IR and R 

? 

— 



B, 

IR and R 

965- 980 

IR, strong 

n 


-^2 

R 

? 

— 


Having discussed the various disubstituted ethylenes we can now turn to the 
assignment of the deformation modes of the less symmetrical mono- and tri- 
substituted ethylenes. 

* [l^ofc added in proof.] Since the above was written, new infra-red data have become 
available on several ds compounds (American Petroleum Institute Reports, 1948) which 
indicate that Vg appears to lie near 690 cm."^ and not between 965 om.“^ and 980 om.~^. 
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/H 

Molecules of the type 

This skeleton belongs to the symmetry group Cg having nine modes involving 
motions in the plane of the model, and three out of the plane. Of the former nine 
modes, three must be essentially C—deformation modes, while all of the out of 

1400 1200 1000 800 cmr^ 


PROPYLENE 



Rotjbe 6. Baman spectra of singly substituted ethylenes. 


1400 1200 1000 800 cmr‘ 



Bigurb 7. Infra-red spectra of singly substituted ethylenes. 


plane motions must be hydrogenic. In contrast to the disubstituted ethylenes, even 
the approximate forms of vibration of the molecule cannot be drawn without a full 
normal co-ordinate treatment; accordingly we propose to label the planar modes 
Vi, Vg and Vg, and the non-planar modes as v^, and Vg, and to make assignments in 
the first instance to the v or v' type of vibration (table 5 ). 

The experimental data (figures 6 and 7) provide four frequencies to be assigned 
among these different modes, viz. 1416, 1296, 990 and 910cm.“^. Following the 
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above analysis of the more symmetrical molecules (since all four frequencies are 
close to those of the simpler disubstituted molecules) we note that two of them are 
strongly Raman active (1416 and 1295 cm.~^) and obviously correspond respectively 

to the 1410 to 1420 cm.-^ frequency of a *^® 

1300 cm.“^ frequency found in both cis and traris disubstituted ethylenes. These are 
therefore assigned to planar vibrations, the first of which can be approximately 
described as a deformation vibration of the =CH 2 group, while the second is a 
similar vibration involving a hydrogen atom at each end of the double bond. 


Table 5. The assignment on the oharactebistio ebbqtjenoies 

OE MONO-StTBSTITCTTED ETHYLENES 


designa¬ 

tion 

form of vibration 

symmetry 

class 

selection 

rules 

assignment 

strong in 


planar, mainly 

A' 

m and R 

1410-1420 

R 


planar, mainly 

A' 

IR and R 

1290-1300 

R 


planar 

A' 

IR and R 

? 

_ 


non-planar, mainly 

A" 

IR and R 

905- 916 

IR 


non-planar, mainly 

A" 

IR and R 

986- 996 

IR 

^3 

non-planar 

A" 

IR and R 

? 

.. 


The intense infra-red bands at 905 to 916 and 985 to 995om.“^ can similarly be 
compared with the non-planar vibrations of=CH 2 and —CH=0H— groups which 
are only at slightly different frequencies, viz. 886 to 896cm.“^ and 964 to 980om.~^ 
respectively, in the disubstituted ethylenes. The four observed frequencies can thus 
be assigned as in table 5 leaving Vj and Vg, as yet, unidentified. • 

X. /H- 

Molecules of the type 

In this type of molecule there are only two deformation modes of the hydrogen 
atom, viz. (1) in the plane of the molecule, (2) out of the plane of the molecule. The 
experimental data (figures 8 and 9) and table 6 provide two characteristic frequencies. 
The strong infra-red band in the region 800 to 840 cm.“^ can (by analogy with our 
previous assignments) be attributed to the non-planar mode. We believe that the 
variability in position of this frequency is at least partly due to changes in the 
precise nature of each of the alkyl substituents X, Y and Z which in turn can cause 
changes in the force constants controUing this vibration. In the mono- and di¬ 
substituted ethylenes there are fewer variables factors of this type. 

The planar mode of the hydrogen is assigned to the Raman line near 1383 cm.~^ 
having the correct magnitude for a planar vibration. It will be noted that this 
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FiGtTBB 8. Raman spectra of trisubstituted ethylenes. 



Table 6. The assignment oe the ohaeaoteeistio eeeqttenoies 

OF TEISUBSTITTTTEI) ETHYLENES 


designa¬ 

tion 

form of vibration 

symmetry 

class 

selection 

rules 

assignment 

intense in 

^1 

>=< 

A' 

IR and R 

1376-1390 

R 

J'2 

X‘ 

A" 

IR and R 

800- 840 

IR 
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Raman frequency lies close to the well-known infra-red frequency near 370 cm.“^, 
characteristic of methyl groups, and objection might be made to our assignment 
for this reason. We believe that such an objection is invalid since ( 1 ) the average 
frequency of this Raman line (1383 is distinctly higher than the average for 

the infra-red frequency of methyl groups, and ( 2 ) the methyl group frequency is 
usually very weak in Raman scattering. This is well illustrated in the work of Fenske, 
Bratm, Wiegand, Quiggle, McCormiok & Rank ( 1947 ) on the Raman spectra of 
saturated hydrocarbons containing many methyl groups. 

CAiOtTLATIOK'S ON THE NON-FLANAB. EBEQUBNOIBS 

Using asimplevalenoyforcefield,therelations between thenon-planar deformation 
frequencies of the hydrogen atoms, the masses of the various atoms, intemuclear 
distances and angles have been derived. Two independent methods were used to 
give a check on the equations, the first being that of Howard & Wilson ( 1934 ), the 
second that of Eliashevich ( 1940 ). The general form of potential used was 

2F = k^Bl+k^dl + k^dl + k^dl, 

where 6^ is the angle made by Jfmi with the original plane of the ethylene skeleton 
when is displaced; 6^, 6^ and 6^ are similarly defined (figure 10). The four 6’b in 
this force-field are clearly not independent. However, this form of the potential 
function is easy to visualize and is very convenient for calculations on the more 
symmetrically substituted ethylenes. The required relation between the 6’& is easily 
inserted in the course of the derivation of the relevant equations, or enters naturally 
in choosing the symmetry co-ordinates. When Wg or is an alkyl group we 

assume that the latter may be replaced by a point mass; this is justified in that the 
deformation frequencies of the hydrogens will be shown to be very insensitive to 
these masses. 



Fiotoe 10 


The relations obtained are as follows where A = 

Asymmetncally disitbstitiUed ethylenes (table 2 ) 
Ag-f-Ag = kP + k'Q, j 
AgAJ = kk'{PQ-B^),\ 


(1) 
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where 

P _ 0/1_ /oos “1V , CO®*«+__L\ 

and 

J 1 /cosa ly cos^a 1. \ 

and 

^ 2cosa/2cosa , 1 , 1\ 

ML \ L 

while 

k k' 

A4- 1 ^ . 


(2) 


; + 


ml^ m'V^ 


Here Aj and A 4 correspond to and V 4 of table 2 while Aj is the counterpart of Aj 
in which non-hydrogenic atoms are deformed out of the plane. In this case 

‘ = m 2 = m', m 3 = = m (hydrogen), 

l^ = l^ = I', = = l (OH bond length), 

2V = k{ei+ei)+k'{di+ei). 

Trans disvbatituted ethylenes (table 3) 

, ifc/1 1\ F/1 n'l 

As + As - ^2 + jf j + y2j > 


and 


3 3 pjr/2 


'MJ’ 


JS/ZCOBCC 1\ ly j8j2ooscc l\ 1 ^ 


where 


A4 = 


„ 4cosa 1 1 

^ =—+I+r 


^ j. j_ 


(3) 


(4) 


Here A 3 and A 4 correspond to and of table 3 while A 3 is the counterpart of Aj 

in which the non-hydrogenic atoms are deformed out of the plane. In this case 

m^ = m 3 = m (hydrogen), — = m', 

Zi = Z 3 = i (CH bond length), l^ = l^ = V, 

and 2 F = k{e\ + 61) -h jfc'(d| + 61). 


Cis disubstituted ethylenes (table 4) 
X^+X^ = kX^k'Y, \ 

XiX\ = kk'{XY-Z^)J 


(6) 
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where 


In this case 


and 


X 


Z 




1 

/2co8a 

ly 1 

~ M 

( i + 

l) 

1 

/2 cosa 

lY+J- 

~ M 

1 L + 

v) ^otT 2 ’ 

1 

/2cosa 

l\/2cosa 1 

~ M 

( £ + 

l)\ L .^V, 

k t 

1 1 /I 

i\Y k'1 

_t4 




1 _ J ^/1 1\\2 


1 1 


}_n ly 


= m', — (hydrogen), 

h — h — h — h — ^ (CH bond length), 

2V ^ k(ei+0i)+k'{ei+ei}. 


( 6 ) 


General tests of the eqvMions 

Before applying the equations in detail to a series of experimentally determined 
frequencies, it is desirable to test whether they give rise to ‘characteristic’ fre¬ 
quencies under the appropriate conditions. If this proves to be true, it will afford 
additional evidence for our assignments and justify extending the treatment to 
other similar molecules. 

In the asymmetrically disubstituted ethylenes, it has been shown that when the 
substituents are alkyl groups there is a characteristic frequency at 890 cm.~^ which 
we attributed to the out-of-plane bending of the OHg group as a whole. The fact that 
this frequency is independent of whether the substituents are methyl, ethyl, propyl, 
etc. indicates that the frequency is independent of the precise masses, bond lengths 
and force constants associated with the substituent alkyl groups. The application 
of equations (1) to the asymmetrically disubstituted alkyl ethylenes yields the 
results given in table 7. a is assumed to be 120° throughout (as weE known to be 
approximately correct for ethylene), Jf = 12, m = 1 (in atomic units) and I = 1-07A. 
The value oi k = 0-466 x 10~^^ ergs/radian was taken as a reasonable mean from 
the spectrum of ethylene (w'de infra). 


Table 7. Relative vaeiations in oeetain non-planae vibrations 

OE ASYMMETEICALLY DISITBSTITtrTBD ETHYLENES 


m' 

V 

k X 1011 

¥ X 1011 

1^3 

^'3 

1 

1*07 

0-456 

0-456 

1019 

882 

2 

1-07 

0-456 

0-456 

977 

731 

15 

1*07 

0*456 

0-456 

968 

509 

15 

1-54 

0-456 

0-456 

961 

404 

15 

1*54 

0-456 

0-200 

958 

264 


In the last two columns are given the calculated frequencies in wave numbers 
of the two normal modes of vibrations of this symmetry type and it can be seen that 



210 


N. Sheppard and G. B. B. M. Sutherland 

for m' greater than 2 , changes of mass, bond length, or force constant for the sub¬ 
stituent groups make very little difference to the Vj frequency. It is therefore legiti¬ 
mate to speak of this as a characteristic out-of-plane frequency of the OH 2 group in 
agreement with experiment. It is obvious that the value chosen for the out-of-plane 
bending constant of the C—linkages is too high to obtain agreement with the 
observed band at 890 cm.~^ and a more correct value wiU be given later. 

A second test of the equations can be obtained by applying them to ethylene. 
For instance, putting = and 1 = 1' ia. the as 3 Tnmetrioally disubstituted 

case, we find that equations ( 1 ) and ( 2 ) become 

^k(l 2\ 1 

k [I ^ 2 ( 2 Zcosa + i)®\ _ 

1 / j’ 

and A 4 = ~. 

The frequencies in ethylene corresponding to Aj, As and A 4 are respectively 949,943 
and 826 cm.~^. These yield three independent values for k, viz. 0‘622 x 10”^^, 
0-392x10“^^ and 0-460 x 10 "’-^erg/radian. The fact that these are only in fair 
agreement with one another shows that the simple valency force field we have used, 
which neglects interaction terms, will have to be modified eventually when further 
data are available to allow these interaction terms to be estimated. Meanwhile, 
it is satisfactory to note that using the first two of the above separate values of A to 
calculate the corresponding two frequencies in tetradeuteroethylene, we obtain 
values of 717 and 780 cm.~^ in excellent agreement with the experimental values of 
720 and 780cm.“^ (Herzberg 1945 ). Thus, although the values we shall obtain for 
the various force constants by the use of these equations cannot be regarded as 
final, they should be very good first approximations and general trends in these, 
when derived from similar frequencies, can be regarded with some confidence, as 
reflecting general trends ha the final values. 

Application to asymmetrically disvbstituted etkylenes 

In addition to the hydrocarbons of this type whose spectra have already been 
discussed, various molecules with other substituents have been investigated by 
Raman and infra-red spectroscopy. Vinylidene fluoride, chloride and bromide have 
been examined in the infra-red by Thompson & Torkington ( 1945 ) and Torkington 
& Thompson ( 1945 ), the bromide in Raman scattering by de Hempthane ( 1946 ), and 
the chloride in Raman scattering by Cabannes ( 1938 ). 

Accepting our assignment of the strong band at 890 cm.~^ in the olefines to the 
symmetrical CHj out-of-plane bending vibration, the assignments given in the 
literature for the same {Bj) vibrations of the halogen substituted ethylenes seem very 
reasonable. These are given in table 8 together with the force-constants deduced 
therefrom with the help of the appropriate equations. In carrying out these and 
subsequent calculations all planar angles are assumed to be 120 ® and the values in 
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table 9 are assumed for the bond lengths. The values are taken from the work of 
Brookway ( 1936 ), Brookway, Beaoh& Pauling ( 1935 ), Gallaway & Barker ( 1942 ) and 
Huggill, Coop & Sutton ( 1938 ). 


Table 8. Type hydeoqen depokmatiom- preqxtencies 

OP ASYMMBTBICALLY DISXTBSTITTJTED ETHYLENES 


substituent, X 


k X 1011 

k approx, x lOn 

alkyl 

890 

0*394 

0*403 

bromine 

883 

0*394 

0*398 

chlorine 

872 

0*380 

0*388 

fluorine 

801 

0*320 

0*328 

Table 9. 

BoKD lengths in STJBSTITtTTED 

ETHYLENES 

bond 

length (A) 

bond 

length (A) 

C—H 

1-07 

C—Cl 

1*69 

c=c 

1-35 

C~-Br 

1*83 

C—CHg 

1*53 

C—I 

2*03 

C—F 

1*36 




In the above calculations generous upper and lower limits have been taken for 
the other out-of-plane frequency of t 3 q)e but these were found to make little 
dififerenoe to the value of h. An error of ± 0-006 in the above values of k will cover any 
uncertainty due to this cause. The ‘k approx.’ values were obtained by taking 
A 3 = kP as an approximate solution of the quadratio equation ( 1 ). This affords 
a very rapid means of approximating to the force constant direct from the vibration 
frequency and re-emphasizes the relative independence of the hydrogen deformatibn 
frequencies with regard to the structure at the other end of the double bond. It 
shows that any large change in frequency in passing from molecule to molecule must 
be mainly due to force constant variation. 

In the case of vinylidene bromide, deHemptiime ( 1946 ) givesthe value of709 cm.“^ 
for the observed frequency of the deuterated molecule. The calculated value using 
the equations (1) and the value for the force constant given in table 8 is 703 cm.~^, 
in good agreement with experiment. De Hemptinne ( 1946 ) also gives 668 cm.“^ as 
the value of the twisting frequency of symmetry A 2 in the case of vinylidene bromide. 
This gives a value of 0-301 x 10 “^^ for k in our notation and is considerably less than 
0-394 X 10~^^ as given by the Bi vibration. If the discrepancy is not due to a wrong 
assignment it means that there are considerable interaction constants present here 
also. In agreement with de Hemptinne’s assignment, the former value of k gives 
a calculated value for the twisting vibration of the deuterated molecule of473 omi”^ 
in good,agreement with the experimental value'of 478 cm.~^. Thompson & Torking- 
ton ( 1946 ) give 640cm.“^ as the value of the torsional oscillation in vinylidene 
I chloride. This see m s too different from the vinylidene bromide value when the small 
change in the frequency in passing from the chloride to bromide is taken into 
account. More experimental data on the Raman spectra of molecules of this type 
are needed to settle these points. 



212 


N. Sheppard and G. B. B. M. Sutherland 


Application to cis and trans disubstituted ethylenee 

The experimental data on the spectra of halogen substituted molecules of this 
type are much less complete than for the corresponding asymmetrically disub¬ 
stituted ethylenes, and the assignments are correspondingly less reliable. However, 
by starting from the well established frequency at 965 cm.'^^ for the alkyl sub¬ 
stituted molecules and looking for intense infra-red bands (with marked Q branches) 
at lower frequencies it is possible to assign a fairly consistent set of frequencies to the 
symmetrical out-of-plane deformation vibrations of the 0—H linkages. The assigned 
frequencies and the corresponding accurate and approximate force constants are 
given in tables 10 and 11 . 


Table 10. Type hydbogen beeobmation ebequenoies of 

TRANS DIStTBSTITTTTED ETHYLEKES 


substituent X 


k X lO^i 

k approx. X 10^1 

methyl 

978 

0-591 

0*595 

alkyl chain 

965 

0*575 

0*579 

iodine 

896 

0-496 

0*498 

chlorine 

820 

0-413 

0*418 


Table 11. Type HYDBoaBEr defobmation fbeqttenoies 
of cm niSTJBSTITXTTBD ETHYLENE8 


substituent X 

*^ 3 (^ 2 ) ■ 

k X 10^ ^ 

k approx, x 10^^ 

methyl 

986 

0*633 

0*640 

alkyl chain 

965 

0*606 

0*613 

iodine 

906 

0*610 

0*512 

bromine 

896 

0*509 

0*512 

clilorine 

860 

0*474 

0*477 


The experimental data on the cis and trans dimethyl ethylenes (butenes) are taken 
from the infra-red work of Gershinowitz & Wilson ( 1938 ) and on the halogen 
substituted ethylenes from that of Wu ( 1937 ), Emschwiller & Lecomte ( 1937 ) and 
Herzberg ( 194 s)' values chosen for the cis and trans dichloroethylenes are at 
variance with Wu’s assignments. For example, the type A contour listed by Wu for 
the 860 cm.”^ frequency of m-dichloroethylene is assumed here to be of type G 
(both should have Q branches), and that at 820cm*“^ in the fran^-compound is 
assumed to be the out-of-plane vibration rather than a C—01 valence mode. These 
changes must be regarded as tentative only until more experimental work under high 
resolving power in the vapour phase has been done on these compounds. They are, 
however, in agreement with some recent assignments by Pitzer & Freeman ( 1946 ). 
Here again values are given for k as determined with the full equations and with the 
first term only, and the close correspondence of the two values in every case shows 
how separable are these particular modes. The k values may be taken as correct to 
± 0*005 X 10 on the assumption of the simple valence force field and the stated 
molecular dimensions. The experimental data are insufficient to give reliable assign¬ 
ments to the other out-of-plane frequencies of symmetry types A^ (cis) and (trans), 



213 


Vibration spectra of hydrocarbons. I 

which will also be largely dependent on the force constants controlling the out-of¬ 
plane deformation of C—hnkages. The infra-red spectra of deuterated derivatives 
of these compounds do not appear to have been studied. 

Application to the mono-substitvied ethylenes 

Experimental infra-red data on vinyl fluoride, chloride, bromide and iodide have 
recently been published by Torkington & Thompson ( 1945 ) and Thompson & 
Torkington ( 1945 ) and these, together with the data on mono-alkyl-substituted 
ethylenes given above form another interesting series of molecules in which to 
study frequency changes. It was pointed out earlier that the two strong infra-red 
frequencies of the mono-substituted ethylenes at approximately 910 and 990 cm."^ 
were respectively not far removed from the 890 and 966 cm.~^ frequencies of asym¬ 
metrically disubstituted ethylenes. It was suggested that the two pairs of frequencies 
corresponded to closely related out-of-plane motions of the C—H linkages and it is 
therefore interesting to see if there is any parallel between the behaviour of these 
frequencies m going along the series methyl, alkyl, iodide, bromide, chloride, 
fluoride, in both cases. 

It has already been shown that the out-of-plane defonnation frequency of the 
=CH 2 group in asymmetrically disubstituted ethylenes is relatively independent 
of the masses, force constants, and bond lengths at the other end of the double bond. 
Also from tables 7 and 8 it is obvious that the change in frequency with X must be 
principally due to changes in the force constant h. If then the 910 cm.“^ frequency 
of mono-alkyl substituted ethylenes is closely related to the 890 cm.”^ frequency of 
the disubstituted compounds we should expect the frequency variation in the vinyl 
compounds to be considerably less than in the vinylidene compounds, since the 
effect of the substituent on k must be much less when there is one substituent than 
when there are two. This is borne out by table 12. In the second column is repeated 
the sequence of observed frequencies (from table 8) for the vinylidene compormds; 
the frequency differences between consecutive members are given in the third 
column. The corresponding flgures for the vinyl compounds are given in columns 
four and flve. It will be noticed that the differences in the fourth column (Av') are 
(within experimental error) the same or considerably less than the corresponding 
ones on the third column (Av). Indeed if JAv is aflded to the observed value for 
vinyl fluoride and the corresponding operation carried out up the series we obtain 
‘calculated’ frequencies in column 6 which lie remarkably close to the observed 
frequencies in column 5. 


Table 12. Comparison op related dbpormation prequbnoibs 

IN VINYL AND VINYLIDBNB OOMPOTTNDS 
vinylidene compounds vinyl compounds 


substituent 

V 

^v 

Av' 

V (obs.) 

V (calc.) 

methyl 

888 


7 

909 

904 

bromine 

883 

0 

11 

rj 

902 

901 

chlorine 

872 

il 

ft 1 

1 

QK 

895 

896 

fluorine 

801 

71 

00 

860* 

860* 


* Chosen equal to the experimental value. 
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A progressive change of this type along such a series provides additional strong 
evidence for our assignment of the 910 om.~^ band of the mono-substituted olefines. 
In the above compilation, the firequenoy assigned to this mode of vibration in vinyl 
fluoride (860cm.~^) is different from that of Torkington & Thompson (732 cm.-^). 
However, the contour of the band is of the correct type and the manner in which 
the present assignment fits in with the above series is convincing. Another test of 
the hypothesis that each substituent makes its own contribution to the deformation 
force constant of the 0—^H hnkage is afforded by the frequencies at 872, 836 and 
801 cm.~^ which are the out-of-plane vibrations of GHj groups in vinylidene chloride, 
1 -chloro-l-fluoro ethylene, and vinylidene fluoride (Torkington & Thompson 1945 ). 
The fact that this frequency in l-chloro-l-fluoro compound is almost exactly the 
arithmetic mean of the other two is m agreement with the interpretation proposed. 

Finally, de Hemptinne ( 1946 ) has given values for the fundamentals of vinyl 
bromide and its deuterated derivatives. He does not assign any frequencies specific¬ 
ally to out-of-plane modes but it is clear that his unassigned Raman frequency 

(906 om."^) in vinyl bromide is the out-of-plane mode of the CHj group. The 
infr a-red value for this fundamental is given as 902 cm.~^ by Thompson & Torkington 
( 1945 ). De Hemptiime finds that the corresponding frequency in the completely 
deuterated compound is at 730om.~^; calculations with our approximate equations 
give 724cm.“^. This close agreement gives further confirmation of the close relation 
between the 890 and 910cm.“^ frequencies in the alkyl substituted ethylenes, 

DlSCtTSSION OK THE KOEOE CONSTANTS 

The question arises to what extent the force constants given in tables 8 to 11 
provide a means of following the changes in molecular structure. Since these have 
been obtained on the assumption of a simple valence force field, they must be 
regarded as first approximations to a more complete set containing additional 
interaction constants. Nevertheless, it is reasonable to see what correlation obtains 
between them and the structural changes taking place as the substituents are varied. 
Except in the case of ethylene, the experimental data do not yet permit a more 
complete analysis. The validity of these approximate constants has been demon¬ 
strated in several instances in which they have been used to calculate the vibrational 
frequencies of the corresponding deuterium compounds. In oases where experi¬ 
mental data are available for such deuterated molecules the agreement between 
the calculated and experimental values has been within 2 %. 

First it may be noted that among the force constants of the three types of 
dimethyl ethylenes as given in tables 8 , 10 and 11 , those corresponding to cis 
and trans molecules have fairly similar values {ca. 0-6 x 10 “^^dynes cm./radian), 
whereas asymmetrically disubstituted molecules have a considerably lower value 
(ca. 0-4 X 10 “^ dyne cm./radian). These differences may be in some measure due to 
differences in interaction constants in the different structures being reflected in 
the approximate values of the force-constants. It seems likely, however, that this 
does represent a real difference in the main deformation force constant. This same 
effect persists throughout the other sets of related molecules containing halogen 
atoms. 
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A second effect is common to the three series of force constants given in tables 
8,10 and 11 . Here the substituents have been written down in the order of decreasing 
force constant, viz. methyl, alkyl group, iodine, bromine, chlorine, fluorine. This, 
however, is also the order of increasing electronegativity and we may conclude that 
there is strong evidence that the force constant controlling the out-of-plane bending 
of 0 —^H linkages around substituted double bonds decreases with increasing 
electronegativity of the other substituents. 

It is interesting to note that the force constants of the asymmetrically sub¬ 
stituted ethylenes show relatively little change in going from methyl to bromine, 
and bromine to chlorine, but that there is a very considerable decrease in passing 
from chlorine to fluorine. This is in general agreement with the corresponding 
electronegativities according to Pauling ( 1941 ) where it is shown that the greatest 
change in electronegativity m this halogen series occurs in passing from chlorine 
to fluorine. It is also noticeable in proceeding along these series that for the cis and 
irans isomers, the change of force constant is much more rapid than for the asym¬ 
metrically disubstituted iSomers. This is readily explained by the proximity of the 
substituent groups to the 0—^H linkages in question. In the asymmetrically di¬ 
substituted molecules, the substituents are at the end of the double bond remote 
from the C—H linkages, whereas in cis and trans isomers they are attached to the 
carbon atoms of the C—H linkages and the effects would be expected to be greater. 
These remarks apply equally to the variations of the 910om.~^ frequency (the 
analogue of 890cm.~^ frequency in the asymmetrically disubstituted molecules) 
and 990 cm.“^ frequency (the analogue of the 966 cm.“^ frequency in the cis and trans 
isomers) in mono-substituted ethylenes. 

It would seem to be profitable to develop the foregoing as a method of investigating 
changes in the electronic structure of the ethylenic double bond arising from sub¬ 
stitution of the hydrogens around that bond. Changes in the force constants con¬ 
trolling the stretching vibrations of hydrogen atoms have already been correlated 
with changes in the electronic structure of these bonds (Sutherland & Dennison 
1935 ; Linnett 1945 ) and it is therefore to be expected that variations in the deforma¬ 
tion force constants of hydrogen atoms will receive a similar inte^retation. Pre¬ 
sumably there should be changes in the OH stretching force constant associated 
with the changes we have just discussed but unfortunately the spectroscopic data 
on the 3’ 3/4 bands of substituted ethylenes have not been obtained under conditions 
of high enough resolving power to enable small changes in the CH stretching 
frequencies to be observed. Further experimental work along these lines is now 
required and we hope to make such observations in the near future. Furthermore, 
if the changes in the deformation force constants are due to changes in the electronic 
structure of the CH bonds, this should be reflected in changes in the absolute 
intensities of the associated absorption bands in the 8 to 13/4 region of the spectrum 
as we proceed from iodine to fluorine. It is also hoped that further experimental 
work can be undertaken to check this prediction. 

One of us (N.S.) is indebted to St Catharine’s College, Cambridge, for a Senior 
Studentship and to the Dunlop Rubber Company for providing a maintenance 
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grant, during the tenure of which this work was carried out. We also wish to thank 
Dr Rasmussen and Dr Brattain of the Shell Development Company for providing 
us in 1943 with advance information on their correlations of infra-red hands with 
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The intensity distribution in the nitrogen band systems 
emitted from the earth’s upper atmosphere 
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—Bead 3 March 1949) 


The intensity distributions in the negative and first and second positive band systems of 
nitrogen are determined for a number of excitation mechanisms. The results are compared 
with the intensity distributions observed from upper atmospheric sources with a view to 
understanding the processes occurring. 

Ordinary aurorae are discussed in detail. It is shown that if the emission is attributed to 
electron excitation (as is commonly done) then it is necessary to assume that the vibrational 
temperature of the molecules is many thousands of degrees absolute—as similar views have 
been expressed by earlier writers on evidence that is now discredited it may be mentioned 
that in the present paper proper account is taken of the Frank-Condon principle, A more 
plausible interpretation of the observational results is that the heavy particles, that are 
often considered to form part of incident auroral streams, contribute to the excitation. High 
and low latitude aurorae show striking diiferences. 

Th^ emission of the negative band system from sunlit aurorae and from the twilight sky is 
studied. The direct action of the solar radiation on nitrogen ions is responsible. In the case 
of sunlit aurorae the continued absorption and emission of the resonance bands raises the 
vibrational temperature of the ions: this greatly influences the intensity distribution. 

The consequences of the identification of the strong infra-red emission from the nocturnal 
sky with the (0, 0) band of the first positive system is discussed. It would appear that the 
identification necessitates a high degree of dissociation of the upper atmospheric nitrogen. 
Confirmatory observational work is urged. 

In the appendix a preliminary investigation on the energy distribution of electrons in 
aurorae is attempted. 

1. iNTBODtrOTIOK 

In the study of the spectra of the nocturnal and twilight sky, and of aurorae, it is 
desirable that in addition to the accurate determination of the wave-length of each 
emission, attention should also be directed to the intensities, information on which 
is useful in establishing the validity of proposed identifications, and in determining 
the mechanisms that are responsible for the excitation. 

There are two main aspects of the problem, the direct observational work, and 
the provision of basic comparison data. A fair amount of the former has already been 
done. It is with the latter that the present paper is concerned. The intensity dis¬ 
tribution in various nitrogen band systems is investigated theoretically. The results 
obtained, supplemented by such laboratory measurenaents as are available, are used 
in a discussion of certain features of the radiations firom the upper atmospheric 
sources. 

2. The method OE CAIiCULATION OE RELATIVE EROBABILmBS OE THE TBAHSITIOHS 
BBTWBBK THE VARIOtrS VIBRATIOHAL LBVBLS OE mEEBRENT BLBOTROOTO 
STATES OE NITROGBK 

2 '1. There is no difficulty in computing the relative probability of transitions 
between at least the lower vibrational levels of two electronic states. Both for 
transitions produced by electron impact and for those involving the absorption or 
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emission of radiation the relative 
of the overlap integral, 

pin^v'in'^v") = 


probability depends on the square of the modulus 




( 1 ) 


n' and n" are here the quanttim numbers describing the upper and lower electronic 
states respectively, v' and v" are the vibrational quantum numbers; and Ii(n', v' | r) 
and v" | r) are the normalized vibrational wave functions, the variable r being 
the inter-nuclear distance. It is, of course, assumed that the value of the electronic 
transition integral does not depend on this last named quantity. 

Neglecting certain minor terms the differential equation for the vibrational wave 
functions is simply 


where/t is the reduced mass, Jh is Planck’s constant, e{n, v) the appropriate eigenvalue, 
and F(«. I r) the potential energy. Writing as usual 

R{n, v\r) =r~'^ 8{n, v | r), 

this becomes 7(» |r))| v | r) = 0. (3) 

A good representation of the potential energy is provided by the Morse function 

(1929). 

with = hc(t)g{n)l4^{n), 

8{n) = a{n)(r-r^{n)), - 

and a(n) = We(w) a:(?i)|*, 

c being the velocity of light and r^in), o)J^n) and x{n) having their standard inter¬ 
pretation in spectroscopic literature. Using (4) the solutions of (3) can, as is well 
known, be written down in analytical form in terms of the Laguerre polynomials. 
For V = 0,1,2 and 3 respectively the solutions are as follows: 

'S'(w, 0|r) = 0)exp[—{^(»)(1 —a:e(?i))-f-e~*^")}/2{B£(n)], (6) 

AS(»,llf) = W(ji,l){/S(»i,0|r)/N(9i,0)}{l-(l-2a:»)e««)}, (6) 

8{n, 2 1 r) = N{n, 2) {8{n, 0 j r)/W(», 0)}{1 - 2(1 - Zx,{n)) 

-t-(l-3a:,(/i))(l-4a:,(n))e>“W}, (7) 

8{n, Z\r) = N{n, 3) {8{n, 0 j r)jN{n, 0)} {1 - 3(1 - 4x^{n)) e*<’‘) 

+ 3(1 — 4ajg(»)) (1 — 5a:e(»))e®*<™)—(1 — 425 ^( 71 )) (1 — 5Xg{n)) (1 — Qx^in)) 

( 8 ) 

the N’a being normalizing factors. The molecular parameters ci{n), Xg(n) and rg(ra) 
have been found experimentally. Their values for the states 
G ®n„ of Na and B of N^ are shown in table 1, which is compiled from 
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data given by Herzberg ( 1939 ) (for tbe ground states) and by Sponer ( 1935 ) (for the 
excited states). Sponer’s figures were revised, using the more recent determinations 
of the basic physical constants, so as to make them consistent with those of Herzberg. 
Substituting from table 1, the fixst three or (in a few instances) four 8 functions* 
for the electronic states mentioned were evaluated and some 70 integrals of the 
type involved m (1) were computed numerically. 8{'n,0), 8(n, 1) and 8(n,2) are 
illustrated in figure 1 for the states of N 2 , and 

Table 1. Molbctjlae pabambtebs 



a{n) 


’•.(TO) 

state 


(10'=*) 

(10'® cm.' 


2*449 

0*612 

1*095 


2*405 

0*954 

1*293 

Bm, 

2*448 

0*833 

1*210 

om^ 

3*310 

1*290 

1*147 


2*588 

0*731 

1*117 


2*949 

0*866 

1*074 


It is clear the /S-functions are not sensitive to a(n) or x^{n) so that the integrals 
depend mainly on r^^n) (which is probably well determined in all cases) and not on 
the details of the form of the potential energy curves. This suggests that the use of 
the Morse function is unlikely to introduce serious inaccuracies. It may be recalled 
too that Langstroth ( 1934 , 1935 ) has evaluated a few of the p’s, usuig as a model 
Hutohisson’s harmonic oscillator ( 1930 ). His results generally do not differ greatly 
from those obtained by the more detailed treatment. For example, in the transition 
C'®n„-Z^SJ of N 2 Langstroth gives p(0,0), p(l,0) andp(2,0) to be 0-63, 0-34 and 
0-08, whereas the present work gives them to be 0-62,0-31 and 0-12. The errors caused 
by the assumption that the value of the electronic transition mtegral is independent 
of the inter-nuclear distance are difficult to estimate. Actually of course this integral 
is a function i{r) of the inter-nuclear distance and the relative probabilities of transi¬ 
tions between the various vibrations depend not on the p’s previously defined, but 
rather on quantities q given by, 

g'(n',v'; to",?;") = IJ i{r)B{n',v'\r)B[n",v''\r)r^dr . (9) 

As far as can be judged from the atomic or molecular orbital models, i{r) does not in 
general vary at all rapidly for parallel-type transitions (i.e. AA = 0)—^usually less 
than as a first power of r. In order to obtain an indication of the importance of the 
effect a number of representative ^’s were computed taking i{r) to be simply hxr 
and adjusting h the constant of proportionality so that ib x is unity (f^ being the 
•mean of the r^’s of the two states involved). Some of the values obtained, together 
with those of the corresponding p’s are given in table 2. The differences are not 
tmduly great. Those obtained if i{r) is taken as hjr (with kjr^ unity) are of similar 
magrdtude: but this is of less interest. The position regarding perpendicular-type 
transitions (i.e. AA = ± 1) is more uncertain. 

* The higher vibrational levels were not treated as for these, the simple approximations used 
becomes less satisfactory. 




100 110 1*20 1*30 1*40 

r in nnits 10 “® cm. 

FiGxnyBJ 1 . The first three/S'-fxmctions of the various electronic states of 1^2 and IsTi*. For 
normalization each miast be multiplied by the factor (-^/8 x 10*) cm.*"*. 


Table 2 


transition 

v' 

v" 


q(n\v^;n'\v'') 

NJ. B»S+-N„ XiSt 

0 

0 

0-90 

0*90 


2 

0 

0-0013 

0*0023 

N?, B*S+-N+ 

0 

1 

0-26 

0*24 


1 

1 

0*22 



1 

2 

0*29 



2 

2 

0*043 
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As will be seen later, the view that the theoretical results should he quite accurate is 
supported by comparison with experimental data. A particularly satisfactory feature 
is that there is no very marked worsening of the agreement for those bands that 
involve the higher vibrational levels studied (for which, of course, the theory is 
likely to be the least accurate). 

2 *2. Though the p’s form a convenient basis for discussion it is usually not they 
but other physical quantities related to them that are of direct interest. The formulae 
involved are standard but are briefly stated here for reference. 

Emission. The spontaneous transition probability associated with the band 
{v '; v")* is, of course, proportional to p(v', v") v{v', v")^, where v{v',v”) is the frequency 
. of the radiation emitted. If g{v') is the rate of population of the levels v', the rate of 
photon emission hi this band is therefore given by 

a{v\v") = aeo. (10) 

I?'" 

The intensity I{v', v") is naturally equal to hv{v', v") a{v',v"). 

Excitation. If the number of molecules in the vibrational level v" is N{v"), the 
number of photons in the frequency range v-^v + dv iafp{v)dv, and the number of 
electrons in the energy range e-» e+de is /^(e) de, then the rates of excitation to the 
vibrational level v' due to the photons and electrons are respectively 



S |x(«;'')p(u', v") jKp{v)f(v) vdv^ per sec. 

(11) 

and 

S \n{v'')p{v', v") jKg{e)f(e) dej per sec. 

(12) 


For simple excitation by photons, Kp(v) is essentially zero unless v. is very close to 
v(v', v") when it can be taken to be a constant which is independent of v' and v". 
If, as well as excitation, there is ionization (asNa, ), £p(v) is zero 

only below the critical frequency: this is true also of X,;(e) (either for simple excitation 
or for ionizing excitation): both can be regarded as approximately the same functions 
for aU bands (v. infra, table 27, however). 

Before proceeding to the discussion it may be mentioned that laboratory measure¬ 
ments usually only give the intensities of the various bands for unknown relative 
rates of population of the upper vibrational levels. Immediate comparison with 
theory is thus not possible. However, if the data are sufflciently complete, the p’s can 
be obtained since, as can readily be seen. 



v(v',vy, 


.7v{v',vyi‘ 


(13) 


It is useful to note that when the experimental results are reduced in this way 
the following simple tests can '^e applied to check their accuracy. 

(o) The sum of the p’s in any v' progression should be unity, 

Sp«®') = 1. (14)t 

* For brevity the quantirtn nimabers designating the electronic states will in future be omitted, 
t The method of evaluating the p*s of course ensures that the corresponding property of the 
u"'-progressions is automatically satisfied. 
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( 6 ) The sum of the square roots of the products of corresponding p’s in any two 
v' or v" progressions should, for some grouping of the signs, be zero, 

S ± ‘(’a )= S ± {P('>’o> = 0 (when correct signs taken) 

(16) 

Both these tests can be deduced at once from the elementary properties of a complete 
set of normalized eigenfunctions. They depend, however, on the assumption that 
the electronic transition integral is approximately independent of the internuclear 
distance. 

I 

3. The heqative system 
3-1. The, basic data 

The negative system arises from the transition of the molecular 

ion Tor convenience the wave-lengths of some of the principal members are 
quoted in table 3 which is based on the work of Herzberg ( 1928 ). 


Table 3. Wave-lengths oe bands oe negative system (A) 



0 

3914 

4278 

4709 

5228 

6865 




1 

3582 

3884 

4236 

4662 

6149 

5764 



2 

3308 

3564 

3868 

4199 

4600 

5076 

5653 


3 

3078 

3299 

3649 

3835 

4167 

4564 

5012 

6562 

4 


3076 

3293 

3638 

3818 

4141 

4516 

4968 


Table 4 gives the p’s for a number of the bands as calculated by the method 
described in § 2 - 1 . 

Herzberg ( 1928 ) has carried out an extensive series of intensity measurements 
in the laboratory. His results, converted to ^he form of p’s are shown in table 6 . 
Tor the v' = 0 and v' = 1 progressions the intensities of all but the feebler bands were 
measured so that the simple reduction procedure discussed in § 2-2 could be applied 
at once. Unfortimately a few of the bands of the other such progressions were 
obscured and in consequence their intensities could not be determined—^in particular 
figures are not available for the bands ( 2 , 0 ) and (3,3). However, this difficulty can 
be at least partially overcome by making use of some of the properties of the p’s 
mentioned in the previous section, and noting that the band system is condGlned 
mainly to low values of \v'-v" [. Tirst, p( 2 , 0 ) was chosen so that = 1- 

The ratios of the remaining p’s in the v' = 2 progression were obtained from the 
meastufements as usual and their absolute magnitudes were fixed by the condition 
that Sj’(2,®") = 1 (with p( 2 , 0 ) as just chosen). Tor the «" = 3 progression the 

measurements again enabled the ratio of all the p’s except one to be determined 
and their absolute magnitudes were found by adjusting p(3, l)sothatSp(«^", 1) = 1- 

Tinally the relation Si»(3, v") = 1 gave the missing p(3,3). The indirectness of this 
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method of analysis probably does not introduce very much uncertainty. It will be 
noted that the p’& given satisfy test ( 6 ) of § 2-2 in as far as it can be applied. Thus 

+ (P(0,0) p(0,1))*- (p(l, 0) p(l, l))i- (p(2,0) p{2, l))i- (3)(3,0) p(3, l))i = 0-00 
as is required, and 

+ (i>(0,0) ^>{0,2))*- 0) i?(l, 2))i + (jp(2,0) p{2, 2))i + {p{Z, 0) 2))i = - 0-02, 

which is only slightly in error. Test (a) cannot, of course, be applied as it was used in 
the building up of the table. 

Omstein & van Wijk ( 1928 ) have measured the relative intensities of a small 
number of the bands. Their results are sufficient to enable p(0, 0 ) and p(0,1 ) to be 
estimated as about 0-69 and 0-23 respectively (in close agreement with Herzberg). 
Crude lists of intensities have been published by Merton & PiUey ( 1925 ) and by Smyth 
& Amott ( 1930 ) but these, though useful in confirming the general trend, are not 
precise enough to be used in quantitative discussion. 


Table 4. p’s for teaksition (theory) 



0 1 2 


0 

0-66 

0*26 

0-07i 

1 

0*30 

0-22 

0-29 

2 

0-047 

0-41 

0-04^ 

3 

O-OOs 

0-11 

0-41 


Table 6 . p’s eob N^, transition- (laboratory measurement) 

\ 01234667 

■«' \ 


0 

0-69 

0-26 

0-048 

0-00. 

O-OOo 




1 

0-23 

0-27 

0-38 

0-11 

O-Olg 

O-OOg 



2 

(0-07,) 

0-39 

0-07j 

0-26 

0-18 

0-027 

O-OOj 


3 

O-OOi 

0-08o 

0-36 

(0-03*) 

0-20 

0*27 

0-043 

0*01i 


Comparison of tables 4 and 6 shows that there is fair accord between the p’s 
obtained by calculation and those obtained from the laboratory measurements. 
It seems justifiable therefore to regard the values -with some confidence. The most 
convenient filial way of presenting the results for the future applications is to give 
them in the form of the band intensities that would ensue if there were equal rates 
of population of the vibrational levels of the excited state (of. § 2-2). This is done in 
table 6. The figures are an average of those derived from the two sets of p’s. The 
imits are arbitrary.* 

In addition to their importance so far as the actual emission is concerned, tables 
.4 and 6 are of value in studying excitation from the ground state of the ionized mole- 


* Actually they were chosen so that for the v' = 0 progression the intensities obtained from 

(KO, 


the theoretical p’s are simply given by 100p(0,</') 


»'( 0 , 

■ 


These units (or similar ones for 


other band systems) will be used throughout the paper. 
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cule. So that excitation from the ground state of the neutral molecule can be dis¬ 
cussed, calculations were performed on the p’s for the transition Nj, X j!" -»■ , J 5 + 
and (less important but desirable for completeness) Nj, X X * 11 +. Tables 

7 and 8 contain the results derived. 


Table 6. Pebdiotbd intensity disteibtttion of nboativb bands assuming 

EQUAL BATES OB POPULATION OB THE VIBEATIONAL LEVELS OB THE EXCITED 
STATE 



\ 

0 

1 

2 

3 

4 

5 

\ 

0 

66 

18 

2*8 

O'l 

0-0 


1 

35 

24 

23 

5-2 

0-4 

0-1 

2 

10 

50 

5-2 

16 

8*1 

0-9 

3 

0*4 

16 

48 

3-3 

14 

13 


6 7 


0-1 

1-4 0-2 


Table 7. 

p’s BOB , 


X^S+ (theoby) 


0 

1 

2 

0 

0-90 

O-OSs 

0-00, 

1 

0-09s 

0-74 

0-14 

2 

O'OOi 

0-17 

0*63 

Table 8. 

p’s BOB 


X^S^ (theoby) 

\ v" 




X 

0 

1 

2 

0 

0‘89 

oil 

0-00* 

1 

0-10 

O-08 

0-20 

2 

0-OOg 

0-18 

0-50 


Enough has now been done to enable the intensity distribution arising from 
a variety of mechanisms and conditions to be determined rapidly. 

Two obvious cases at once present themselves, excitation by the collision of 
electrons with neutral or ionized molecules in their ground electronic states and in 
their zeroth vibrational levels. Using equations ( 10 ) and ( 12 ) (with/(e) taken as 
COM ant) te es 6 and 7, and the mean of tables 4 and 6 , the intensities given in 
tables 9 and 10 were obtained. In examining these it should be noted that the same 
totaL excitation rate was assumed for both. 


A useful partial check on the correctness of table 9 (and in consequence of table 7 ) 
^ ^ ^ ' 5 '^ork of Langstroth ( 1934 ) who carried out an experiment in 

wbch no excitataon process, other than the one there considered, could be appreoi- 
able^He found the ratio of the intensities of the ( 0 , 1 ) and ( 1 . 2 ) bands to be 7 0 . As 
^ be seen from the figures in the table 7-3 is the corresponding predicted ratio. 

excellent. It is perhaps worth mentioning that Langstroth 

Z tit even when 

this IS only 21 eV (the lowest employed). 
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No experimental data exist with which to compare the results given in table 10. 
However, their essential correctness cannot be in doubt as they depend only on the 
value of the p’s associated with the transition which as noted 

earlier seem to be well established. 


Table 9. Pebdictbd rNTENsiTV nisTRiBimoisr oe stbgativb bands as exoubd 
BY the collision OB ELECTRONS WITH NEUTRAL NITROGEN MOLECULES IN 
THEIR GROUND ELECTRONIC STATE AND ZEROTH VIBRATIONAL LEVEL 





0 

59 

16 

2-5 

0*1 

1 

3*3 

2-2 

2-2 

0-5 

2 

0*0 

0-1 

0-0 

0-0 


Table 10. Predicted intensity distiobution ob negative bands as excited 

BY THE COLLISION OB ELECTRONS WITH IONIZED NITROGEN MOLECULES IN 
THEIR GROUND ELECTRONIC STATE AND ZEROTH VIBBATIONAL LEVEL 


K 

0 


1 

2 

3 

4 










0 

44 


12 

1-9 

0-0 

0-0 


1 

9-4 


6-3 

6-1 

1-4 

0-1 


2 

0-6 


3-1 

0-3 

1-0 

0-5 


3 

. 0*0 


0-0 

0*1 

0-0 

0-0 


Table 11. Relative rates 

OB’ POPXTLATIOK OB 

THB VABIOUS VIBBATIONAL 

LEVELS OB Nf, 

BY ELECTRON IMBAOT WITH (a) Nj, 

X1S+ AND (6) N 2 +, 









effective vibrational 








temperature (®K) 

... 

600 

1000 

2000 

4000 

6000 

8000 

case (a) * 1 ;' = 0 


1-00 

1-00 

1-00 

1-00 

1-00 

1-00 

1 


0-11 

0*13 

0-26 

0-47 

0-60 

0-68 

2 


0-00 

0-01 

0-07 

0-22 

0-36 

0-47 

case (6) = 0 


1-00 

1-00 

1-00 

1-00 

1-00 

1-00 

1 


0-40 

0*41 

0-46 

0-67 

, 0-66 

0-71 

2 


0-09 

0-12 

0-21 

0-36 

0-47 

0-66 


Under upper atmospheric conditions the particles are not necessarily confined to 
their zeroth vibrational level and it is desirable to investigate the effect of this. The 
calculation of the relative rates of population of the various vibrational levels of 
the excited state was therefore carried out as before but with a Boltzmann dis¬ 
tribution among the vibrational levels of the ground state. Table 11 gives the 
results for a wide temperature range. From these and table 6 the relative intensities 
of the bands can be deduced immediately. The expression for the corresponding 
rates for excitation by sunHght is given in equation (11). Unfortunately, nothing is 
known about the function/j,(v) for the ionization process 

N 2 (X 1S+) -h (J5 *2+) e, 


(16) 
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as the photons involved lie outside the observable spectral region. If, however, the 
energy flux can be assumed to be constant over the relatively small frequency range 
of importance the same figures as those in table 11 (case (a)) for excitation by electron 
bombardment can be taken. It is possible to treat with greater precision the more 
interesting direct resonance process 

N^(X22 :+)+Av^N 2+(5*S+). (17) 

The relevant f(v) was found by combining the solar radiation measurements of 
Mitmaert, Mulders & Houtgast (1940) and of Pettit (1940) and integrating over the 
individual bands (taking account of their rotational structure). In table 12 the 
relative population rates obtained are given. 


Table 12. Rblativb bates ob population ob the vaeious vibbational levels 

OB Nf, 5^2+ BY THE ACTION OB SOLAB BADIATION ON N^', 


effective vibrational 


temperature (° K) 

600 

1000 

2000 

4000 

6000 

8000 

v' = 0 

1‘00 

1*00 

1*00 

1*00 

1-00 

1*00 

1 

0*18 

0*19 

0*24 

0*38 

0-48 

0*66 

2 

0-06 

0*06 

0*12 

0*26 

0*36 

0*43 


Before proceeding to the study of the upper atmospheric emission one further 
mechanism that may influence the relative intensities must be considered. So far 
in discussing the excitation of the negative bands system from Njf", X , by electron 
impact or by photo-absorption, it has been assumed that the distribution among the 
vibrational levels is fixed in some specified way. Actually, however, unless collisions 
are very effective in maintaining it the distribution is rapidly altered since changes 
in the vibrational quantum number may occur in the primary transition 

Nf, 5^2+ 

and in the subsequent transition 

N 2 +, Z22:+.* 

In the equilibrium that is ultimately established the gain and loss to any vibrational 
level must clearly be equal. The resultant distribution in the extreme case where 
activating or deactivating collisions are ignored is therefore governed by the 
following set of simultaneous equations 

s S n{v';) oc(v';, v'„) Pivl vl) = n«) S v'^) (all <). (18) 

Vf v' 

Here the »’s denote the equilibrium relative number of ions in each vibrational 
level, the a’s the excitation rates/unit concentration, and the the photon 
emission/unit excitation rate: as always v' and v" respectively indicate the vibra- 

* The corresponding effect for processes such as (16) is unimportant. 



Intensity distribution in the nitrogen band systems 227 

tional quantum numbers in the upper and lower electronic states. In the notation 
of §2-2 

a-iv",v') = p{v',v") |z'g(e)/(e) de, 

C I 

or = p{v', v")jKp{v)f{v) vdv 

and ,v") = p{v',v'')v{v',v")^iYiP{v',v")v{v',v"f. (20) 

v" 

Using these relations and the data already tabulated, the coefficients appearing in 
( 18 ) were evaluated and the equations solved to give the w’s. The rates of population 
of the vibrational levels of were then determined as usual, the results 

obtained being given in tdble 13 . For simplicity those levels with vibrational 
quantum number equal to or greater than 3 were throughout grouped together. 

Table 13 . Relative bates oe population oe the various vibrational levels 

OE Nf, THROUGH THE EXCITATION OE N^, (IN THE SPECIAL EQtTI- 

LIBRIUM distribution) (a) BY ELECTRON IMPACT, (b) BY THE ACTION OE 
SOLAR RADIATION 


v' case (o) ease (b) 

0 1-00 1-00 

1 0-80 0-40 

2 0-69 0-27 

>3 (0-63) (0-16) 


. 3"2. Discussion 

The observational data on the relative intensities of the members of the negative 
system as emitted from an upper atmospheric source is still far from complete so 
that full use cannot as yet be made of the results compiled in the preceding section. 
A preliminary discussion can, however, be attempted. 

3 - 2 - 1 . Perhaps the most accurate measurements that have been made are those 
on low latitude aurorae.* Working in Haute Provence, Barbier (1947) was able to 
obtain a spectrum of the great aurora that occurred, during the nights of 17 and 
18 April 1947 . He estimated that the altitude of the aurora was probably of order 
260 to 300 km. and judged that it was not illuminated by the sun.| He found that 
the negative system showed strongly with an intensity distribution very different 
from that generally accepted as characteristic of ordinary aurorae such as are 
observed in Norway {v. infra). The relative intensities (corrected for atmospheric 
extinction) he obtained are quoted in table 14 . They are given to two figures for 
convenience, but it should be mentioned that such accuracy is not claimed by 
Barbier who actually tabulated their logarithms, and these he only gave to within 

* These aurorae show certain very interesting features and finrther detailed study of them 
seems likely to yield valuable information on the upper atmosphere (of. review of Barbier 
(1948)). 

t The details regarding the aurora not given in the original publication were kindly supplied 
to me by Professor Barbier in a private communication. 
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0-05 (which corresponds to giving the relative intensity itself to within about one 
part in ten). The &st aspect of the distribution to consider is the variation along 
a v" progression. Though this does not of course give any information about the 
excitation process that is involved it is of importance in that it serves as a guide, to 
the accuracy of the measurements, and to the extent to which they can be relied upon 
to represent the true relative intensities as emitted. The most instructive way of 
proceeding is to derive the jp’s. In spite of the fact that data are lacking for a number 
of the bands this can be done fairly satisfactorily by adjusting the absolute scale so 
that the sums of certain suitably chosen groups of the equal the corresponding 
sums based on the theoretical and laboratory data. Table 15 gives the results 
obtained. Taking account of the difificulties associated with auroral observations the 
agreement with tables 4 and 5 is remarkably close. This suggests that Barbier’s 
measurements can be treated as trustworthy. 

Table 14. Intensity distribution oe negative system as observed 
IN low latitude aurorae 

(0 indicates band not recorded; ~ indicates band outside spectral range apparently studied) 

1 2 3 4 ‘ 

7*9 - - 

10 5-6 

8-9 0 4-0 

-- 7-9 0 0 

Table 16. p's eor Nf, transition (low latitude aurorae) 

(In some oases it is only possible to say whether the p value is large i}) or small («)) 

0 12 3 4 

0 0*68 0*26 - 

1 0*22 0-34 0*28 

2 - 0*34 8 0*29 

3 - - l a {8) 

Turning next to the intensity distribution along a v' progression to see what 
evidence this provides regarding the excitation it is at once apparent by comparison 
of table 14 with tables 9 and 10 that the simplest processes that can be postulated, 
electroncollisionwitheitherN 2 ,X^E+ orNf,Z^S+ in theic zeroth vibrational level, 
(which is essentially the equilibrium distribution at low temperature) are unaccept¬ 
able as they lead to an insufficiently developed band system. Other more complex 
excitation conditions have therefore to be examined. This can most readily be done, 
not through the consideration of the relative intensities themselves, but rather 
through the consideration of g{v'), the relative rates of population of the various 
vibrational levels of the upper state (which cap be derived from them by using 
table 6). Eor this purpose table 16 was compiled: the figures given in it were obtained 
by averaging over aU the bands in each progression. The regularity of the variation 




0 32 

1 8*9 

2 
3 
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of g{v') is such, as to suggest that the general trend exhibited is of real significance. 
However, the slowness of the fall-off is so remarkable that some confirmation of it 
is desirable. The examination of suitable spectra for members of the = 4 progres¬ 
sion would be valuable in this coimexion. It is perhaps useful to mention here that 
the strongest members are probably (4,2) A3293 and (4, 3) A3538 and that crude 
estimates* indicate that the intensities of both these (in the units of table 14) should 
be about 3 or 4. 

, Table 16. Relative bates of POPULATioisr of the vabious vibbational 

LEVELS OF (low LATITUDE AXJBOBAE) 

0 1 2 3 

g{v') s 1*00 0-65 046 0-34 

Comparison of tables 16 and 11 shows once again that the auroral emission cannot 
arise from the bombardment, by electrons, of either Ng, X or X if their 

vibrational temperature ©(v) is low. Further, though there is better agreement 
between the relative population rates in the two tables at high ©(v) it is not fully 
satisfactory except at about 8000° K, for excitation from the neutral molecule, 
or at about 6000° K, for excitation from the ionized molecule. Both these values are 
very high and neither could be accepted as applying to the translational temperature 
@(^).t It is, of course, conceivable that ©(t?) and ©(^) are not equal but that instead 
the former is very much larger than the latter. 

As far as the neutral molecules are concerned there is, however, no obvious action 
that seems capable of supplying vibrational energy sufficiently rapidly to overcome 
the usual processes tending to produce thermal equilibrium: for example, neither the 
yield from the association of free atoms to form vibrationally excited molecules 
nor the action of radiation (absorption followed by emission with overall increase in 
vibrational energy) appear likely to be adequate. The necessity for invoking a high 
©(v) for the neutral molecules might be avoided if an appreciable fraction of the 
excitations arose from the action 

N 2 (A 3S+) + (B 2S+) + 2e. (21) 

Though detailed calculations have not been performed it is clear from the magnitude 
of the change in the equilibrium intemuclear distance (0-219 A) that this contributes 
mainly to the population rates to the upper vibrational levels (see figure 1). There 
is little doubt, however, that the concentration in the metastable state is so low that 
process (21) is in fact unimportant. 

* Based on p(4, 2 ) = 0*16 and 5 ^( 4 ,3) = 0*26 (values derived from Herzberg’s measurements 
as in § 3*1 but subject to some imcertainty because of lack of completeness of the data); and on 
g{4) =: 0 * 2 $ (a dubious extrapolation). 

t Of. the survey by Spitzeir ( 1947 ). Confirmatory work is desirable to establish that inac¬ 
curacies in the intensity data do not cause the temperature required to be seriously over¬ 
estimated. The extent of the overestimate possible is difficult to judge but it seems unlikely that 
it can be such as to allow a value of even 4000° K. In the 250 to 300 km. region (where the aurora 
imder discussion is apparently located) the temperature is usually considered to be 2000 ° K 
or less. 
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The position regarding the ionized molecules is interesting as these tend auto¬ 
matically to become vibrationally excited as a consequence of the very transitions 
under discussion. Reference to table 13 shows indeed that if deactivating collisions 
are unimportant the resultant degree of vibrational excitation is. actually rather too 
high. Though this might suggest that a satisfactory theory could be developed 
quantitative considerations reveal serious discrepancies. As is well known the transfer 
of vibrational energy does not normally occur at all rapidly. None the less ions can 
be deactivated readily by collision with their parent neutral molecules since the 
energy transfer can take place indirectly through charge exchange, 

Na+(X^E+,«=t=0)+N2(ZiS+,«; = 0)-^N2(ZiS+,« + 0)+N2+(Z2S+,t; = 0). (22) 

irfl.nTnfl.nn & Rosen (1929) have investigated charge exchange in nitrogen. They 
found the cross-sectioii associated with the process to be 6-3 x 10“^® cm.*. This value 
cannot be adopted without reserve as in the laboratory experiments the conditions 
were not identical with those in the upper atmosphere (the ions being relatively 
energetic and perhaps having a different distribution among the vibrational levels). 
If a cross-section of order gas kinetic is taken (and it appears improbable from 
TCa.nmfl.Tm & Rosen’s work that the true cross-section can be much less) and if the Ng 
concentration at the appropriate altitude is assumed to be 10^“/om.®* then it can 
be seen that the number of deactivating collisions must be some 10“^/ion/sec. The 
effect of these collisions on the relative population rates to N|f, can be cal¬ 

culated from an equation similar to (18) but with certain additional terms (the form 
of which is obvious). Details need not be given here. The essential result is that the 
observed development of the band system can only be reproduced if the electron 
excitation rate is some 10 times the deactivation rate, that is only if each ion is 
excited on an average once a second. But the electron excitation coefficient cannot 
be greater than about 10“''em.®/sec. Hence the required concentration of active 
electrons is some lO'/cm.®: and the concentration of passive electrons must be several 
orders greaterf (of. appendix). Such concentrations are of course impossible to 
accept. They would lead for example to an absurdly large rate of photon emission: 
and other difficulties occur. Finally, it may be mentioned that reasons can be given 
for supposing that direct' excitation of nitrogen ions is in any case unlikely to be 
important except perhaps at extreme altitudes (cf. appendix). 

So far in discussing the intensity distribution it has been assumed that the 
excitation arises through electron impact. If heavy particles such as protons are 
responsible (a possibility considered by Rayleigh 1922) the whole problem is altered, 
as in these cfrcumstances the relative rates of population-to the various vibrational 
levels are not the same as given in the tables used. Thus Smyth & Amott (1930) have 
demonstrated qualitatively that there is a marked tendency for heavy particle 
excitation to favour transitions involving an increase in vibrational quantum 
number. This may conceivably provide the explanation of the high development 

• * This figure is uncertain because of the lack of knowledge regarding the degree of dis¬ 
sociation of nitrogen. 

t Those electrons -mth sufficient energy to cause excitations or ionizations are classed as 
active: the remainder are classed as passive. 
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of the negative band system in the low latitude aurorae. It is not, however, at present 
apparent, why in these in particular, excitation by heavy particles should be so 
important. 

To summarize, Barbier’s measurements on low latitude aurorae lead to very 
interesting conclusions. Seemingly the vibrational temperature of the molecules must 
be extremely high or else heavy particles must give a considerable contribution to 
the excitation. The first of these alternatives is rather the less probable, encountering 
as it does very grave difficulties. Until confirmatory work has been carried out it is 
not thought justifiable to attempt to elaborate the theory further and no final decision 
can be reached at present. 

3*2*2. It has been known for some time that the intensity distribution of the 
negative system is different in low and high latitude aurorae. Thus Eayleigh ( 1922 ), 
in an investigation of the blue group {v" — = 2 ), found that while at Lerwick 

(Shetland) only the ( 0 , 2 ) band A 4709 appeared on his photographs, at Terhng 
(S. England) the ( 2 ,4) band A 4600 was equal in intensity to it ,and the ( 1 ,3) band 
A 4652 was actually stronger. 

The only extensive intensity measurements on high latitude aurorae are those by 
Vegard and his associates in Norway. Vegard & Kvifte ( 1945 ) have published data 
on what they term to be a typical intensity distribution which was obtained from 
spectrograms taken with very long exposures arranged so that an average was 
obtained over a great variety of auroral forms. The altitude of the main luminescence 
was about 100 km., but there were also contributions from above this level. Table 17 
gives the relative intensities (corrected at least approximately for atmospheric extinc¬ 
tion) and table 18 the ^’s derived from them by the procedure already described. 

Superficially the relative intensities seem to have the customary general trend— 
the ( 0 , 0 ) band is, for example, the most prominent as usual, and in the main the 
bands present are those expected to be strong and the bands absent are those 
expected to be weak. However, quantitative examination shows that in fact the 
distribution is most abnormal. This is most apparent from the values of the p’s,* 
which are very different from those calculated in the present paper (cf. table 4) or 
deduced from Herzberg’s laboratory measurements (of. table 5). As the agreement 
between these last is satisfactory and as Barbier’s low latitude auroral data are in 
fair accord with them it is scarcely possible that it is they that are incorrect. Further, 
even if no such comparison data were available the p ’s derived from the high latitude 
aurorae would stiU be subject to ^ave suspicion as they do not satisfy the con¬ 
sistency testst given in § 2 * 2 . It can be seen for instance that does not 

approximate to unity as is required: and there are other similar failures. There is 
little doubt therefore that some disturbing factor has entered. What this may be is 
obscure. 

Comparison between table 17 and table 6 shows that in any progression the auroral 
bands of shorter wave-length tend to be unduly weak compared with those of longer 

* It need hardly be mentioned again that these are dependent only on the emission transition 
NJ, B —^they are independent of the excitation mechanism. 

I The assumptions on which these tests are based must, of course, be borne in mind*. 
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Table 17. Intensity distribution oe negative system as 

OBSERVED IN HIGH LATITUDE AURORAE* 


(0 indicates band not recorded; — indicates the band outside spectral region studied) 



2 3 4 


5 


7-8 0 0 

6-9 4-6 0 

0 2-0 3-4 

0 0 0 


0 

0 

0 

2-0 


Table 18. p’s eor transition (high aurorae) 

(In some cases it is only possible to say whether the p value is large (?) or small (s)) 



0 0-48 0-35 

1 0-05 0-10 

2 s 0-11 


2 3 4 

0-17 s s 

0-39 0-45 s 

s 0-26 0-63 


wave-lengt]i.t This is the direction of the discrepancy that would be caused, if 
atmospheric extraction were grossly underestimated. But the effect is too great 
for such an explanation to be plausible. Thus the correction Vegard (1932) applies 
to the (0,0) band A3914 relative to that to the (0,1) band A4278 is only 1-2; and to 
bring the observed mtensities into conformity with those in the present paper 
a further factor of about 1-9 is required. It might be suggested that self-absorption 
might be the process responsible. Since the relative populations of the various vibra¬ 
tional levels of the nitrogen ions must decrease with increasing vibrational quantum 
number a change of the correct sense in the intensity distribution is certainly 
produced in this way. However, an elementary calculation shows that quantitatively 
the effect is unimportant: further, the band profiles published by Vegard & Tensberg 
(1935) give no indication of the phenomena. Suspicion is cast on the reliability of 
the auroral measurements by the fact that Vegard (1940) claims that the ratio of 
the intensities of bands arising frmi the, same vibrational level is not a constant. This 
apparent effect is illustrated in table 19 which gives the average results of measure¬ 
ments made at Tromse and Oslo on the intensities of the first three members of the 
v' = 0 progression. Both sets of figures differ appreciably from the corresponding 
set in table 17 and considerably from each other: thus, as will be noted, the intensity 
distribution at Tromse exhibits a more rapid faU-off than does that at Oslo. That the 
difference is real is difficult to credit: it certainly cannot be associated with the 
actual emission in the aurorae itself: and as has been remarked the effects of atmo¬ 
spheric extinction and self-absorption are too small. Both quartz and glass spectro¬ 
graphs were used and yielded much the same type of result (of. Vegard & Tensberg 

* The identification of the (5,7) band with an emission of intensity 1-6 at A4487 is also pro¬ 
posed but this must be treated with reserve. Isolated bands are always open to suspicion. 

t The effect is strikingly illustrated if the ratios of corresponding intensities are tabulated. 
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1940 ). Nevertlieless the possibility that instrumental or calibration, error enters in 
some way must be raised. Some support is lent to it by the fact that Rypdal & 
Vegard ( 1940 ), employing a somewhat similar technique to that in the observational 
work, obtained from a laboratory source an intensity distribution resembling that 
given for the aurorae but quite different from that found by all other workers. The 
individual measurements too showed inconsistencies: for example, the ratio of the 
intensity of the ( 0 , 0 ) band A3914 to that of the ( 0 , 1 ) band A4278 ranged between 
0-93 and 2-4. 

Table 19. Intensity distribution oe the «' = 0 progression of the negative 

SYSTEM AS OBSERVED AT DIFFERENT HIGH LATITUDE AURORAL STATIONS* 

Station (0,0) A 3914 (0,1)A4278 (0,2)A4709 

Tromse 47-4 17-6 4-8 

Oslo 47-4 29-6 12-1 

The uncertainties mentioned make it impossible at present to discuss the excita¬ 
tion mechanism satisfactorily. However, a preliminary survey is at least possible. 
To minimize possible errors in the data bands of constant («'— v") (and thus having 
wave-lengths not greatly different) were considered together: for each such group 
the relative rates of population of the various vibrational levels of were 

computed from the intensities by the use of table 6 ; the values obtained were then 
averaged. Table 20 contains the final results of the analysis. Information is scanty 
for the level v' = 3 as only a single band, (3, 6 ) A 4654, arising from it has been recorded. 
It is desirable that the (3, 2 ) band A 3649 which is the strongest in the progression, 
be sought. 

Table 20. Relative rates of population g{v') of the various vibrational 

LEVELS OF N^, (high LATITUDE AURORAE) 

0 1 2 3 

g(v') 1-00 0-26 0-12 (0-05) 

The difference between the fi.gnres in table 20 and the corresponding ones in 
table 16 is very pronounced. It illustrates clearly the fact, already mentioned, that 
the negative system is much less fully developed in high latitude aurorae than in 
low latitude aurorae. However, even in high latitude aurorae the degree of the 
development appears to be considerable. If the excitation arises simply through 
collisions between electrons and nitrogen molecules in their ground state a vibrational 
temperature of some 2000 ® K is required to reproduce it approximately (cf. table 11 ). 
This is, of course, far below the vibrational temperature of 8000° K that had to be 
invoked in low latitude aurorae when the same hypothesis regarding the proo^ of 

* The -Hiiits were adjusted to make the intensity of the (0,0) band A 3914 the same as given 
in table 17. The separate results giving the means quoted show a scatter sufficiently wide ta 
include some that agree with prediction. Thus, on one occasion Vegard obtained the following 
distribution: (0,0) Aj3914—47-4, (0,1) A4278—14-3, (0,2) A4709 not recorded so presumably 
veiry weak. This is very close to that in table 6. Unfortunately no other bands on the plate were 
measured. 

16-3 
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excitation was adopted. But the comparatively great particle concentration in the 
region near the 100 km. level makes it even more difficult to accept a vibrational 
temperature much above the translational temperature: and this latter is known to 
be about 500^ K (or less). It would seem, therefore, that the alternative to the 
enhanced vibrational ternperature theory, that is, heavy particle excitation, must be 
considered very seriously. The contribution from this to the total excitation need 
not be as great as in low latitude aurorae. 

In view of the interest attached to the interpretation of the results it is desirable 
that the typical auroral intensity distribution be further investigated so that the 
apparent anomalies to which attention was drawn at the beginning of the present 
discussion may be understood and eliminated. Until this is done the differences 
between tables 11 and 20 can only be regarded as suggestive. 

The question naturally arises as to whether or not the intensity distribution of 
the negative system in high latitude aurorae depends on the altitude. To answer this 
it is necessary, as stressed by Nicolet,* to have data obtained from short exposures 
with the spectrograph pointed in a fixed direction, and at a particular aurora. The 
Norwegian workers have published very fewresults got under the conditions specified. 
Four sets of suitable measurements have, however, been given by Vegard & Kvifte 
(1945) —^two from a region close to the base of aurorae (low altitude) and two from 
near the convergence point of coronal forms (high altitude). There was no marked 
difference in the intensity distribution.f This, if confirmed, is a very important 
result which may have a considerable bearing on auroral theory (in particular in 
connexion with the heavy particle content of the incident streams). It is contrary 
to the expectation that the negative system in high latitude aurorae of great altitude 
might show the same extraordinary development as in low latitude aurorae (which 
are also of great altitude). 

3-2-3. The relative intensity of the negative bands as emitted by high sunlit 
auroral rays has been investigated by Stormer ( 1939 ). He confined his attention 
mainly to the intensity distribution within the blue-violet (^;" —v' = 1 ) and blue 

— = 2 ) groups; since the total wave-length range in either group is small he 

was able to obtain the relative intensities directly from his photometric record 
without introducing any corrections: he made no attempt to compare the two 
groups and merely expressed his results in arbitrary units chosen so that 100 repre¬ 
sented the intensity of the leading members A4278 and A4709. 

The excitation mechanism operative is certainly the resonance process, 

N2+(X2S+)+Aj;^N2+(B2S+). (23) 

As the average time between successive absorptions is rather less than 10 sec. 
(Bates 1949 ), collisions are clearly too infrequent at the great altitudes concerned 
(between 400 and 650 km.) to prevent the equilibrium degree of vibrational excita- 

* Private comimmication. 

t As a reservation to this statement it may be mentioned that for the low altitude aurorae 
intensities were not given for either the (2,3) band A4199 or for the (2,4) band A4600 which 
might mean that they were too feeble to measure. However, for the high altitude aurorae their 
intensities relative to those of the other bands was the same for the typical distribution. 
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tion of the ions being established.* Hence from tables 13 and 6 the intensity dis¬ 
tribution to be expected can be derived. 

Table 21 shows the relative intensities as given by Stermer and as predicted in 
the manner just indicated. In view of the approximate nature of the intensity 
measurements the general agreement shown is quite good. It is very satisfactory 
that the theory can account so well for the unusually high intensities of the later 
members of the two groups.f The observed development actually appears to be 
somewhat fuller than the calculated, but it is not possible to state whether or not 
the difference is of real significance. 

Table 21. Relative iittensitibs in high sunlit aueobal bays 

blue-violet group blue group 

- ^ — - - 

measured predicted measured predicted 


baaid 

intensity 

intensity 

band 

intensity 

intensity 

( 0 , 1 ) A4278 

100 

100 

( 0 , 2 ) A4709 

100 

100 

( 1 , 2 ) A4236 

59 

51 

(1,3) A4662 

97 

74 

( 2 ,3) A 4199 

35 

24 

( 2 ,4) A4600 

85 

78 


3 * 2 - 4 :. The negative band system has been found to be present in the spectrum of 
the twilight sky. There is now little doubt (cf. Bates (1949)) that the excitation process 
involved is the same as that just discussed. However, Dufay & Dufay (1947) have 
shown that the altitude of the atmospheric region responsible is only about 100 km., 
and here the molecular concentration is so great that the relative populations in 
the various vibrational levels of the ions are mainly controlled by collisions and not 
by absorption and emission of resonance radiation. Hence, in calculating the in¬ 
tensity distribution, table 12 must be used in place of table 13 . As the vibrational 
temperature is presumably low the development of the system would not be expected 
to be as full as in the high sunlit auroral rays: but it would be expected to be more 
extensive than if the excitation process were by electronic bombardment. Though 
Dufay & Dufay do in fact remark that the development is considerable they do not 
give any actual intensity measurements. It is very desirable that these should 
be made. 

4. The secokb POsirrsTE system: 

4-1. The basic data 

Table 22 shows the wave-lengths of the second positive system as 

determined by Pankhurst & Gaydon.:]; The calculated ^’s are given in table 23 . 
Estimated intensities have been published by Birge (1926), Smyth & Arnott (1930) 
and others, but reliable quantitative measurements are somewhat lacking. The most 

* It may be mentioned that collision deactivation is less important for photo excitation 
than for electron excitation (v. supra) as in the equilibrium distribution (neglecting collisions) 
the relative population of the levels with 0 is much less. 

t The extent of this enhancement can best be realized by comparison of the figures in table 21 
with the corresponding figures in table 9 which gives the intensity distribution for what may be 
regarded as the standard excitation mechanism (collision between electrons and rdtrogen 
molecules at a low vibrational temperature). 

J Quoted in Pearse & Gaydon ( 1941 ). 



236 


D. R. Bates 


extensive series is that due to Tawde ( 1934 ) who investigated the intensity distribu¬ 
tion from four types of source and thereby derived the p’a associated with the 
transition. Unfortunately, the values he obtained from the various sources differed 
very greatly so that they cannot be used with much confidence. Nevertheless it is 
perhaps worth quoting the averaged p’s and this is done in table 24. As can readily 
be verified they do not satisfy the consistency test of § 2 - 2 . However, comparison 
with table 23 suggests that they are not grossly in error. They may therefore be used 
at least as an approximate guide for those bands for which no other information is 
available. 


Table 22. Wave-lengths of bands oe second bositive system (A) 


X. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

0 

3371 

3577 

3805 

4059 

4344 

4667 





1 

3159 

3339 

3537 

3756 

3998 

4270 

4574 

4917 



2 

2977 

3136 

3309 

3500 

3710 

3943 

4201 

4490 

4815 


3 

2820 

2962 

3117 

3286 

3469 

3672 

3895 

4142 

4417 

4723 

4 


2814 

2953 

3104 

3268 

3446 

3642 

3858 

4095 

4355 


Table 23. p’s eoe Nj, transition (theory) 


v" 

0 

1 

2 

3 

0 

0-48 

0-32 

o-u 

0*045 

1 

0-39 

0*038 

0-22 

0*19 

2 

0-12 

0*37 

0-00, 

0*094 


Table 24. p’s for Ng, C7®n„-Hsn(, transition (averaged 

LABORATORY MEASUREMENTS) 




(- 

indicates outside 

spectral: 

range investigated) 















\ 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

v' \ 










0 

0*40 

0*36 

0*17 

0*068 

O-OOs 

O-OOj 

0*OOo 




1 

0*49 

0*028 

0-16 

0*20 

0*10 

0-02, 

0*008 

0*00i 



2 

0*29 

0*33 

0*03o 

0*069 

0*14 

0-10 

0*038 

0*01i 

0*004 


3 

0*16 

0*44 

0*24 , 

0*074 

0*14 

OO64 

0*077 

0*038 

0*0l8 

0*007 

4 

— 

— 

0*45 ’ 

0*23 

0*12 

O-Olo 

0*062 

0*069 

0*063 

0*023 


Only two processes for populating the upper state were considered of 

sufficient interest to investigate. These are electronic excitation of the neutral 
molecule (in its ground state), 

N 2 (XiS+)+e->N 2 (a®n„) + e, (24) 

• the calculated p’s for which are given in table 26, and electronic recombination with 
the ionized molecule (in its ground state), 

N^ (X 221+) -f e N 2 ( (7 sn„) ■+■ Av, 


(26) 
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the calculated jj’s for -which are given in table 26. As the transitions are of the perpen¬ 
dicular type the figures should not be regarded as very accurate. 

A check on some of the work is provided by the experiments of Langstroth { 1935 ) 
who measured the intensity distribution resulting from process (24). Ow ing to the 
characteristic rapid initial rise of the excitation function associated -with an optically 
forbidden transition, the ratios of the rates of population of the various -vibrational 
levels of the upper state show some dependence on the energy of the bombarding 
electrons. The effect can most simply be expressed by introducing within the integral 
in equation ( 12 ) a multiplying factor /t(u',i>'',e). Table 27 gives the values of the 

Table 25. p’s fob, N 2 ,' teansitioh- (theoey) 


\ v" 




X 

0 

1 

2 

0 

0-52 

0-36 

0-10 

1 

0-31 

0-05o 

0*35 

2 

0*12 

0*23 

0 -01^ 


Table 26. p’s foe NJ", Z^S^-Nj, teansition (theoey) 


< 

0 

1 

2 

0 

0*80 

0*16 

0 -02, 

1 

0-18 

0-47 

0*26 

2 

O-Ola 

0-32 

0*22 


factor obtained by Langstroth. As is apparent, they tend to a constant (which can 
be taken to be unity) in the region a little above the excitation potential. The 
observed relative intensities here are given in table 28 and the predicted relative 
intensities (as derived from tables 22,26 and the mean of tables 23 and 24) in table 29. 
It can be seen that the agreement between the two, though in general fair, is rather 
poor for the weaker bands; there is moreover a tendency for the predicted develop¬ 
ment to be less extensive than the observed. The fact (already noted) that the excita¬ 
tion transition is of the perpendicular type may accoimt for some of the differences. 
As little further can be done theoretically to improve the position, additional labora¬ 
tory measurements should be performed. At present, to minimize the degree of 
uncertainty, it is probably best to average the data. 

As for the negative system it is useful to know the intensity distribution that 
arises if the population rates to the various -vdbrational levels of the excited state 
are equal. Table 30 was therefore compiled. It was obtained by averaging the results 
from table 22 and the mean of tables 23 and 24 and from table 28. In employing it, 
the possible inaccuracies of the data on which it is based must be remembered—the 
figures at the extreme right (which are based solely on Tawde’s measurements) are 
especially open to suspicion. 

The different tables can, of course, be combined together to yield results for 
a number of excitation conditions other than those already discussed. Table 31 is 
of some importance. It gives the relative population rates for process (24) with the 
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parent molecules not in their zeroth vibrational level (as previously assumed) but 
instead distributed among the different vibrational levels, their effective tem¬ 
perature ranging from 500 to 8000® K. An interesting feature is that tn.1riT^g the 
population rate to the zeroth vibrational level to be unity the relative population 
rate to the first vibrational level initially decreases with rise of temperature. This 


Table 27 


multiplying factor 


electron energy 
6 (eV) 




v' = 0 


il 

14 

1-00 

0-68 

0-52 

15 

1-00 

0-72 

0*60 

16 

1-00 

0-85 

0*84 

^30 

1-00 

1-00 

1-00 


Table 28. Observed intensity distribution oe second positive bands as 

EXCITED BY THE COLLISION OE ELECTRONS WITH NEUTRAL NITROGEN MOLE¬ 
CULES IN THEIR GROUND ELECTRONIC STATE AND ZEROTH VIBRATIONAL LEVEL* 



(— indicates band outside spectral region studied) 


0 

1 

2 

3 

4 

5 

19 

16 

6'2 

1-9 



— 

0-48 

5-6 

5-2 

2-7 


— 

— 

0*3e 

0*7e 

1-7 

L3 


Table 29. Predicted intensity distribution oe shoond positive bands as 

EXCITED BY THE COLLISION OP ELECTRONS WITH NEUTRAL NITROGEN MOLE¬ 
CULES IN THEIR GROITND ELECTRONIC STATE AND ZEROTH VIBRATIONAL LBVBI 



0 23 14 

1 17 1-0 

2 3-3 4-7 

3 0-9 21 


2 3 4 


5-1 

1-3 

0-2 

4*6 

3-7 

1*4 

0*2 

0‘7 

0*9 

0-9 

0-2 

0*3 


5 6 7 


0*0 



0*3 

0*0 


0*5 

0-1 

0-0 

0*1 

0-1 

0-0 


Table 30. Predicted intensity distribution oe second positive bands 

ASSUMING EQUAL RATES OE POPULATION OE THE VIBRATIONAL LEVELS OE THE 
EXCITED STATE 



\ 

0 

1 

2 

3 

\ 

0 

41 

29 

11 

3-1 

1 

54 

2-2 

14 

12 

2 

28 

39 

1-7 

4-6 

3 

18 

41 

18 

4*6 


* The units are adjusted so that the total 
intensities are available is equal to that in the 


4 

5 

6 

7 

8 

0*3 

0-1 




5*6 

0-9 

0*2 

O-Oe 


7-7 

5-1 

1-2 

0*3 

0*1 

7-0 

2*6 

2*4 

0*9 

0*3 


which jihe 


photon emission in those bands for 
same bands as given by table 29. 
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abnormal effect is caused by the smallness of ^>{ 1 , 1 ) relative to _p( 0 , 1 ) (cf. table 25). 
The usual type of variation is exhibited by the relative population rate to the second 
vibrational level. It will be noted that the influence of temperature is much less 
marked than in the case of the negative system. The accuracy of the figures is not 
high {v, supra). 

The measurements at present available on the emission of the second positive 
system from the upper atmosphere are not sufficiently extensive to justify publishing 
further auxiliary tables here. If required, these can readily be derived from the data 
that have been collected. 

Table 31. Relative bates oe population op the various vibrational 

LEVELS OP N2> BY ELECTRON LVtPAOT WITH Ng, 


effective vibrational 


temperature (° K) .. 

600 

1000 

2000 

4000 

6000 

8000 

v'^0 

1*00 

1-00 

1-00 

1-00 

1-00 

1-00 

1 

0-60 

0*58 

0-66 

0*60 

0*66 

0*71 

2 

0-23 

0*24 

0-28 

0-35 

0*43 

0-48 


4-2. Discussion 

The spectral location of the second positive system is not favourable for obser¬ 
vational work, many of the stronger bands being in the ultra-violet region. Con¬ 
sequently extensive measurements have not been made. 

4-2-1. As far as low latitude aurorae are concerned the literature appears only to 
contain a few isolated remarks on identifications. Dufay & Toheng Mao-Lin ( 1942 ) 
found evidence for the presence of the ( 0 , 2 ) band A 3805. They pointed out that, as 
this is situated near the short wave-length limit of their instrument, its intensity 
must be high for it to have appeared at all. No other bands of the system were 
detected on their spectra. Reference to the tables in the previous section shows that 
this is consistent with what would be expected from any normal excitation mech¬ 
anism. Barbier ( 1947 ) extended the spectral range beyond that covered by Dufay & 
Tcheng Mao-Lin and tentatively suggested the presence of not only the ( 0 , 2 ) band 
A3805 but also of the ( 0 , 0 ) band A3371. He does not make any mention of the ( 0 , 1 ) 
band A 3577 whose intensity must be between that of the other two, but conceivably 
it might have been obscured by the ( 1 , 0 ) band of the negative system A3582. In 
any future work it is desirable that a careful search be made for the individual 
bands that are expected to be the most intense. With the plausible assumption that 
the excitation is similar to that of the negative system, it can be seen from the data 
collected in § 4*1 that the following are likely to be the most prominent of the bands 
of wave-length above SOOOA: ( 0 , 0 ) A3371, ( 0 , 1 ) A3577, ( 0 , 2 ) A3805, ( 1 , 0 ) A3159, 
( 1 , 2 ) A 3537, ( 1 , 3 ) A 3755 and ( 2 , 1 ) A 3136. The detection of radiations at these wave¬ 
lengths would fully establish the presence of the second positive system in low lati¬ 
tude aurorae. Information on the intensities should provide a useful guide to the 
excitation conditions if used in conjunction with tables 23 to 31; it will be par¬ 
ticularly interesting to compare any conclusions reached in this way with those 
deduced from the intensity distribution of the negative system, finally it is perhaps 
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worth drawing attention to the fact that the (3,4) band A 3469 is comparatively weak 
and is only likely to be observable if a number of other members of the system, 
including those mentioned above, are strongly emitted (which they do not normally 
appear to be). It is therefore improbable that the radiation at about* A 347 lA found 
by Gotz ( 1941 ) is due to this band. The correct identification is doubtless with the 
forbidden doublet of atomic nitrogen *S, A 3466 whose presence in low latitude 
aurorae was first observed by Slipher & Sommer ( 1929 ) (cf. discussion by Dufay & 
Tcheng Mao-Lin 1942 and Dufay 1943 ). 

Table 32. iNTSirsiTY distbibtjtion oe second positive 

SYSTEM AS OBSBBVBD IN HIGH LATITUDE AUEOEABf 
(0 indicates band not recorded; / indicates feeble intensity; 




— indicates band outside spectral region studied) 




0 

1 

2 

3 

4 

5 

6 

7 

0 

9-0 

9*8 

4-9 

3-4 

3-0 

0 

0 

0 

1 

5-3 

P2 

4-9 

4-2 

3-7 

0 

0 

0 

2 

— 

3-6 

0 

2-2 

2-4 

2-2 

0 

0 

3 

- 

- 

/ 

1-8 

30 

/ 

0 

1-4 


4 - 2 - 2 . Vegard & Kvifte ( 1945 ) have published a tjrpical intensity distribution 
for the second positive system in high latitude aurorae. This is reproduced in table 
32: the units are the same as in table 17. There is some general correlation between 
the observed and predicted (table 29) variation of intensity along any v" progression. 
Thus the minima at the ( 1 , 1 ) band A 3339 and the ( 2 , 2 ) band A 3309 occur in both. 
The agreement is not, however, detailed. As in the negative system the bands to the 
left tend to appear enfeebled relative to those to the right. J In view of the discussion 
in § 3‘2-2 this will not be elaborated upon here. It may, however, be mentioned that 
even allowing for the anomalous trend the (0,4) band A4344 and the (3,7) band 
A 4142 seem much too intense—^possibly some other emission contributes. 

The nature of the data available makes it impossible to derive accurate relative 
population rates to the various vibrational levels of Ng C'®n„. Nevertheless some 
suggestive results can be obtained by combining the information in tables 29 and 32 
and averaging over groups of bands of about the same wave-length. These are given 
in table 33. The slowness of the decrease of the relative population rate with in¬ 
creasing v' is very striking. In any comparison with table 20 it should be remembered 
that because of fundamental properties of the nitrogen molecule the negative system 
is the more compact naturally. 

Mitra ( 1946 ) and Ghosh ( 1946 ) have suggested that the emission of the second 
positive system is due to the formation of nitrogen molecules in the C'®n„ state by 

* The wave-length measurement is not precise as the dispersion of the spectrograph used 
was very low. 

t The presence of a few bands additional to those in the table has been suggested. Thus the 
(7,8) and (9,7) bands have been identified with weak emissions at A3484 and A 3169 respectively. 
The proposals are not at all plausible and will be ignored. 

I From, the data in the two systems a crude (intensity correction)-(wave-length) curve 
can be derived but the scatter is too great to make it of much value. 
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recombination between electrons and nitrogen ions in the X state. Bates, Massey 
& Pearse ( 1947 ) have criticized this proposal on the grounds that the photon yield is 
quite inadequate. Further evidence against it is provided by considering the 
degree of development of the system that would ensue. This can be calculated with 
the aid of table 26 (cf. § 2 - 2 ). Taking a vibrational temperature of 500^^ K or less, then 
with g{(f) unity, g{\) is only 0*17 and gr( 2 ) is only 0*024. These values are far below 
those deduced from the auroral data. The discrepancy cannot be removed by any 
acceptable increase in the vibrational temperature. 

Table 33. Relative rates oe population g[v') of the various vibrational 

LEVELS OF Ng, (HIOH LATITUDE AURORAE) 

^'012 3 

9 (v') 1-00 ' 0-9i 0-8o (O-Bg) 

Electron impact with nitrogen molecules in their ground state X is less un¬ 
satisfactory than the recombination process, but it also fails to provide the develop¬ 
ment apparently required. Table 31 gives the predicted relative population rates. 
As can be seen, they are much smaller than the corresponding values ha table 33. 
Their peculiar dependence on the vibrational temperature makes it even more 
probable than in the case of the negative system that an enhancement of this by some 
overlooked effect cannot be invoked to explain the observed intensity distribution. 
But unfortunately, owing to the excitation transition being of the perpendicular 
type, the uncertainty ha the calculated jp’s makes the reality of the difference open 
to doubt. Further direct laboratory measurements are essential. 

Nevertheless, it would once again seem reasonable to suppose that heavy auroral 
particles give a considerable contribution to the excitation. In this case, however, 
there is the alternative possibility that ionic recombination 

N 2 +(Z 2S+) -H 0-(2P)->N,(a3n J + oep, {ovW)) (26) 

is responsible; but it should be noted that simple charge transfer is not sufficient 
for this process—^the configuration (JT, A^,cr^,cr®, 7 rJ,cr^) and the con¬ 

figuration (Z^,E^,cr^,cr^, 7 rJ,cr|, 7 r^) are such that in addition an internal rearrange¬ 
ment is required. It would therefore seem probable that the effective collision 
coefficient is not large. Attention may be drawn to the fact that the transition from 
the state to the C^TL^ state involves a change in multiplicity. Account must 

be taken of this in assessing the plausibility of heavy particle excitation. The 
transition could not be produced by simple proton impact. But it could be produced 
by protons that had captured an electron (or by any other complex system) as 
electron exchange could then occur. The cross-section associated with such a process 
requires investigation. 

4-2-3, Finally, before concluding the discussion, it is perhaps worth making a brief 
reference to the night sky emission. Most workers agree that the second positive 
system is normally absent. But the complexity of the spectrum, is such that it is 
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difficult to be certaiu. Dufay & D^jardiu ( 1946 ) list 12 wave-length coincidents. By 
using table 30, which gives the relative intensities of the bands in any v" progression, 
the plausibility of the identifications can be judged. Details of the comparison need 
not be given here: it is sufficient to state that many anomalies appear. This gives 
support to the view of Dufay & D 6 j ardin that the bands in question are best attributed 
to other systems. 


6. The first positive system 
5‘1. The basic data 

Only the infra-red bands of the first positive system will be con¬ 

sidered here. Table 34 gives the wave-lengths of some of the more important ones 
as determined by Poetker ( 1927 ). Table 36 gives their calculated p’s. Now in addition 
to his wave-length measurements Poetker also obtained values for the relative 
intensities. While these are not of high accuracy* approximate p’s can be 
estimated from them. The values obtained are shown in table 36. As can be seen, the 
agreement -mth table 35 is not detailed but at least there is confirmation of its wain 
features which is as much as coffid be expected in view of the character of the 


Table 34. Wave-length of bands of first positive system (A)*}" 



10,420 12,220 (14,790) 

8,860 (10,140) 11,830 

7,760 8,670 9,880 


Table 35. p’s for Ng, transition (theory) 



0 

1 

2 

0 

0*32 

0*32 

0-20 

1 

0-41 

0-007 

0-08e 

2 

0*21 

0-19 

0-13 

Table 36. eor Ng, 


TRANSITION (laboratory MEASUREMENTS) 

\v" 

0 

1 

2 

v'\ 

0 

0-35 

0-36 

0-14 

1 

0-27 

0-00 

0-25 

2 

0-15 

0-32 

0-07 


I 10 (In nnlB) 


nearest whole number. “ --*^® 

maxima under laboratory conditions: some- 
! conditions. 
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experimental results and of the fact that the transition is of the perpendicular type. 
In applications it is probably justifiable to assume that the calculated p’s are fairly 
reliable. 

Excitation processes -were not investigated and it will only be remarked that the 
difference in the equilibrium inter-nuclear separation of and is 

comparatively large (being in fact 0-116 x lO-Scm.) so that the bombardment of 
nitrogen molecules in their groimd state by electrons leads preferentially to the 
population of the higher vibrational levels. 


5 - 2 . Discussitm 

One of the most remarkable features of the night sky spectrum is the great infra¬ 
red emission near A 10,440 discovered by Herman, Herman & Gauzit ( 1942 ). Steb- 
bing, Whitford & Swings ( 1945 ), who independently observed the radiation, made the 
suggestion that it should be identified as the ( 0 , 0 ) band of the first positive system, 
A10,420. Now the ( 1 , 0 ) band A8860 does not appear to be present with any appre¬ 
ciable intensity. This might at first seem peculiar, but Stebbing, Whitford & Swings 
put foirward the explanation that a selective excitation mechanism is operative. 
They suggested that the process responsible is simply 

N(*S) -hN(^S) -f-Na(ZiS+) +N,(ZiS+). (27) 

If the dissociation energy of nitrogen is 7-383 eV* the excited molecules N 2 (£®n^) 
can only be in their zeroth vibrational level, thus satisfying the observational 
requirement. 

While the identification mentioned is attractive further work is necessary before 
it can be regarded as established. In particular it is desirable that a search be made 
for the ( 0 , 1 ) band near A 12,220 and the ( 0 , 2 ) band near A 14,790. Erom the data in 
§ 6-1 it can be seen that the intensities of these two bands should be about 0-63 and 
0-16 respectively (the intensity of the ( 0 , 0 ) band A 10,420 being taken to be unity). 
The observation of radiations of the wave-length and intensities stated would 
provide conclusive evidence for the emission from the night sky of the w' = 0 pro¬ 
gression of the first positive system. In the meanwhile, the hypothesis of this emission 
forms a convenient basis for discussion. 

The lower state of the first positive system is, of course, the upper state of the 
Vegard-Kaplan system A This latter system should therefore also be 

emitted from the night sky. While it has indeed been found to be present the intensity 
distribution is not what would arise from the cascade effect. This is iUustrated by 
table 37 which gives (a) the predicted relative rates of populating the various 
vibrational levels of Nj, A by the w' = 0 progression of the first positive system 
and for comparison ( 6 ) the sum of the intensities (in arbitrary units) of the bands 
originating from each as observed by Oabannes & Dufay ( 1946 ). The figures demon¬ 
strate clearly that cascading is not the dominant mechanism responsible for bringing 
nitrogen molecules to the state—a view expressed earlier by Bates ( 1947 ): 


* Gaydon (1947) supports a larger value, 9-764eV. 
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some other process, at least 10 times as effective, must be operative. A number of 
possibiHties suggest themselves (of. Swings 1947 ), the most plausible being 

N(*S)+N(^)+Z^N,(A«S+) + X. (28) 

Enough energy is available for the excitation of the vibrational levels up to v' = 8 
(compare table 37): there is insufficient for the excitation of the vibrational level 
v' = 9, the highest from which emission has been suggested to rise, but little import- 
anee need be attached to this. 

Table 37 

«'(0fN„^>2:+) ... 0123466789 

(а) predicted relative 34 21 8 (2)(1) _ _ _ _ 

population rates 

(by cascading) 

(б) sum of band 4 5 16 12 16 6 6 3 l i 

intensities 

The radiation at A 10,440 is extremely strong compared with any other in the night 
sky spectrum. Stebbing, Whitford & Swings estimate it to be perhaps 100 times more 
mte^e than even A5677, the prominent green forbidden line of atomic oxygen 
^ S; and to obtam the ratio of the photon emissions (including the emission from 
the unobserved part of the first positive system) it can readily be seen that a further 
factor of almost 4 must be introduced. Thus since according to Rayleigh ( 1930 ) the 
n^ber of transitions needed for the green line of oxygen is 2 x 10 «/om.® column/sec 

thenumberneededfor the first positive system of nitrogen must be some 8 X lOio/om .2 

col^n/sec. If the thickness of the luminous layer is taken as 10 km. the approxi- 

Zt be 8 X 10Vcm.3/sec., and hence of 

process (28) must be 8 x 103/cm.3/sec.* Item these figures it can be seen that about 

I bv *be course of a night.f Now 

infra-red emission was maintained 
Wghout the hours of darkness: their photo-ceU current only fell from 100 to 

th! This indicates that 

the^action of the free mtrogen atoms that disappear in a night is smaU, perhaps 

4 x 1 ou/cfr ^ concentration of atomic nitrogen must be of order 

^bat the altitude at which the 
r Z b ^be factors that determine 

®®*bnate the coefficient 

^somted with process (27) smee the close resonance that occurs might conceivably 

\ (f) (^bich, as has been seen, is the more rap 4 

presents no unusual features, so that its coefficient can scarcely be greater than 

that only an system makes it necessary to assume 

radiate.Lr^SLS^JeS^d^bZr®’'”"^^^^ °“be metastable molecules 

spon^eous transition probability and a hi^b coSn dSiSS etZ^f 

in the subsequ^sSZeussiS Possibihty which adds to certain difficulties must be remembered 
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10 “®^ cm.®/sec.* If this value is adopted, and if the atomic nitrogen concentration 
is taken to be 4 x 10^^/cm.®, then to obtain the association rate of 8 x 10®/cm.^/sec. 
a third body concentration of 5 x 10^®/cm ® is needed, and this occurs about the 
100 km. level. The Vegard-Kaplan system should, of course, also be emitted from 
here. This conflicts with the measurements of Barbier ( 1947 ) who claims that the 
altitude of their source is from 350 to 900 km. However, height determinations are 
still subject to much uncertainty. Further, Cabannes & Dufay ( 1946 ) have shown 
that the rotational temperature of the metastable molecules is only about 230° K 
which favours a low altitude for the emission. 

The atomic nitrogen concentration involved is very high. It is not easy to under¬ 
stand how it could be established against the loss processes acting (to overcome which 
atoms must be freed at a mean rate of order lO^^/cm.^ column/sec. or even more). 
Several mechanisms by which nitrogen molecules can be dissociated during the day 
have been suggested by Ta-You Wu ( 1944 ) and by Herzberg & Herzberg ( 1948 ) but 
they appear too slow, involving as they do either photo dissociation by solar 
radiation of very short wave-length (less than 500A) or predissociation through a 
forbidden electronic transition The inadequacy of such processes 

is best illustrated by noting that the required rate is not greatly less than that for 
the dissociation of molecular oxygen which is produced by the action of radiation 
of comparative long wave-length (the threshold being 1760A) of very high intensity 
and which takes place through an allowed transition It should 

perhaps be mentioned that even if the infra-red emission is ignored the presence of 
certain other bands m the night sky spectrum is most readily explained if it is 
assumed that the excitation energy is provided by the association of free nitrogen 
atoms (cf. Bates 1947 ). However, a much smaller rate of formation of these latter 
suffices. 

The remarkable nature of the conclusions regarding the state of the upper atmo¬ 
spheric nitrogen that appear to follow from the hypothesis of Whitford, Stebbings 
<fc Swings serves to emphasize the importance of further observational work to prove 
or disprove the correctness of identification of the infra-red emission. It is clearly 
also desirable for a precise absolute intensity measurement to be made and for the 
intensity distribution in the Vegard-Kaplan system to be further investigated. In 
addition the temporal variations of the infra-red emission, and of the Vegard-Kaplan 
system should be studied to verify if they correspond as would be expected if they 
originate as postulated. 

In conclusion I would like to thank Professor H. S. W. Massey, F.B.S., for his 
continued interest and encouragement. 

* This is about the magnitude that is usually taken for the coefficient for the total three-body 
association rate. It can readily be seen that a much smaller value leads to serious difficulties. 
Now in the current theory of the night sky emission a number of lines and bands are presumed 
to originate through the association of free oxygen atoms. To explain the observed intensities 
the partial coefficients for such associations need only be a small fraction of the total coefficient 
(unless there is very effective collision deactivation, and this is improbable at least for 0 in 
view of the observation of Dufay & Dufay (1948) that the forbidden green line is enhanced at 
twilight to the extent predicted by simple theory). It is not altogether satisfactory that it 
has to be assumed that all or almost all the nitrogen associations yield particular excitations— 
especially as process (27), which might have been exceptional, is not the only one that has to 
be invoked. 
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Appendix 

The energy distribution of the auroral electrons 

The problem of calculating exactly the energy distribution of the auroral electrons 
is one of some complexity. No attempt is made here at a detailed solution which 
would require among other thin g s a fuller knowledge of certain reaction rates than is 
available. It may be useful, however, to give the results of an elementary exploratory 
investigation. Heavy particles will be ignored but this does not affect the essential 
argument. 

As a crude model it is convenient to divide the auroral electrons into one of two 
main groups according to whether or not they have energy sufficient to excite or 
ionize the atmospheric constituents. Tollowing the terminology used in the text 
the electrons in the high energy group will be referred to as active and those in the 
low energy group as passive: 72.(e.4) and n(eP) denote their respective concentrations. 
Consideration of the equilibrium is sufficient to enable an estimate to be made of 
the ratio of these concentrations. Essentially the electrons in the active group are 
constantly being degraded to the passive group by loss of energy through excitation 
and ionization. The entry of electrons into the passive group must balance the 
disappearance of electrons from it due to recombination and attachment processes. 
This is expressed by the equation 

^n{eA) n{X) = a^n{eP) n{X+)+rjn{eP) n(X) 

. = a^n{eP)^{eP)+n{eA)){l + X)-\-rin{eP)n{X), 

where n{X) and are respectively the concentrations of neutral particles and 
positive ions, A is the negative ion-electron ratio, ^ is the coefficient associated with 
the degradation processes, is the electronic recombination coefficient, and rf is 
the attachment coefficient. It need scarcely be emphasized that the situation that 
actually prevails has been greatly simplified. For example, the different atmospheric 
constituents are treated as one, and a number of processes such as collision detach¬ 
ment and ionic recombination are ignored.* In spite of this equation (1) probably 
serves as a usefcil guide. Before proceeding to use it values have to be assigned to 
the various coefficients. 

Electrons in the higher part of the active group have to make many inelastic 
collisions (about 60 for those of energy 1 kV) before they themselves are finally 
degraded. This might suggest that ^ is much less than the inelastic collision coefficient. 
However, the electrons that are ejected in ionizing collisions (which form a con¬ 
siderable fraction of the total number of inelastic collisions) tend to be in the lower 
part of the active group and are degraded by only a few inelastic collisions. It is 
therefore reasonable to assume that the rate of passage of electrons from the active 
group to the passive group does not differ by a large factor from the inelastic collision 
rate; that is that ^is only several times smaller than the inelastic collision coefficient. 
On this basis a figure of 10~'^ cm.®/seo. was adapted.f Reliable experimental or 

* A discussion of the processes in an ionized atmosphere has been given by Bates & Massey 
(1946, 1947). 

t For data on inelastic collision coefficients cf. Darrow (193a) and Mott & Massey (1933). 
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theoretical information on oCg not being available it seems best to employ the values 
given by ratio observers, 10 ~®cm.®/sec. just above 100 km., 4x 10 ~* cm.®/sec. near 
220 km. and 3 x lO'^^^cm.^/seo. near 300km.* At the same time it must be realized 
that the coefficients during an aurora are not necessarily the same as those for normal 
conditions. Finally, rj is known from quantal calculations by Bates & Massey ( 1943 ) 
to be about 1-1 x lO-^® cm.®/sec. for attachment to atomic oxygen (assuming the 
resonance phenomena not to occur). The dissociative attachment process 

02 + e->0“+0 (A2) 

has a coefficient of about 10 -“cm.®/sec. for electrons with energy of a few volts 
but does not occur for electrons in the passive group. Negative ions of nitrogen are 
not formed. Thus averaging over the constituents rj can be taken as equal to 
4 X 10 “^® cm.®/sec. Despite the uncertainties in the coefficients some interesting 
conclusions can be reached. 

Using equation (Al) table A 1 , giving n{eP) in units {^la^{l +A)}* for a range of 
n{eAjand n(X), was compiled (a trifling task since the term containing rj proved to 
be unimportant). In examining the results account must be taken of the tmit in 
which the value of n{eP) is quoted. {CM}* can at once be seen to be about 3 if is 
1 X 10-® om.®/seo. and about 20 if is 3 x lO-^® cm.®/sec. {1/(1+A)}* is difficult to 
estimate reliably except at high altitudes. The attachment rate is 4 x 10 -^®«.(Z)/ 
electron so that in, say, 2-6 x 10 * sec. the number of negative ions formed is only 
1 X 10 ~^*?i(X)/electron. Hence in the region where n{X) is 1 x lO^^/cm.® or less the 
negative ion concentration will not normally have time to grow to be as large as the 
electron concentration and { 1/(1 + A)}* can be assumed to be equal to tmity. If »(A) 
is much greater than 1 x 10 **/cm.® the equilibrium negative ion concentration may, 
however, be established. This is controlled either by the associative detachment 

O’+O^Oa + e, (A3) 

or by the ionic recombination process 

0-+Z+-»0'+X'. (A4) 

Unfortunately the coefficients associated with neither of these is known at all 
reliably. But if that for the former K is taken to be about 10 “*® to 10 “*’cm.®/sec. 
(averaged over the atmospheric constituents as usual) and that for the latter to 
be about 10 “*®cm.®/sec.'i' (of. Bates & Massey (i943))» if i*® seen that A, 
whose equilibrium value is approximately given by the expression 

VliK + ccM^P)), (A5) 

caimot rise above 10 (and for the cases considered in the table is usually less) so that 
{1/(1+A)}* is in general not smaller than 0*3. Hence the units {^/ae(i+^)}* vary 
from about 1 for high and high A to about 20 for low and low A. 

It is clear from the results that almost all the auroral electrons are in the passive 
group. This is at variance with the statement sometimes made that their mean 

* Cf. ‘ The model ionosphere ’ table published by Bates & Massey (1946). These authors ^o 
give reasons for supposing that the recombination proceeds by an electronic, not ionic, reaction. 

t It may well be greater: if this is the case A becomes smaller. 
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energy is of order 30 eV: but it is supported by the observational evidence that is 
available. Thus radio measurements have shown that the total electron concentra¬ 
tion produced by aurorae must be at least comparable with that in the normal 
ionized layers. Even if an improbably low figure is taken for the excitation coeflficient 
it is apparent that only a very small fraction of these can be in the active group as 
otherwise the intensity of the radiation that would of necessity ensue would be much 
too great.* Recent radar developments have led to the hope that a more detailed 
investigation of auroral conditions than hitherto possible can now be undertaken. 

Table A1 




w(eP) units 



n(eP) toits 

n(Z) 

n{eA) 

{S/a.(l+A)}» 

n{X) 

n{eA) 

m(i+A)}i 

(om.®) 

(cm.®) 

(cm.®) 

(cm.®) 

(cm.®) 

(cm.®) 

lx lO® 

1 

lx 10* 

1X 101® 

1 X 10-2 

1x10® 


1x102 

lx 10' 


1 

1x10® 


1x10* 

lxl0« 


1x102 

1x10’ 

1 X IQw 

1 

lx 10' 

1 X 101* 

1 X 10-2 

1x10® 


lx 102 

lx 10« 


1 

1x10’ 


1x10* 

lx 10’ 


1x102 

1x10® 


Valuable initial results have already been published by Lovell, Clegg & Ellyett 
( 1947 ). Their interpretation has been discussed by Herlofson ( 1947 ) who deduced 
that in the particular aurora studied the electron concentration was greater than 
4 X 10 */cm.® and considerably less than 3 x lO’/cm.®. This range is unfortunately 
rather wide. For the purpose of discussion, where a definite figure is desirable, 
3 X 10®/cm.® seems a not unreasonable choice. Herlofson also deduced that the 
altitude was probably about 200 km. At this level there are slightly over atoms 
or molecules/cm.®. Adapting for n{eF) and n{X) the values quoted and referring to 
the table it can be seen that rather less than 1 /cm.® is the value predicted for n{&A). 
With an effective excitation coefficient of about 10 ~'^ cm.®/sec. or perhaps greater 
this concentration gives rise to an emission of some 10 *photons/om.®/sec. which is 
just the rate usually assumed for aurorae. To provide a proper check on the theory 
precise electron concentration and intensity measurements are clearly needed. 
But even at present there is little doubt as to the correctness of the general con¬ 
clusion that n{eP) is very much greater than n{eA). It is perhaps worth pointing out 
here that the treatment depends on the basic hypothesis that aurorae are produced 
by incoming particles. Some workers advocate the alternative hypothesis that 
aurorae are merely discharges caused by electric fields within the Earth’s atmosphere. 
H this view were correct one would expect a higher proportion of energetic electrons 
than could be reconciled with observation. 

As regards the energy distribution within the active group, little can be said at 
present as a number of unknown factors enter. It may, however, be remarked that 
the claim (already mentioned) that the electrons have an energy of about 30 eV is 
incorrect even if taken as applying to this group alone. It is true that if the electrons 

* It can. readily be seen that the number of photons emitted/cm.^/seo. would be many 
millions. 
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did have about this energy certain laboratory and auroral intensity measurements 
would be consistent with each other:* but consistency can be obtained more 
naturally in other ways—^by assuming for example that/(e), the distribution function, 
varies as with t perhaps between 1 and 2 in the e-range from 15 to 40 eV. In view 
of the earlier remarks on the possible unreliability of the measurements (§ 3*22) it is 
necessary to treat with reserve any/(e) derived from them. 

In connexion with the problem of understanding the emission of the negative 
bands of nitrogen from aurorae it is necessary to estimate the relative importance 
of the processes 

%+) + (S + 2e, (A6) 

and ^t(X 2S+) + e->N^ (S ^2+) + e. (A7) 

The intensity resulting from the former wiU be denoted by /(Ng), that from the 
latter by I ), and 7(Nf )/7(N2) by r. If it is assumed that the nitrogen ions formed 
are mainly in the excited state and that they disappear mainly by recombination 
with electrons then it can be seen that 

r^^{l^})nieA)la,m) n{eP), (A 8) 

where JS(X}) is the excitation coefficient associated with (A 7) and ag(N^) is the 
electronic recombination coefficient for nitrogen ions. The values of the coefficients 
are not known reliably, buttheir ratio/5(N^)/ag(N^)probably lies betweenl and 1000. 
These limits, despite their wideness, are sufficient for the present purpose. For, 
taken in conjunction with the data in the table, they show that r becomes com¬ 
parable with unity only when n{X) is very low indeed (less than perhaps 10®/cm.®).t 
Thus it would appear that process (A 7) is unimportant compared with process 
(A 6) except at extremely great altitudes. 
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The indefinite metric in relativistic quantum mechanics 

By K. J. Le CotrTETJBj Manchester University 
{Communicated by P. M, S, Blackett, F.R.S.—Received 13 July 1948 ) 


There are many problems of relativistic quantum mechanics which cannot be treated by 
working with a positive dejSnite metric in the vector space of the fuUy quantized system. 
In this paper it is shown that, independently of the signs of energy and charge in the c 
number theory, any relativistic wave equation can be quantized and interpreted in terms of 
positive energies by use of an indefinite metric of suitable signature. A powerful method of 
obtaining positive definite transition probabilities from an indefinite metric is introduced 
and the concept of ‘negative probability’ is entirely avoided. The transition probabilities are 
defined as the squared matrix elements of a unitary matrix T, which is obtained from the 
solution of the Schrodinger equation by means of a special transformation. These techniques 
make it possible to treat relativistic wave equations which describe particles with several 
mass and spin states and to give a satisfactory account of the transition between two such 
mass states, a problem which is otherwise quite intractable. 

The relationship of spin and statistics is discussed and it is concluded that, apart from the 
special cases of spin 0, J, 1, there is no necessary connexion between spin and statistics. 


1 . iNTEODXJCTIOlSr 

In recent work on relativistic quantum mechanics (Dirac 1943,1943; Pauli 1943) it 
has been found convenient to introduce a metric of indefinite sign in the vector 
space of the fully quantized system. When one applies such a formalism to problems 
in which states of both signs of the metric play an important part, the physical 
interpretation becomes rather awkward, audit has to be assumed that, in this domain, 
the only possible measurement is that of transition probabilities; this measurement 
requires only ‘asymptotic’ observation of the system. Following Heisenberg (1943), 
these transition probabilities will be described in terms of a ‘scattering matrix’ but 
the connexion with a Hamiltonian is not abandoned. ^Quite apart from this essential 
limitation on the physical interpretation, one meets the further difficulty that the 
quantities which, by analogy with ordinary quantum mechanics m a positive definite 
metric, one would like to interpret as transition probabilities are not all positive 
and are therefore not capable of immediate interpretation. The main contribution 
of this paper to the theory of quantum mechanics m an indefinite metric is to show 
that the transition probabilities can always be defined as the absolute squares of 
the matrix elements of a unitary matrix T, which is obtained from the solution of 
the Schrodinger equation by means of a special transformation defined in § 7 . All 
requirements of the theory of probability are therefore satisfied and one needs to 
have no dealings whatever with ‘negative probabilities’. The special transforma¬ 
tion can be regarded as a generalized subtraction method but it is important to 
notice that it is not a perturbation method. 

It is necessary to use an indefinite metric whenever one wishes to handle a rela¬ 
tivistic wave equation involving spin greater than one. For it is well kno^^ta that, 
if the metric is restricted to be positive definite, the quantization and interpretation 
of a relativistic particle theory is possible only when, in the c number theory, either 

[ 251 ] 
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the charge or the energy is positive definite. Recently Wild (1947) has shovra that, 
apart feom equations involving subsidiary conditions which cannot be quantized, 
the only wave equations meeting this requirement are those of spin 0, !•, 1. Therefore 
the only possibility of progress beyond these equations lies in the development of 
a method of quantization and physical interpretation which does not require positive 
definite energy or charge. This problem is treated by working in an indfefinite metric, 
the signature of which is defined in § 4, and by relating the physical interpretation 
to the T transformation. In the case of half-odd integral spins the problem of 
Fermi-Rirac quantization has already been solved (Bhabha 1947; L© Couteur 1948, 
referred to as A and B) but these papers do not settle the general question of the 
physical interpretation in an indefinite metric. 

In §§ 2 and 3, which are introductory, a short account is given of the quantization 
and of the formulae which are used in § 4 to show how the signature of the metric 
in the Hilbert space is related to the signs of energy and charge in the c number 
theory. To establish the physical interpretation it is necessary to consider the inter¬ 
action of the particles with another known field, for in the absence of interaction 
there are of course no problems to be answered. It is assumed that the particles are 
charged and so the interaction with the Maxwell field has been discussed, but the 
method is general and could equally well be applied to other interactions and to 
neutral particles. The Maxwell field is, however, of special interest because it involves 
peculiar supplementary conditions and it has to be verified that the present trans¬ 
formation procedure is consistent with these as well as with the equations of motion. 
As the method of expansion in series of eigenfunctions is itself modified by the 
interaction terms it has been thought desirable to carry through the whole theory 
in the presence of interaction. This procedure has the additional advantage of 
showing clearly that the T matrix subtraction formalism which is introduced is not 
necessarily a perturbation method. 

The theory is presented in a form which applies equally to integral and half-odd 
integral spins and discussion of the relationship between spin and statistics is deferred 
till § 13. It is concluded that, apart from the cases of spin 0, J, 1 in which special 
simplifications exist, there is no necessary connexion between the spin and the 
statistics. 

In §§11 and 12 the formalism is applied to wave equations describing particles 
which can appear in various mass and spin states and the problem of the transition 
between two different mass states is studied in detail. 


2. G HUMBER THEORY 

Use is made of/elativistib notation with (ajQ, *1, aig, 0:3) = (»o.X) = a as time and 
space co-ordinates and the metric tensor is taken in the form 

gfOO = -gfll _ _g,22 _ _ I 

Suffixes /t, V, cr run jffom 0 to 3, suffixes k, I from 1 to 3 and the three-dimensional 
scalar product is sometimes written as Xx = XjXj. 
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Now consider a field of material particles which, in interaction with the electro¬ 
magnetic field, is represented by the Lagrangian 

Ljp = fix)- ( 1 ) 

Here an-d A^, satisfying = 0 , is the four potential of the Maxwell 

field. X is S' constant. The four matrices <»“ define the structure and properties of the 
particle; since they are, in general, not Hermitian the matrix D,, satisfying 
Da^ = {oc^)*D and D = must be introduced to make the Lagrangian real. 
D exists if, as we assume, the matrices are equivalent to their Hermitian con¬ 
jugates (o^)'*'. 

The invariance of Lp under the infinitesimal Lorentz transformation 

+ ' (2) 

requires that the spin matrices obey the commutation rules 

' ( 3 ) 

In particular (ag, 7 ^) = “z "which implies 

(ao I aj I ai) = 0 . ( 4 ) 

It is convenient to choose the representation so that D commutes with ocq, 

•4i> -^12 anticommutes with and Iqj; in the electron and meson theories and in 
Bhabha’s generalization D is actually a function of 
To Lp w'e add the Lagrangian Ln of the radiation field, 




167r 


'■ /ipi 


where F^^ = 0 /^- 4 *' - d^A^. ( 5 ) 

By variation of the total Lagrangian (Weiss 1938; Pauli 1941; Bhabha 1945) we 
obtain the field equations 



- X) fix) = 0 , f^ix) DicO^p^ - X) = 0 , 

(6) 

and 


( 7 ) 

where 

$v = etlr^Da^rlr 

(8) 

is the charge current vector of the particles. The energy-momentum tensor is 



Ti^ = T^ + T^, 


where 

Tf = fWa^id^f, 

( 9 ) 


T§ = -^Fi^A^-g/»’Lp. 

(10) 


We must now discuss the procedure to be followed if the matrices are singular. 
Quite generally we suppose that they are of rank N and order Since D and 

ao commute and are Hermitian we may choose a representation in which they are 
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both diagonal, the first N diagonal elements of ocq being non-zero. In such a repre¬ 
sentation (M—N) of the equations (6) do not involve time differentiations but are 

of type = ^, = ^ {■mths>N). (11) 

The sufifixes s, t which run from 1 to Jkf are iatroduoed to distmguish the different 
components of the wave function 'ip'{x) and of the matrices By use of ( 4 ), equations 
(11) may be written as 

X</rg{x) = + ecd’stAjflx) (with s>N>t). 

We introduce a new wave function ^{x) defined by 

\jr{x)=4>{x)-<rd{x), af^f{x) ^ cif^(j>{x), ( 12 ) 

with (fors<iV),| 

= (for s> JV),/ 

■ e,{x) = Q, {for s^N),\ 

= (for s>N).j 

At each instant of time these equations may be regarded as explicit definitions 
of the components 4>si^)> for s>N m terms of the N independent components 
with s^N. Suppose that, in the case M>N, the characteristic equation of is 
“o/(*o) = where/(O) = 1 . This equation can be used to put (13 a, 6) into a form 
independent of the representation of aj. We note the equations 

/(“o) - X) f{^) = ( 14 a) 

/(ao) {ia!'di - x) ^(a;) = 0 , (14 &) 

TlrW{(x}pi—x+^°AQ)d{x) = 0, (15a) 

e\x)D{a}pi-x+ed>A^)^{x) = xr^(pWea'^A^f{af,)ea% 4 >. (166) 

The momentum eigenstates of a free particle satisfy the equation 

{ia^d^-X)<Pix) = 0 

and are given by ^(x) = ^{r,j,k) ( 16 ) 

where k^Jif = k^-k? ^ {xjjf, (a'‘fc^-y)^6(r,y,k) = 0 , ( 17 ) 

and the ambiguity of sign is resolved by givingy and k^ the same sign. By Lorentz 
transformation we may pass to the frame of reference in which the particle is at rest 

and ■ {aPxlj-X) 4 >{r,j, 0 ) = 0, 4 >\r, j, 0 ) {DaPxlj -x) = 0 - 

The various orthogonal eigenvectors ^{r, j, 0 ) corresponding to each non-vanishing 
eigenvaluey of are distinguisjbed by the parameter r which may be used to specify 
the spin state of the particle in its proper frame of reference. IS combinations of the 
parameter r andy are required. ( 4 ) shows that <j>^{r, y, 0 ) Daf<j>{r', y,0) = 0 and so, 
as in B, we may normalize the <j){r,3,k) to 

{k^)--^<j>\T, 3 X)Ba.^<i>{r', 3 'X) = D{r’ 


( 18 ) 
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where D(r, ^') = ± 1 is the eigenvalue of D associated with the eigenvector j>{r, j, 0 ) 
of ccq and D. ( 18 ) gives 

{LDaa^(r,j,'k.)D{r,j){kQ)-^^\r,j,k)DaQ-Da^^{r',j',k) = 0 . 

There are N linearly independent vectors ^{r', j',k) and so we obtain 

i; D(Xoi>{r, j, k) D(r, j) j, k) Dug = Da^. (19) 

If Duq is non-singular a factor Da^ may be removed from this equation. 


3 . QuiaSTTIZATIOlT 


The remaining field equations involve time derivatives and may be written in 
the Hamiltonian form 




( 20 ) 


if we adopt the Hamiltonian H = Hp -f- Hp, where 


Hp = - jY*ix)D{a‘pi-x + ea<>Ao)W{x)d% 
STrJiarft dxj,'^ dx^j’ 


( 21 ) 

( 22 ) 


Up and jffp are actually equal to the volume integrals of 2 ^, and Tp. In (21) we 
have replaced the wave function ^(x) and its conjugate ]^^(x) by adjoint operators 
T(a:) and T*(a:) which obey the commutation rules, valid for Xq = Xg only, 


(T«(a;), Y=^(r')i)«o),)± = (,(X»ao^{*')),'I'**(*))± = ^sA^-x'). 


In the case M>N these rules are valid only in the representation in which is 
diagonal and for s,t<:N. However, they may in all cases be written in a form in¬ 
dependent of the representation of ao as 


{Da,Y{x'), T=^(a:') = Da^x -x').| 

(Y(a:),T(r'))± = (T=^(r),T*(r'))± = 0. J ^ ’ 

The commutation rules for the potentials Aj^, which of course commute with the 
T and T*, are 

(A/x), A^{x'))_ = 4!7rig^d{x-x'), 

iA^{x), A,{x'))_ = (i^(a:), i>'))- = 0- (24) 


Equations ( 23 ) and ( 24 ) are valid for Xf, = x'q only. 

In this formalism we have to replace the equation = 0 by a supplementary 
condition iJ|> = 0, ( 25 ) 


which is a restriction, consistent with the equations of motion, on the vector repre¬ 
senting the state of the fully quantized system. The equations of the material 
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field do not give rise to any such conditions because equations (12) and ( 13 ), which 
hold also for the operators T(a;), ®(a:), enable us to work entirely with the N indepen¬ 
dent components ofW{x) or <E>(a:). 

Suppose that, at time we have a field T(ir0,x) which satisfies ( 14 a). The associ¬ 
ated field <E>(a;) which must satisfy ( 146 ) can be expressed, at time Zg, as a super¬ 
position of momentum eigenstates ( 16 ) and then ( 146 ) is automatically satisfied, 
caimot be so expanded. 

Cd^k ^ 

4 >(a;o,x) = ( 27 r)-»S -j-JDirJ) TJ{Z(„r,jX)i>{r,j,)s.)er^^^, 

TyjJ ^0 

®*(a:o> x) = ( 27 r)-* S J D(r, j) U*{zo, r, j, k) ^^{r, j, k) 

-D(r, j) = ± 1 and has been defined m ( 18 ). The dynamical variables U, U* obey 
the commutation rules 


U*(xo,r',j',k'))j^ = koI){r,j)S^Sjj,S{k-k'), ( 27 ) 

from which we may derive ( 23 ) by use of ( 19 ) and (12). In these variables the 
Hamiltonian Hp becomes, by (12), ( 16 a) and ( 156 ), 


Iip= -j'¥*{x)D{oc%-x+eoi,°AQ)<[>(x)d^z 

= -J<I»*2>(ia'ar-A:)<I>(«)+Htat. = + 

Cd^k 

Ep = Sj U*irjk) U(rjk)ko, 

-Efint. = eaAj<!> d>x. 


The total charge is Q = ej T*i)a«T = ej<P* Do(N> dh; 

= J U*{r,j,k) U{r,j,k). 

The total momentum of the particles is, by (9), 


(28 a) 
( 286 ) 


( 29 ) 


Qfp^ ^Q>*DaHm>d^x 

J d^k 

U*(r,j,k) U{r,j,k)!d. (30) 

We t^t the radiation field similarly. At each instant of time A and A are 

-947), aud ma/be 

X 


4 


(31) 
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The commutation rule (24) becomes 

(-4^(a:(>,X),.4*(a;o,X))_ = | X j 5(X-X'). (32) 

In these variables we obtain from (22) 




The momentum of the radiation field may be derived from (10) as 




_JL 

477 J dxo dxj 

"1 


(33) 


(34) 


At this stage it is convenient to enclose the whole system in a box of volume O. 
We have now a discrete set of momentum eigenstates a, 6, c,... of the T field, these 
are specified as before by the parameters r(a), j{a), k(a)'. At the same time we make 
the trivial contact transformation from the dynamical variables U, to dynamical 
variables F, which in the absence of interaction between the two fields are 
constants of the motion. 


0(a;) = £2-tS F(aso, a) | ko{a) \-*^(a) (36) 

a 

V (* 0 , a) 6 -^ 0 =^ = JJ (* 5 , a) (277)* (il ] * 0 1 )”*. (36) 

■where k^{a) is defined by (1'7). We introduce the notation sgnj =jl\j\ and define 

5(a) = D{r(a), j(a)) sgn j(a). (37) 

The commutation rule (27) is now 

(F(a:o, a), F*(a;o, 6))± = s(a) $a,b- (38) 

Similarly •with Aj = | X | we define B^{xq, X) by 

B^ixo, X) e-^““ = A^(Xo, X) ( 277 )* (£2Ao)-* (39) 

and then (5/.(*o. A), Bfixg, X'))_ = (^0) 


The Hamiltonian of the combiued system is now just Hint, defined by (28). The 
supplementary condition (25) is equivalent to 


A/‘H^(X)|) = 0, A/‘£*(X)1) = 0. (41) 

We define the quantum numbers of the Maxwell field as 

»„(X) = J5o(A) J5o*(X), 7i,(X) = .^(X) B,{k). (42) 

Then, if the suffix e denote a transverse polarization, the expressions (33) and (34) 
for the total energy and momentum of the Maxwell field become 

(£J^,GSie) = S».(X)(A«,A'). 


(43) 
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The summation is confined to the transverse polarizations because, for any state 
satisfying (41), the contributions of the two longitudinal polarizations cancel. As 
usual we choose the representation so that the eigenvalues of each consist of 
the set of aU positive integers, including 0 . 


4. The siGsrATxrEE of the metmo 

It is now necessary to distinguish between Bose and Fermi-Dirac statistics. 


(a) Bose statistics 

According to (28) and (38) we have 


= J),F,F*-Z)„F^F„ = sgnj„. 


We define the quantTun numbers of the material field as 


(44) 


= »<», DaVJ^* = n^+l (for sgnj„ = + 1 ),) 
DaVlV,^n^+l (for 8 gnj„ = - 1 )./ 

As eigenvalues of each we wish to have the set of all positive integers and zero. 
In the case !)„ = -1 we miist (Pauli 1943 ) quantize the V^, with an indefinite 
metric and we proceed to determine the metric operator ij in terms of the dynamical 
variables and the parameters D^. We may take as basic states the simultaneous 
eigenstates ... \ of the commuting observables Wj ...ft^(X).... 

In this representation the matrix elements of 17, F* are defined by 

«,«^..;n;(X)...|F^|) = (7i;|FJ<+l)«+l,n'6...; Ji;(X)... 1)1 

..;... I FJI) =«+r|F*,|<)«,»'6,...;... I) / W 

andfor^-< 0 (45) shows that in (46) we must interchange!^ and V*. The scalar product 
of two states {p | and | q) is defined as 








?)> (47) 


V! does not depend on the quantum numbers of the Maxwell field and for B (X), 
have the well-known matrix elements 


(n'^(A) 1 B^(X) I 1 ) = (to^(X)- f-l ] J5* |«,^(X)) = V(»^.(A)-f-1). (48) 

In Pauli’s formalism, the adjoint P* of an operator P is related to the Hermitian 
conjugate P^’ by 

P* = (49) 

By substitution of the matrix elements (46) into (46) we obtain, after use of (49), 

«iFJ<+l) = V«+l), « + l|F*|<) = i)„V«+l) (forsgnj,= l), ) 

«|F*|<+1) = V«+1), «+llFJ<) = P„V«+l) (forsgnj„=-l),| 


and 

with 


^a«)=i>a%«-l) = (Z)Jji; 




(60) 

(61) 
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“ Omitting the zero point contribution of one quantum for each eigenstate with 
sgn^ = — 1, we obtain for the total energy, momentum and charge 

E = I h^{a) I +-ffint. + = -®0 (52 (Z) 

sgn j(a)) + Stig(X) (526) 

Q = eS7i^sgnj(a). (52c) 


(6) Fermi-Dirac statistics 

The quantization has been given in A and B but the main results are repeated. 
We introduce auxiliary operators v* which obey the commutation rules 

K.O+ = Sa. V^V„ = V*V* = 0, \ 

Va, Va commute with v* (for a =f= 6).J 

Then = s^v^Va 


has eigenvalues 0 and 1 only. We adopt a definite but arbitrary order for the 
a, 6, r, ... and, in the representation with Uj,, ... diagonal, the repre¬ 

sentation of V, t?* is 






\n. 


...l) 


(if < = 0)| ■ 

(if< = i)r 


(if »' = 0) 


(64) 


The scalar product of two states (p | and ] q) is still defined hy (47) with 


= and %{l) = s^, ^,(0) = 1. (55) 

Since (1 — 2?i^) anticommutes with v^, v* and commutes with all other we 
may define the T^, V* in terms of the v,, vf as 


TJ = (1 - 2»J (1 - 2«J,) •.. (1 - ^r-l) 

F* = F*(l- 2 %_i)...(l- 2 nJ, J 

and = SfVrVf = 

The total energy, momentrun and charge given by (28) to (30) become 
E = I.n^if>{a) 

G^ = S«„iy(a) + Sn,A*, 

Q = eEria. 


( 66 ) 

(57) 

(68a) 

( 686 ) 

(68c) 


5. The Schhodhtgeb equation 

We now pass to the Schrodinger picture in which, dropping the sufi&x ‘int.’, we 
have a wave equation , 

i^Jxo) = H\x,), (59) 

\t) = S\0), 


with the formal solution 


(60) 
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where the linear operator S = S{t) is a function of the Hamiltonian given by 


S = exp|^ — ij HdXf^ 

In the case of a positive definite metric Xq represents the observer’s time co¬ 
ordinate and the squared amplitudes of the components of | x^) have a formal 
interpretation as probabilities, at time Xq, for the various possible states of the 
physical system. It is not strictly necessary to assume so many points of contact 
between the mathematical formalism and the physical world; indeed the discussion 
by Heisenberg ( 1943 ) and MoUer ( 1947 ) shows that actual observations of physical 
systems involve only: (i) the asymptotic behaviour at 00 in the observer’s space-time 
system of the wave functions in collision, emission and absorption processes; this 
is conveniently described by means of a unitary ‘ scattering matrix (ii) the discrete 
energy levels of closed stationary states of the system. It is important to notice 
that the observable quantities (i) and (ii) do not depend in any essential way on the 
time co-ordinate Xq. 

In the case of an indefinite metric the number of points of contact between the 
mathematical formalism and the physical world is necessarily more limited but we * 
shall see that it remains possible to calculate the quantities (i) and (ii) required by 
Heisenberg and Moller. However, there is no immediate interpretation of the squared 
amplitudes of the components of | ojo) and even x^ itself can no longer consistently 
be interpreted as the observer’s time co-ordinate but must be regarded as a related 
mathematical variable. At the end of § 8 we shall make a suggestion as to the 
significance of Xq. 

The whole theory has been developed without approximation by variation of a 
Lagrangian and we have therefore rigorous conservation of Q. However, for 
the farther development of the theory conservation of Eq is required. Now in the 
calculation of the transition processes (i) it is the limiting form, supposed existent, 
of (60) when 0 and t correspond to tCg = — 00 and iCo == -h cx) that is involved. In such 
problems either [ 0 ) or | i) or both must belong to the continuous spectrum and then 
we assume that the expansion of 10 ) and 11 ) in terms of free particle eigenstates can 
be carried through in such a way that we have conservation of Eq as well as con¬ 
servation of E. 

We have also the subsidiary conditions (25) or (41) which are known to be con¬ 
sistent with the equations of motion and therefore must commute with S. 


6. The 5^-tbanseobmatiok 

In place of the notation --I ••• | of §4 it will, in the following, be 

sufficient to label the basic states as i, j ..., etc. Similarly we write for the i com¬ 
ponent [i I p) of a vector [ p). In this ordinary matrix notation the invariant ‘ squared 
length’ of I p) is, according to (47), 

i!p\v\p) = ipiVifi = i: ± bi I®. 


(61) 
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It is not possible to specify in an invariant way the order in which the terms of 
(61) are to be taken. We therefore admit only vectors p for which the infinite series 
(61) is absolutely convergent and therefore independent of the ordering. The 
absolute convergence of the scalar product 

(J’l’/k) = (62) 

is a further consequence of this assumption. 

The transformation (60), [ i) = /S' | 0 ) conserves the normalization (61), provided 

ri-^S*7 }S=l or S*8=l. (63) 

i 

This implies ^ ^ suppose that [ 0 ) and ] t) represent the 

initial and final physical conditions of the system, then the formal analogy with the 
case of a positive definite metric suggests that we should interpret | /Sj^ p as the 

probability of a transition from state i to state j. This ‘transition probability’ is 
negative if and % are of d^erent sign, however the sum is correctly normalized 
to 1 . A possible method of procedure (Dirac 1943 ) is to assume that these ‘ transition 
probabilities ’ are not individually observable and to combine them in such a way as 
to obtain positive quantities. In Dirac’s papers this assumption is required, by the 
existence of redundant variables; it was made in B because it is physically reasonable 
to suppose that at extreme relativistic energies the various mass states are not 
experimentally distinguishable. 

This procedure is inadequate if all the transition probabilities are regarded as 
individually observable and it becomes necessary to find a method of connectmg 
1 0 ) and 11 ) through a unitary matrix T. The absolute squares of the matrix elements 
of T may then be interpreted as physically observable transition probabilities. 


7. The T-teanspoemation 


Take a block representation which separates the positive and negative eigen¬ 
values of r) 



The ‘squared length’ (61) becomes 

(1^1) = ic+aj-yV. (65) 

and the assumption of absolute convergence implies that x^x and y^y are separately 
convergent. 

We write the transfornaation (60) as 

|0 )-l*). (««> 

and, since 8 conserves the normalization 

v^v — w^w = x^x—y^y. 
v^v-^y^y = x^x+w^w. 


Hence 


(67) 

( 68 ) 
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Therefore, associated with the transformation S, we have a unitary transforma¬ 
tion T 

(69) 




which leaves invariant the positive definite ‘squared length’ ( 68 ). Now from (64) 
and ( 66 ), it follows that 

(^)-{i(i+>;)+J(i-rtS>(*). 

therefore, by (69), 



T = { 1 -|-;S- 17 ( 1 - 


(70) 

Provided that det (1 -|- 5f) + 0, we have 





i 1-8]-^ 1-vK 

(^+^•1-1-4 ~1+7iK’ 

(71) 

where 


imd 

(72) 

(63) is satisfied if 

K‘^71 + 7]K = 0 

or. {vjKy+ {'i^K) = 0. 

(73) 


Independently of the particular representation (64) of rj, equations (70) to (73) can 
be used to derive a unitary transformation T from an S transformation. 

The expectation value (| 'ijEg |) of an observable Hq is conserved if S^'i/HoS = tfEo 
or, by (63), 8~^Eq8 = Eq. This condition is equivalent to 

{E„8)_ = 0 or {Eo,K)_^0, (74) 

(74) implies that {EQ,riE)_ = {EQ,'g)_K. < 


Therefore if the jS transformation conserves the expectation value of an observable 
Eq which commutes with ij, then the associated T transformation also conserves Eq. 
Further the reality conditions (i/fl’o)^ = ijEq and Eq = Eq are equivalent. These 
results are particularly simple in the representation (64). If 



then from the conservation law 

v^Av—w^Bw = x^Ax—y^By, (75) 

we infer v^Av+y^By = x^Ax+w'^Bw. (76) 

It is obvious that in problems in which states of both signs of the metric play an 
important part the T transformation can only be used to connect an initial and 
a fihal state and not to provide a continuous description of the evolution of the 
system. There is no Schrodinger equation in the T-picture, we are limited to the 
calculation of the asymptotic values of wave functions. However, this is just the 
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position that arises, quite apart from any considerations of indefinite metrics, in 
the theory of ‘observable quantities’ developed by Heisenberg and Meller ( 1947 ). 
Our theory of course differs from that of these authors in that -we have a formal 
method of calculating T from the Hamiltonian. 


8. ■ PBnrsiOAii uttbepretation 


We saw that the 8 transformation conserves the operators Q, G, It is obvious 
from the definition in § 4 of these operators that they commute with rf and are there¬ 
fore conserved in the T transformation. Similarly the subsidiary conditions (25) 
or (41) which commute with 8 and vdth Tf must also commute with JT. In a theory 
with a positive definite metric the physical iuterpretation may be based oh the 
assumption that the 8 transformation represents an observable transfer of energy 
momentum and charge from one state of the unperturbed system to another such 
state. In the case of the indefinite metric, the T transformation is introduced to 
represent the same transfer, subject to equivalent conservation laws, but ih a form 
suitable for physical interpretation in terms of positive definite transition prob¬ 
abilities 1 Tij 1^. The relationship of (76) to (76) and of ( 68 ) to (67) shows that we 
have here a subtraction method rather analogous to the ‘hole’ theory of positrons. 

In the first-order approximation to 8 and T one takes 

8 = 1 -i = 1-2.8: and T = 1 - 27 Z, (77) 


and in 'this approximation the transition probability \ %j\^ may be replaced by 
11^. It is not so in the higher approximations. 

The dependence of the matrix elements of F, F*, B, B* and so of H on the quan¬ 
tum numbers n is defined by (48) and (60) and leads, in the approximation (77), to 
Einstein’s laws of radiation, which in this use of the indefinite metric need not be 
introduced as additional assumptions. 

We have defined our basic states j .. •) ^ Lorentz invariant way and so, when 
I 0) and 1 1) refer in the 8 picture to and = -I- oo, all the matrix elements 

of 8 behave under Lorentz transformation as scalars. The definition of ^ is invariant 
and therefore the matrix elements of T are also scalars. The description of transition 
probabilities in terms of the iT matrix is therefore a relativistic one. 

We have now shown that our T satisfies aU the mathematical requirements for 
a scattering matrix and we may therefore establish the physical interpretation of 
our formalism by asserting that T is the observable scattering matrix of the quantized 
system. (69) then shows that the squared amplitudes of the components of the wave 


functions 


C) 


and 


may be interpreted as observable probabilities for the 


various states of the physical system in the observers distant past and distant future. 
In going from the 8 to the T picture we have had to mix up the wave functions 


(^)-|0)Mld(') = 1 i). It is necessary to assume that these do not directly describe 
states in the observers distant past and distant future but rather refer to the starting 


i8 


Vol. 196. A. 
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and points of the formal mathematical calculation of the matrix 8 , We 

see that Xq can no longer be interpreted as the observer’s time co-ordinate. It is 
tempting to speculate that our | Xq) is the wave function that would arise by passing 
from a ‘many-time’ picture (Chang 1947 ) to a Schrodinger picture with a single time 
co-ordinate by putting ~ < for some particles and — ^ for others. However, 

as there is no satisfactory formulation of the ‘many-time’ picture for interacting 
particles this must remain a conjecture.f 
The necessity for distinguishing between ‘ initial ’ and ‘ final ’ data and the observer’s 
past and future does not arise in the steady state treatment of scattering problems. 
We shall show that, in such problems, one obtains a unitary scattering matrix by 
modifying the definition of ingoing and outgofiig waves. 


9. ThEOEY of SCATTEEmG 

• 

We now show that a suitable formulation of the well-known (Pauh 1947 ; Wentzel 
1947 ) stationary state theory of scattering leads to 8 and T matrices related to each 
other by equations like (71) and (72). 

We combine a complete set of solutions of the Schrodinger equation 

(Ho + H-J?o)|) = 0, (78) 

to form a matrix <5 such that the result of multiplying O into any eigenvector of the 
Hamiltonian Hq of the system without interaction, is an eigenvector of the total 
Hamiltonian with the same eigenvalue Eq. O is not fully determined as it 

can always be replaced by <1>A, where A is any matrix which commutes with Hq. 
In the momentum representation <!> satisfies the equation 


= . (79) 

We solve (79) by taking = S ^+= 5*0 - rf^-w/fco. (80) 

and then (79) requires / = H+HF, (81) 

With the definition (49) of the adjoint we have, since H ^ H*, 

f*=H + F*H. (82) 

Then following Pauli’s treatment we obtain 

(83) 


t With Bose statistics it is possible, and at first seems simpler, to quantize the theory 
in a positive definite metric. We have then two kinds of particles, a and 6 say,* of positive and 
negative energy respectively and with positive quantum numbers = FJ and = F? F^. 
The matrix element (mi,mj... | ^ | ...) of the unitary scattering matrix 8 has then to 

be interpreted as representing an observable transition between physical states with particles 
(mi, mj,...) and (mj, m^,...) of positive energy. The scattering matrix T would be defined by 

(mi,m?... I T|ma,mi...) = (mi,mi... | 1mi,mb...). 

This procedure fails except in first approximation because this T is not unitary so that the 
observed cross-sections would not obey the ordinary laws of probability. 
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In Pauli’s notation f is a submatrix of / belonging to a single energy shell. Then from 
^ ’ f* = f and f+Yj = Y]f. (84) 

If we write = S{Et, - E^) l^o. (85) 

and use the notation S^{Ej,-Eo) = \S{Ej, - E^) + , (86) 

we may express (80) as 


~ {ljs:o + ^^/m} + ~ -^o) {^jsro 

We are interested in the coefficients 1 ± iTif of and when the state k has the same 
energy as the state 0; because of the indeterminacy of O only their ratio is significant. 
The coefficient of the ‘ outgoing wave ’ is obtained from that of the 'incoming wave * 
by multiplication with a scattering matrix 


and (84) shows that 


^ l+iTrf 
S*S = SS* - 1. 


( 88 ) 

(89) 


Now we are working in the momentum representation in which 9/ is a diagonal 
matrix. Therefore we may introduce the operators 


and then we break up <[> as 

“ ^i^k'^^o) IjBTO■” Vk{vf)k 0 

= S\{k,0){ijB:o+in{i]f)j^}+dL{k,0){ls;o-in{vf)jM}- (91) 

When jBfc = E(f the ratio of the coefficients 1 + iTnrjf of 8 \ and 81. is given by 


and (84) shows that T is a unitary matrix. 

The relationship of (88) and (92) is just that of (71) and (72), We suppose that the 
squared elements of T give the observable probabilities for the deflexion of incident 
particles from one momentum state to another in the course of the scattering process. 

This procedure is actually equivalent to that of § 7 because, in problems to which 
both methods are applicable, the S matrix (88) is identical with the matrix 8 of (60). 


10. Calculation of T from 8 


Except in the first approximation (71) and (72) are not very convenient for the 
actual calculation of T from 8. If in the block representation (64) we have 



8-2 
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the conditions S8* = 8*8 = 1 give 

a^a-b^b = 1 , 


aa*—c^c = 1 , 


dd^-cc* = l, d^d-bb^ = l, 
ca = db, ab^ = o^d. 


d-O- d-O’ 

w = cx+dy^ x = av — c^w^ 


C)-0- 

/ a-^ a-h^ \ _ / a-^ a-ic^\ 
—ti“^c d~^ ) \—6a“^ d~^ } 


(94) 


‘The transformations 
give 

which imply 
with 

In the partdcnlar case of 2 x 2 matrices these results take the simple form 


■8 = 


p S' 

W P 


)h 


(95) 


(96) 


(97) 


with 




Let us see what corresponds to an ‘almost certain’ transition between two states 
of weights 7 = +1 and 7 = — 1. Because of the normalization, in the 8 picture the 
system oaimot pass from being wholly in a state in which 7 = +1 to being wholly in 
a state with 7 = — 1 . However, in the T picture the corresponding transition’is not 
forbidden and (97) shows that the appropriate 8 and T matrices can be represented 



where e is small. 


11. Some applioatioe’s 

In recent years various systems of Lorentz invariant linear w;ave equations have 
been proposed by different authors and a common feature of them all is that, as 
shown in A, for spin > 1 the formalism necessarily describes particles with more than 
one value of the rest mass. Blochinzev’s discussion ( 1947 ) even allows a continuum 
of mass values. Interaction terms of the conventional type lead to transitions 
between the various mass states, so that attempts to restrict the particles to a single 
mass eigenvalue by the addition of subsidiary conditions lead to great difSculties. 
As stable particles of spin > 1 are not known in nature it may be doubted whether 
suchresirictions are required. On the other hand, there is a wealth of experimental 
evidence for the existence of particles of various masses. Li particular the recent 
experiments of Lattes, Ooohialini & Powell ( 1947 ) at Bristol demonstrate the dis- 
int^ation of heavy mesons into light mesons, the mass ratio being consistent with 
a theory of the type given by Bhabha in A. While it is not claimed that the Bristol 
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experiments can be explained in terms of snob formal theories, it is neTertbeless 
desirable to study tbe transitions between the different mass states aHowed by the 
wave equations. 

Wild’s paper implies quite generally that wave equations which give more thsTi 
one mass value, cannot be quantized with a positive definite metric. It is a feature 
of all the simpler theories that if the mass eigenvalues xlj are arranged m ascending 
order, the corresponding factors D{r, j) alternate in sign. Now the signature of the 
Tj metric is derived from i) by (61) or (55) and we see that, in such theories, the tran¬ 
sition of a particle from a state of excited mass to the state of next lower Tna.a.q is 
a transition between states of = -h 1 and i; = - 1 . The example (94) shows that the 
T formalism can be used to describe such transitions which are otherwise quite 
unintelligible. 

The method of quantization and physical interpretation developed in this paper 
might also be used to avoid the negative energies which appear in the generalized 
electrodynamics of Podolsky & Schwed ( 1948 ). 

12 , Tbaitsitions between mass states 
• {a) The two-level problem 

Consider a transition of a particle between neighbouring mass states by emission 
of a quantum of radiation. We have conservation of Eg, G, Q and it is obvious from 
(62) or ( 68 ) that both initial and final states'must have the same sign of say k^ > 0 . 
We are concerned with states 

n'a = 1 , = 0 , ..., ?i'(A) = 0 and n'a = 0 , n'^ = 1, ..., n'(A) = 1 

of the complete system, these we shall denote by (a, 0 1 and (b, A [ and we shall write 
Ea and Ei, for ko(a) and k(,(b). 

We suppose E^ > Ef,, and have the conservation laws 

k(o) = k( 6 )-HX, (99) 

E^-E^^Ao. (100) 

It is convenient to choose the frame of reference so that k(a) = 0. Only one initial 
state (a, 0 ) is involved, but because of the degeneracy of the radiation field there are 
many final states ( 6 , A) satisfying (99) and ( 100 ). 

In the case of a positive deJBnite metric the problem has been solved by Weisskopf 
& Wigner (see Heitler 1944 , § 12 ) and their solution applies to our problem if and 
% have the same sign. We are interested here in the case in which and 7 ^ are of 
different sign so that = — 1 . 

It is sufficient to consider only those rows and columns in which S and T differ 
from the unit matrix so that, in the block representation (93) the labelling of the 



and so the leading submatrix of S reduces to a single number. The transformation 
(96) then shows that if the leading diagonal element of T is that of /S' is e*’’*. 
As usual is to be interpreted as the lifetime of the material system. 
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The calculation of 7 follows that given in Heitler’s book ( 1944 ). The equations are 

(a, 0 U) = S («. 01 -Ef 1 (b, ^ 11 ) exp - Ao)i], 

" [ ( 101 ) 
»g(J,A|() = (6,A|S|(j,0)(o,0|i)MipW«.-^-A,)(], 

where the {a,0\H\b, A) are the time independent matrix elements of the interaction 
Hamiltonian. 

The initial conditions are 


and we assume 


(a,0li = 0)=l, (6,A1« = 0) = 0, 
(a, 0 |«) = eiy*. 


We obtain ( 6 , A | i) = — ( 6 A | H | a, 0 ) 


exp[i(Vo-Ao)t + |7 t]-l 

Vo-Ao-iiy 


where Vo = ^a~^b- (104:) 

Now H = H* implies 

(9,0lH|6,A)(6,AlHla,0) = ^„%l(«,0|H|6,A)|2, 
so that, substituting from (103) to (101), we obtain 

-¥y - ,.%i; I (».o |5 IW) 

Since = — 1 , tMs is the same as Heitler’s equation ( 8 ) except that on the right- 
hand side the sign of y is reversed. This does not affect the summation over the 
oscillators A so that we obtain Heitler’s equation ( 11 ) 


= 27rp|l(a.0lH|6,A)|2dO. 


Thus we see that in our formalism the calculation of the lifetime from the Hamil¬ 
tonian is the same whether or not we are workmg in an indefinite metric. 

This problem involves only one particle so that equations ( 101 ) are the same as 
the equations of the c number theory. In that theory we should therefore have the 
solutions ( 102 ) and (103), winch imply that for large t the a degree of freedom con¬ 
tains positive energy and charge proportional to e*^* and that this is compensated by 
the appearance of negative energy and charge in the h degree of freedom and by the 
emission of radiation. Such results are obviously unsuitable for direct physical 
interpretation. 

( 6 ) Application to Bhabha’s theory 

As an example consider the theory classified by Bhabha as (f, ^). In this case if 
the mass in the ground state is M that in the excited state is ZM. The conservation 
l^'ws (99) and (100) show that, in the frame of reference of zero total momentum, the 
energy of the emitted quantum is i If the free particle wave function in 

state a is the matrix element for the transition is 


(a, 01H16, A) = {-e^(27Th^c^Ik)}<plDa,^^, 


(107) 



269 


The indefinite metric in relativistic quantum mechanics 

where is the component of a in the direction of polarization of the photon. The 
important factor is that enclosed in curly brackets; the other has been evaluated 
but, for the purpose of this paper, it is sufficient to remark that it is of order unity. 
If for M we insert the mass of a proton and put e^jlic = rrr we find that the lifetime 
of the excited state is approximately This is much too short to allow 

direct observation of the excited state though the emitted photon might be 
observable. 

12 . Discussion 

We have shown that our theory can always be quantized in a consistent way 
which deals only with positive numbers of particles. In the case of Bose statistics 
all particles have positive energy but either sign of the charge; in the case of Fermi 
statistics we have formally positive definite charge and indefinite energy but, by 
the familiar hole interpretation, a description in terms of particles of positive energy 
is possible. Consistently with all conservation laws, we have described transition 
probabilities in terms of a unitary matrix T so that aU requirements of the theory 
of probability are satisfied. In the relativistic region this is all that can be asked of 
any theory. On the other hand, in the non-relativistic limit we are required to give 
an account of closed stationary states. It must be assumed, as a restriction on the 
a matrices, that in the non-relativistic limit only states with ^ +1 are excited and 

then the ordinary methods of the positive definite metric are available; in fact the 
8 and T matrices become identical. In the non-relativistic limit we are concerned 
only with the states of lowest rest mass, and so we require that, in the c number 
theory, all such states have the same sign of the energy and of the charge. This is 
equivalent to the condition that, if j is the greatest positive eigenvalue of 
D{r,j) = 1 for all r and this requirement is easily satisfied. 

Our discussion has not distinguished between integral and half odd integral spins. 
The cases of spin 0,1 and of spin ^ are special in that they have respectively D = 1 , 
s = ±l (for j 4 = 0 ) and 5 = 1 , D = ± 1 and it is well known that quantization with a 
positive definite metric is possible if we choose Bose statistics for spins 0,1 and Fermi 
statistics for spin J. But in aU generalized wave equations both s and D are of in¬ 
definite sign and no such special considerations exist. Quantization of such equations 
is possible only by overcoming the difficulties (Pauli 1940 ) which arise when we try 
to quantize half odd spins with Bose statistics or integral spins with Fermi statistics. 
This we have done and so, in general, our formalism implies no connexion between 
spin and statistics. 

Our procedure enables us to answer aU questions which, according to the point 
of view of Heisenberg & Moller, are of any physical significance. By avoiding the 
requirement that in the c number theory either the charge or the energy must be 
positive definite, it removes a very severe restriction on the possible relativistic 
wave equations and, for example, makes possible the description of particles which 
can exist in several different mass and spin states. On the other hand, in the sort of 
description of Nature which we envisage, there is another important requirement, 
namely that all states must be specified by dynamical variables of real physical 
significance. For example we may describe the state of a particle by its charge. 
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momentum and mass and by its spin in the frame of reference in which it is at rest. 
•This description is unambiguous only if no spin representation occurs more than 
once with each mass value. We require therefore that none of the irreducible repre¬ 
sentations of the three-dimensional rotation group which can be obtained by reduc¬ 
tion of the spin matrices introduced in ( 2 ), occurs more than once with each 

eigenvalue of This is quite a severe restriction, for example in Bhabha’s theory 
in which the possible wave equations are classified as {n, m) it requires m = 0 or 
w = J or m = (see the appendix). 

We saw in § 8 that the wave function 1 0 ) which forms the initial data for the 
solution of the Schrodinger equation (59) refers to physical conditions partly in the 
observer’s past and partly in his future. We have here a situation rather similar to 
that arising in Dirac’s ( 1938 ) classical theory of the electron in which ^ we must obtain 
solutions of the equations of motion for which the initial position and velocity of 
the electron are prescribed, together with its final acceleration, instead of solutions 
with all the initial conditions prescribed’. This similarity is probably not a coinci¬ 
dence. Bor suppose that we have a wave equation for a particle which can interact 
with another field and that we eliminate the effects of the field created by the. 
particle in terms of the dynamical variables describing the particle itself. We have 
then an equation for a particle which interacts only with external fields. This new 
equation may be expected to involve, in addition to the ground state, excited states 
in which the particle appears with higher mass and spin values. In the meson theory 
such excited levels have been calculated by means of the strong coupling approxima¬ 
tion. It is inevitable that the new equation will be more complicated than the 
original and so, if it can be expressed as a linear wave equation, must correspond 
to something other than the simple equations of spin 0 , 1 . Now Dirac in his classical 
theory of electrons carries through such an elimination so that it is not surprising 
that his equations should show this apparent interconnexion between past and 
future which, as we have seen, is typical of all the more general relativistic wave 
equations. 

Finally I should like to thank Professor Rosenfeld for his interest in this work. 


Appendix 

The Lorentz group in five dimensions 

In Bhabha’s notfition (A), we consider the irreducible representation R^{n^m) 
of the five-dimensional Lorentz group. The matrices are 

J40; P4. J20^ J30. J23^ J12^ (108) 

1 ^^ commutes with the representation of the three-dimensional rotation 

group and we proceed to determine how the various irreducible parts are 
associated with the different eigenvalues of 

The matrices ’ J 20 , 730 ^ po. j 34 ^ /42^ (IO 9 ) 
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define the reducible representation 

(n+m—l m-h 


( n + m n — m\' 1% 




n—m n^m\ \ 
2 ' 




( 110 ) 


(m,0) + ... ...+ (0,m), 

( n'+m 

—2—’ —2—/ 

tne eomomaxions + 

^(J40_i/28)^ |(J20_i/34)J 


2 

( 111 ) 


behave as independent three-dimensional angular momenta of magnitudes J( 9 ^+m) 
and respectively. Hence by the rules for combination of angular momenta 

we may write down the possible eigenvalue combinations of arid iP^. We obtain 
all the eigenvalues of P^ associated with a particular eigenvalue of P^ by combining 
the contributions from all the representations in the direct sum (111). It is then 
a straightforward jig-saw puzzle to arrange these eigenvalues of P^ by representa¬ 
tions of the three-dimensional rotation group. 

We find that the representation of the rotation group corresponding to the 
eigenvalue s of is 


X + Dn^s-2 +... + (i>i or D^)) n^s^m), 

1 -i-... 4- 

+ + Dn-~2 “1" • • • “1" Ps-^n—m Ps X {Pn-’fn Pn^-m^2 "!'••• + (-^1 Or Pq)} 

"f D^+Z)^_i“h...+-Ds-j-i (for m —1 


( 112 ) 

. (113) 


We note that in the special case n ^ m the result is very simple, we have 


+ ••• + A- 


(114) 


Now in Bhabha’s wave equation a® = P^ so that, by use of (112) and (113) we 
may obtain the result quoted in § 13. 
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The Gouy diffusiometer*; further calibration 

By a. 6. Ogstok, Department of Biochemistry^ University of Oxford 
{Communicated by R. A. Peters^ F,R.S.—Received 22 July 1948) 


Tit© application of the modified ray theory given by Kegeles & Gosting (1947) to the Gouy 
difiusiometer (Coulson, Cox, Ogston & Philpot 1948) has been tested. It has been shown that 
experimental results, both with single homogeneous* substances and with mixtures, agree 
well with its predictions. A simple method for analyziag the diffusion data given by a mixture 
of two rliffiiaiTig substauces has been worked out and has been applied to the correction 
of the apparent diffusion constant of laotoglobulin contaminated by some heterogeneous 
material and to known mixtures of laotoglobulin with sucrose and potassium chloride. The 
necessary computations have been performed over a useful range of the variables and the 
results tabulated. Certain improvements in the experimental technique are described. 


Inteoduotion 

In the description of an interferometric method of measuring diffusion constants 
given by Coulson, Cox, Ogston & Philpot (1948), the movement of the outermost 
dark band was shown to be described adequately by a mathematical approximation 
using Bessel functions, for values of the total refractive difference between solution 
and solvent greater than about 13 wave-lengths’ path difference. With smaller 
differences of refractive index two sources of inaccuracy appeared: 

(а) The factor ^ was not accurately given by our expression. 

(б) The apparent movement of the outermost band became periodic, owing to the 
crossing of the moving interference bands due to the diffusion boundary and the 
fixed Fraunhofer bands arising from the rectangular stop; the intensity of the latter 
was insufficient to cause the appearance of this effect with greater differences of 
refractive index. The Bessel function approximation was inadequate for the descrip¬ 
tion of positions of bands other than the outermost and this prevented us from using 
the relative positions of the inner bands to test the departure of the boundary from 
the ideal Gaussian form. 

Since our work went to press, independent work by Kegeles & Gosting ( 1947 ) and 
Longsworth { 1947 ) same method of observing diffusion has appeared. These 

* We have agreed with our American colleagues to call this general method ‘The Gouy 
interference method for diffusiometry ’ and we propose to call our version of the method ‘The 
Gouy diffusiometer 
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authors have observed the interference pattern at times much longer than those used 
by us: they have shown, at these longer times, that the movement of aU but the 
innermost bands of the pattern is satisfactorily described by a modification of the 
ray-theory treatment, by which the intensity minima are taken to occur at phase- 
differences ofj +i instead of^+J (j being an integer). This discovery makes possible 
the accurate description of the movement of the whole band system and so leads to 
the possibility of testing the form of the boundary; it also makes possible the use of 
the method at lower differences of refractive index between solution and solvent 
and thus the use of a calibrating substance under these conditions is avoided. 

Experiments and computations are described here which extend the useful range 
of our version of the method down to a phase-difference of a little more than one wave¬ 
length and which make possiblte some degree of analysis of the homogeneity of a 
difiusing substance. 

Theoey 

( 1 ) Diffusion of a single svbstance 

{a) For a simple Gaussian boundary, between solution and solvent whose refrac¬ 
tive indices differ by v wave-lengths (taking into consideration the length of the cell) 
the positions of intensity minima are described by 



where z is related to distance x from the centre of the boundary and to the time t 
since the beginning of diffusion by z = xl^{4Dt). 

Following Kegeles & Gosting ( 1947 ), the expression in the bracket will be written 
as/(z). 

The angular defiexion of any one of these minima, divided by the maximum 
theoretical deflexion in the middle of the boundary (z = 0 ) ^max. is given by 

= ( 2 ) 

The relative positions of the minima, from the optic axis, are thus independent of, 
time and of v. It is convenient also to express the values of 7 -l-f so as to obtain a 
function independent of v. This can be done by giving a number n^- v (j = 0 ) to 
the outermost minimum and numbers Uj = {ug —j) to the inner minima. Then 

’ rf=i_i±l=i_/(2). (3) 

ng , V ^ ^ 

Thus, whatever the values of v and of t, a given value of —= should correspond 

, ^0 

with a certain value of ^jV^max.- 1 * been found most convenient to plot log 

against log(9jnax./^i; departure from thw relationship shows departure of the boim- 
dary distribution from the simple Gaussian form. 
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(6) The value of y? for the outermost minimum is given by ^o/^max.> P obtained 
from this treatment is written to distinguish it from the value , obtained from 
Bessel functions, 

(c) The combination between the interference patterns arising from the boundary 
and from the stop, which causes the periodic movement of the bands at low values 
of could be avoided by the use of a very much wider stop as was in effect done by 
Longsworth ( 1947 ). On the other hand, the small (2 mm.) stop is useful in reducing 
the intensity of light in the innermost bands, which arise from the outer parts of 
the boundary: this avoids the photographic difficulties mentioned by Longsworth 
by bringing the intensity of the whole pattern within the latitude of the photographic 
plate. The theoretical positions of zero intensity in the combined pattern can be 
defined, but it is doubtful how closely these positions would correspond with the 
apparent centres of the dark bands obtained in the photographic record, since the 
latter would depend on the distribution of light intensity on each side of the theo¬ 
retical zero and on the characteristics of the photographic plate. It seems Ukely, 
however, that the theoretical zero and the apparent centre of the band will corre¬ 
spond fairly closely where a minimum of the boundary pattern coincides with a 
Fraunhofer minimum, since in this case the distribution of light about the minimum 
is fairly symmetrical. 

( 2 ) Diffusion of a mixture 

(a) The form of the interference pattern. With a mixture of substances, which 
diffuse independently of each other from a common initially sharp boundary, the 
distribution of each component is described by a Gaussian curve, all curves having 
the same origin. Assuming that the minima of intensity still occur at phase-differences 
ofy + f, equations ( 1 ) and ( 2 ) become 

j+i = I.vM, (4) 


and 




SWVA} ’ 


(5) 


where subscript i refers to the ith component of the mixture. Both expressions are 
independent of time. Individual values of may be positive or'negative and these 

cause the values of log for a given value of log to be greater or less, 

respectively, than if there were only one diffusing component. 

(b) Method of analysis. It would be possible, in principle, to solve equations (4) 
and (5) for as many values of and of as there are bands in the interference pat¬ 
tern, by measuring the values of 6 ^ and n^. Since no simple way of performing this 
solution presented itself, it was necessary to proceed by computation. Attention has 
been confined to the case of two components only since it is likely that analysis in 
these terms will nearly enough represent the behaviour of preparations which are 
not quite homogeneous and enable a good approximation to the diffusion constant 
of the main component to^be obtained.^ It is unlikely that the resolving power of the 
method is good enough to justify analysis in terms of several components or that, in 
deliberate work on mixtures, more than two diffusing components will be used. 
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(c) Values of ^ and of D of a 2-compomnt mixture. K/5 = d^jd^ 
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'max. is known, then 

3 for the mixture is obtained as in the case of one component and is related to Dj 
and of the two components by 




( 6 ) 


where a = %/%+ v^. However, y5 is less than the value of for a single component 
having the same total refractive difference. From equations (4) and (5), it is given by 


3 _ /) w _ {a/(l-a)a}e-®i+e-“'^ 
/J-c'o/W- {ocla-oc)a\ + l ’ 


{a/(l—a)a} + ] 
where a = .^{DJDz) and is the solution of 

= 1 - {a/(zi) + (1 - a) /(azi)}- 




(7) 


( 8 ) 


Computation 

(a) One diffusing com^ponent. Equations (2) and (3) have been evaluated for a 
range of values of z. The resulting values of log nj{nj — |) and log djas^Oj are given 
in table 1 and figure 1. From the same computation, the values of yffy = ^o/^max. for 



log«a/(%-i) 

Fiouke 1. Full line: theoretical curve (table 1). Open circles: experimental values for glycine. 
Filled and barred circles: experimental values for two samples of Isbctoglobulin. 
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different values of TCq = ^ obtained and are given, together with the corre¬ 
sponding values of in table 2. Interpolation is conveniently performed from 
a plot of yffy against l/v. 

Table 1 


logno/(%- 

■i) 

log ^max. I^i 

logno/(%- 

“i) log^max./^i 

0 


0 

0-386 


0-626 

0-008 


0-039 

0-473 


0-734 

0-019 


0-070 

0-676 


0-977 

0-037 


0-109 

0-912 


1*265 

0-061 


0-152 

1-043 


1*407 

0-134 


0*278 

1-335 


1-737 

0-242 


0-434 

1-664 


2-106 




Table 2 


- 

V 


h 

V 

Pt 

Pb 

00 

1 

1 

3-87 

0-613 

0-593 

39-06 

0-913 

0-913 

2-83 

0-528 

0-497 

17-20 

0-852 

0-850 

1-75 

0-368 

0*307 

9-24 

0-779 

0-772 

1-27 

0-237 

0-142 

5-70 

0-697 

0-686 

1-13 

0-1844 

0-073 


(6) Tvio diffusing components. It has been found most convenient in practice to 
make use of the differences between the values of log com¬ 

ponents at twe stated values of log n^l (%—|), since these values can be easily deter¬ 
mined from the experimental record. These differences are uniquely determined by 
the values of a = aJ(DJDz) and of a = vjiv^+v^). 0'2 and 0-9 were chosen as the 
stated values of log nj (%—f); the corresponding one-component values of log /dj 

are 0-3749 and 1-2426. 

Equation (4) was used in the form 

= -log[l -{a/(zi)-f (1 -a)/(aai)}]. 

For each, chosen value of a and a, values of % were chosen such as to make the 
-expression have values a little less than and a little greater than its stated value 
(0-2 or 0-9); the same values of -vrere used to calculate from equation 

(5) put into the form 

iog«. - ><>s{(r^+1/ 

The value of log corresponding to the stated value of log nJ{nj — |) was then 

obtained with sufficient accuracy by linear interpolation. The difference between 
such a value of log and its one-component value is called or A0.9. These 

computations were performed over most of the range a* = 0 to 0-6 and a = 1 to 0-05. 

The results are given in tables 3 and 4; table 3 shows the values of A0.9 which 
correspond with stated (interpolated) values of A9.2 and of table 4 shows the 
values of Aj.^ which correspond with stated values of A(,.2 and of a, the values in 
lieavy type being limits corresponding with = 0. For use, these values are best 
plotted as lines of constant a® and a respectively on graphs of A0.2 against A0.9. 
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Table 3. Valttes oe Aq-j eoe giveit valites op An.® and of a® 


0 0-01 0-025 0-05 0-10 0-15 0-20 0-26 0-30 0-40 0-50 


0*0015 

0*0158 

0*0152 

0-0145 

0-0135 

0*0122 

0*003 

0*0307 

0*0298 

0*0285 

0*0268 

0*001 

0*0245 

0*005 

— 

— 

— 

0*002 

0-003 

0*052 

0*051 

0*048 

0*046 

0*041 

0*007 

0*074 

0*071 

0*067 

0*003 

0*062 

0*005 

0*057 

0*010 

— 

— 

— 

0*005 

0*008 

0*110 

0*105 

0*098 

0*091 

0*080 

0*012 

0*136 

0*126 

0*117 

0*109 

0*010 

0*092 

0*015 

0*172 

0*160 

0*150 

0*138 

0*013 

0*120 

0*020 

0*239 

0*220 

0*205 

0*186 

0*019 

0*169 

0*025 

0*323 

0*290 

0*266 

0*238 

0*025 

0*198 

0*030 

0*420 

0*364 

0*327 

0*286 

0*032 

0*228 

0*035 

0*575 

0*420 

0*385 

0*336 

0*041 

0*255 

0*040 

_ 

— 

— 

0*365 

0*046 

0*268 

0*045 

___ 

■ 

— 

0*390 

0*053 

0*280 

0 * 06 " 

— 

— 

— 

. 

0*070 

0*290 

0*08 


— 

— 

— 

0*098 

0*290 

0*10 

_ 

— 

— 

_ 

0*126 

0 * 2§6 

0*12 

— 

— 

— 

— 

0*167 

0*224 


0*0110 

0*0101 

0*0095 

0*0090 

0*0081 

0*0074 

0*002 

0*0225 

0*0025 

0*0210 

0*003 

0*0192 

0*0035 

0*0180 

0*0045 

0*0160 

0*006 

0*0142 

0*004 

0*038 

0*005 

0*035 

0*006 

0*032 

0*007 

0*030 

0*009 

0*026 

0*012 

0*022 

0*0065 

0*062 

0*008 

0*048 

0*010 

0*044 

0*011 

0*040 

0*013 

0*034 

0*017 

0*028 

0*010 

0*072 

0*013 

0*065 

0*015 

0*060 

0*017 

0*055 

0*020 

0*045 

0*027 

0*035 

0*013 

0*086 

0*016 

0*078 

0*018 

0*070 

0*020 

0*064 

0*025 

0*050 

0*036 

0*017 

0*105 

0*020 

0*093 

0*023 

0*082 

0*026 

0*074 

0*031 

0*057 


0*024 

0*135 

0*028 

0*116 

0*032 

0*102 

0*036 

0*089 

0*050 


0*031 

0*161 

0*036 

0*138 

0*041 

0*120 

0*047 

0*102 



0*038 

0*186 

0*044 

0*151 

0*061 

0*128 

0*060 

0*105 



0*046 

0*205 

0*052 

0*166 

0*061 

0*130 




0*054 

0*220 

0*062 

0*175 

0*074 

0*125 




0*063 

0*230 

0*074 

0*176 

0*100 




0*086 

0*226 

0*114 

0*152 





0*134 

0*184 







Table 4. Valdes of A,.* fob. given valdbs of op a 


\ 

4 )- 2 \ 

0*99 

0*98 

0*95 

0*90 

0*86 

0*80 

0*70 

0*60 

0*50 

0*40 

0*30 

0*20 

0 - l(J 

0*06 

0-001 

0*0060 

0*0065 

0*0050 

0*0046 











0-002 

0*0170 

0*0125 

0*0105 

0*0090 

0*0083 

• 









0-0036 

0*037 

0*029 

0*021 

0*017 

0*015 

0*014 









0-006 

— 

0*046 

0*032 

0*026 

0*022 

0*020 

0*018 

0*017 

0*016 

0*014 

0*013 

0*012 

0*011 

0*009 

0-0073 

— 

0*078 

0*055 

0*041 

0*036 

0*030 

0*027 

0*026 

0*023 

0*021 

0*019 

0*017 

0*015 

0*012 

0-010 

— 

— 

0*085 

0*060 

0*050 

0*046 

0*040 

0*036 

0*032 

0*028 

0*025 

0*022 

0*019 

0*015 

0-013 

— 

— 

0*122 

0*086 

0*071 

0*061 

0*063 

0*046 

0*042 

0*038 

0*033 

0*028 

0*023 

0*018 

0-016 

_ 

_ 

0*153 

0*105 

0*086 

0*073 

0*061 

0*053 

0*048 

0*042 

0*037 

0*032 

0*025 

0*021 

0-0193 

_ 

— 

0*227 

0*153 

0*119 

0*100 

0*079 

0*069 

0*062 

0*054 

0*047 

0*040 

0*031 

0*025 

0-026 

_ 

_ 

_ 

0*237 

0*176 

0*139 

0*109 

0*089 

0*081 

0*069 

0*058 

0*049 

0*037 

0*031 

0-030 

_ 

_ 

_ 

0*335 

0*230 

0*179 

0*135 

0*107 

0*095 

0*080 

0*065 

0*055 

0*043 

0*037 

0-036 

_ 

_ 

_ 

0*464 

0*292 

0*220 

0*165 

0*124 

0*107 

0*090 

0*075 

0*062 

0*048 


0-0394 

_ 

_ 

_ 

0*724 

0*360 

0*268 

0*191 

0*140 

0*118 

0*099 

0*082 

0*068 

0*052 


0-046 

_ 

_ 

_ 

_ 

_ 

0*316 

0*222 

0*161 

0*131 

0*109 

0*090 

0*074 

0*058 


0-060 

_ 

_ 

_ 

_ 

_ 

0*364 

0*252 

0*179 

0*143 

0*117 

0*097 

0*080 

0*064 


0-060 

_ 

_ 


_ 

_ 

0*477 

— 

0*217 

0*166 

0*134 

0*110 

0*091 

0*073 


0-070 

_ 

_ 

_ 

■ 

_ 

_ 

_ 

— 

0*188 

0*160 

0*124 

0*102 



0-080 

_ 

_ 

_ 

_ 

_ 

_ 

_ 

_ 

0*210 

0*168 

0*138 

0*113 



0-100 

_ 

_ 

_ 

_' 

_ 

_ 

— 

— 

0*251 

0*200 

0*163 

0*130 



0-120 

— 

— 

— 

— 

— 

— % 



— 

0*228 

0*183 
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By a similar process, from equations (7) and ( 8 ), the values of ^ for a range of 
and of a and for % 4 - ^2 ~ ^ ^ have been computed and are given in table 5; 

these may be plotted as lines of constant a on a graph of against a. 

A few representative values of A were also computed for negative values of v^. 
Their values were negative and numerically closely similar to those obtained for 
•the same positive values of ^ 2 /(^ 14 " ^ 2 ) tables can therefore be used for 

interpreting negative as well as positive values of A by making a change in the sign of 


Table 5 . Values of outermost BA 3 < rr ), 

FOB tHVEN VALUES OF a , AND OF V ^ + V ^ 


a * 

^1 + ^2 

0-9 

0-8 

0-7 

0-5 

0-3 

0-1 

0-5626 

30 

1-000 

0-999 

0-998 

0-998 

0-998 

0-998 


21-4 

1-000 

0-999 

0-998 

0-996 

0-997 

0-998 


15 

1-000 

0-998 

0-997 

0-994 

0-996 

0-998 

0-25 

30 

0-999 

0*997 

0-996 

0*989 

0-988 

0-992 


21-4 

0-998 

0-994 

0-993 

0-986 

0-984 

0-990 


15 

0-997 

0-992 

0-989 

0-983 

0-979 

0-988 

0-16 

30 

0-998 

0-994 

0-991 

0-983 

0-977 

0-984 


21-4 

0-995 

0-991 

0-987 

0-978 

0-972 

0-979 


15 

0-991 

0-985 

0-982 

0-971 

0-961 

0-971 

0-0625 

30 

0-996 

0-990 

0-984 

0-969 

0-954 

0-950 


21-4 

0-992 

0-985 

0-978 

0-960 

0-942 

0-938 


15 

0-987 

0-978 

0-971 

0-949 

0-924 

0-921 

0-01 

30 

0-994 

0-986 

0-975 

0-950 

0-910 

0-849 


21-4 

0-991 

0-980 

0-966 

0-936 

0-887 

0-810 


15 

0-985 

0-970 

0-967 

0-918 

0-852 

0-756 

0 

30 

0-993 

0-983 

J >969 

0-934 

0-869 

0-608 


21-4 

0-991 

0-976 

0-968 

0-916 

0-822 

0-507 


15 

0-980 

0*964 

0-948 

0-890 

0-775 

0-366 

II 

1-000 when a = 

1 , for all finite values 

of ; and when = 

1 , for all finite values of a . 


EXPERIME3SrTAL 
( 1 ) Apparatus and its use 

The method used was that described by Coulson et al. ( 1948 ), with the following 
modifications: 

(a) A new means of stopping the outflow from the cell has been devized (figure 2 ), 
because the method of freezing the outlet tip proved to be inconvenient, especially 
in experiments of longer duration, and because it occasionally caused disturbance 
of the boundary. 

On the side of the regulating tap A distant from the cell, the capillary outlet tube is 
bent downward, first at 45° and then vertically, to endin a sharply tapered tip. A short 
open capillary side-arm B is sealed to the 45° portion and is fitted with a sac 0 made 
of 2 mm. bore flexible tubing (preferably of PVC since it is more rigid than rubber). 
The sac is enclosed in a hole in a Perspex block D, which is cemented on to the outlet ^ 
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tube and 'which carries a screw E which bears on the sac. The sac is filled -with clean 
mercury. When it is desired to stop the outflow, the sac is compressed by means of 
the screw; a small drop of mercury is squeezed into the outlet tube, is carried do-wn 
towards the outlet and there stops in the tapered tip, arresting the outflow smoothly 
and completely. A single filling of the sac is sufficient for many runs. The mercury 
droplet is removed from the tip, when required, by applying suction through a rubber 



tube. This system is completely positive and has the special advantage that there 
is an interval, during which outflow continues, between the turning of the screw and 
the arrival of the droplet at the tip, so that the effect of any mechanical disturbance 
produced in turning the screw is removed before the flow stops. 

(6) It has been found to be unnecessary, with more slowly diffusing substances, 
to use the full capacity of the pipette (1-lml.); the slower rate offlow needed to form 
and maintain the boundary makes it possible to use as little as 0-4 ml. of solution 
for a determination. 

(c) The slit has been used at a constant width of 0*0006 cm. and no att^npt has 
been made to vary the intensity of the light reaching ■the focal plane by this means. 


VoL 196. A. 


19 
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Thus, the contribution of the slit to the interference pattern recorded is constant. 
Kodak 0*250 plates have been used for exposure times corresponding to diffusion 
constants of 10 ~® downwards. The photographic intensity has been controlled by 
introducing grey screens of known extinction in front of the source of light. 

{d) The stop-assembly has been fitted with a vertical adjusting screw, for centering 
the stop on the boundary. Centering is done most conveniently by forming a boundary 
and then allowing spreading by diffusion to take place. As the boundary spreads 
beyond the confines of the stop, the innermost bands fade away; if the stop is not 
correctly centered, a blurring precedes their disappearance, due to the asymetrical 
distribution of light. The stop is therefore adjusted vertically, using visual inspection 
. of the image, until the whole pattern appears quite sharp. 

( 2 ) Materials 

A.R. glycine and KCl were used, solutions being made by weight of solid and 
volume of solution: sucrose was the ordinary "granulated’. Lactoglobulin was pre¬ 
pared from whole fresh miLk; first, by the method of Palmer (1934) and secondly by 
a combination of the methods of Palmer and of Sorensen (1939), described by Cecil 
& Ogston (1949). 

Solutions of sucrose and KCl with lactoglobulin were made by dissolving weighed 
amounts in a solution of lactoglobulin already fully dialyzed against buffer. All 
measurements on lactoglobulin were made in buffer containing NaCl 0*1 m, Na 
acetate 0*1 m , acetic acid 0*04 m . 

(3) Analysis of homogeneity 

The values of X for a number of the inner minima may be measured; thence, values 
of log7to/(%~i) of log^max./^^ (= may be calculated and compared 

with the curve given in figure I. More precise ufformation may be obtained, however, 
where ?;>15, by measuring the values of for those minima whose values of 
log?io/(n^--f) bracket the values 0*2 and 0*9 and, by interpolation, obtaining the 
values of log^jnax./^i corresponding to those values. Thence and A 0.9 may be 
obtained and, by interpolation in plots from tables 3 and 4 , values of a^ and a. 
Since the value of ^ used in the above calculation is the value for a single diffusing 
substance, the proper value of ySmay differ considerably from it. > 5 //?^ can be obtained 
from the data of table 5, using the first-approximation values of a^ and a; then the 
calculation is repeated, using the value of A third approximation is rarely needed. 
From the final values of a? and a and the value of D obtained with yS*, D-^ and are 
calculated from equation ( 6 ). 

In measuring the mner min im a (log {n^ —• |) ?^ 0 * 9 ) care is needed that measure¬ 
ment is made where the Fraunhofer fringes do not seriously interfere. In the case 
of a very rapidly diffusing impurity, care is also required that measurement is made 
at a time before that part of the boundary which gives rise to the bands measured 
has begun to spread beyond the limits of the stop; this is easily detected by fading 
of the intensity of the bands. In such a case it may be convenient to measure X^ at 
a time at which X^ is not measurable; but the relationship of IjX^ against t is. 
accurately linear and extrapolation may be made with confidence. 4 
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Results and discussion 

( 1 ) Test of the modified ray-theory for a single diffusing substance 

{a) Distribution of bands* Longsworth ( 1947 ) showed that the modified ray-theory 
gives the positions of all but the innermost bands correctly at rather long times after 
forming the boundary. This has been confirmed at much shorter times; figure 1 shows 
that the experimental points obtained from a range of concentrations of glycine, in 
relation to the theoretical curve. These points were obtained from measurements at 
various relative times and show that the relationship is independent of time; the 



Fioube 3. Linear plots of v^jXl against t for solutions of glycine of varying 'O; values of v 
are shovni against the lines; measurements were made at intersections between the 
boundary and Fraxmhofer patterns. 

only exception to this independence occurs where the apparent centre of a band is 
shifted by combination with the Fraunhofer system. In spite of exhaustive recry¬ 
stallization and dialysis against buffer, it was not found possible to obtain a solution 
of lactoglobulin showing absolutely homogeneous behaviour (Cecil & Ogston 1949 ) 
though the points obtained usually lay close to the theoretical curve (figure 1 ). 

( 6 ) Values of A number of experiments were done with glycine at values of v 
down to 1*23, in the 1 cm. cell (i.e. down to 0*037 g./lOOnol.). Down to v ^ 2*5, the 
method of measuring values of JTq (the distance of the outermost dark band from the 
optic axis) and t corresponding to symmetrical intersections between the boundary 
and Fraunhofer patterns was used (see Theory 1 (c)). These values give fair linear 
plots of 1 /X§ against t (figure 3). From their slopes and the values of obtained 
by interpolation in table 2 , the values of 2)20 givefti in table 6 were obtained, 

19-2 
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These agree'reasonably well with the values of Dgo read from the curve given by 
Coulson et al. ( 1948 ). 

At values of ® lower than 2-6, the spacing of the Fraunhofer pattern is too wide to 
give a sufficient number of symmetrical intersections with the boundary pattern. 
An attempt to produce more intersections by using a wider stop (6 mm.) was un¬ 
successful, as the photographic definition proved to be insufficient. However, it 


Table 6. Values of Hgo aLYOiNB 


V 

^20 ^ 

(obs.) 

■^20 ^ 

(firom Coulson et al.) 

difference 

16-91 

93-4 

93*5 

-0*1 

11-33 

93-6 

94*2 

-0*6 

9-91 

94*6 

94*4 

+ 0*2 

8-55 

93-9 

94*6 

-0-7 

7-31 

94-1 

94*7 

-0*6 

5-61 

94-4 

95*0 

-0*6 

5-24 

95*7 

95*0 

+ 0*7 

4-00 

97*1 

95*2 

+ 1*9 

3-48 

95-0 

95-3 

-0*3 

2-79 

94*9 

95*5 

-0-6 

2-50 

97*5 

95*5 

+ 2-0 


W 8 ks found that measurement of over certain ranges does lead to linear plots of 
1 jXl against t (figure 4), though with too small a slope (a low slope was to be expected 
where a boundary band is ‘running into’ a Fraunhofer band). At lower values of v 
than 1 - 2 , no linear plot could be obtained. From these observed slopes, the values 
of required to give the known diffusion constants were obtained (table 7): the ratios 
are plotted against v in figure 6 and fall on a smooth curve. 


Table 7. Empibical values of fi foe ®< 2-5, feom exfeeimbnts on glyoine 


V 

e 

I>20 X 10’ 

(from Coulson et al.) 



range of 6q 
(radians x 10^) 

2-50 

8-23 

95-5 

0-659 

1*14 

7~5 

2-24 

10-3 

95-5 

0*657 

1*23 

7-4 

1*96 

14-8 

95-5 

0-521 

1-27 

6-4 

1-70 

25-7 

95-6 

0-466 

1*32 

6-3 

1-51 

42-0 

95*7 

0-410 

1*34 

4r-2 

1-23 

130 

95*7 

0-286 

1*30 

3-1 


Thus it has proved possible to determine the value of D down to u = 2-6, using the 
values of given by the modified ray-theory, with an accuracy of 1 to 2 % and, 
further, to calibrate the method for measurement down to v = 1-2. It is likely that 
the reproducibility of this calibration depends on the width of slit and size of stop 
used. 

These sets of results together confirm the accuracy of obtained firom the 
modified ray-theory, over a wide range. It is satisfactory that begins to deviate 
seriously fi:om fijg (table 2 ) at about the same value of v as was found empirically by 
Coulson et al. ( 1948 ). 



FiGtTBB 4. Approximately linear plots of against t for solutions of glycine at low values 

of v; values of v are shown against the lines. These measurements were not made at 
intersections between the boundary and Fraunhofer patterns and the slopes are 
anomalous. 



V 


Fioube 5. Deviation of 8 from theory at low values of v; data from the curves of figure 4. 
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(2) Diffusion of heterogeneous material and of mixtures 

{a) Heterogeneous samples of lactoghbulin. The method described above has 
already been used to obtain the value (Di) of the diffusion constant of a slightly 
contaminated main component in the case of lactoglobulin (Cecil & Ogston 1949). 
It has been applied also to some rather more heterogeneous samples of lactoglobulin 
which had been stored in solution for several months. The calculation of D^ for these 
is set out in table 8; the values obtained are consistent with those obtained from the 
more homogeneous samples. 


Table 8. Cobbectiok of the apbaeent dieetjsion constakts 

OE HETEROGENEOUS SAMPLES OF LACTOGLOBULIN 


V (total) Ao .2 

Aq-S 

a 


D X 10’ Di X 10’ 

a7-39 0-004 

0-032 

0-98 

0-11 

7-69 7-38 

37-19 0-004 

0-038 

0-99 

0-03 

7-56 7-44 

36-93 0-004 

0-035 

0-98 

0-11 

7-64 7-45 

15-97 0-007 

0-055 

0-96 

0-11 

• 7-67 7-27 

15-12 0-008 

0-076 

0-97 

0-04 

7-90 7-62 

mean for ■« = 33 (Cecil & Ogston i949) = 7’34 

(6) Mixtures of two diffvMng components. In order to test the method more strictly, 
the diffusion of mixtures of lactoglobulin with sucrose and with potassium chloride 
was observed. The analysis is set out in table 9 . In both cases, the agreement of the 
quantities estimated from the analysis with their known values is satisfactory. 

Table 9. 

Analysis oy the diffusion of known mixtures 


1st approximation 2nd approximation 
(a) Lcxtoglobidin and sucrose, 33-26 

known values 

DxW 

8-43 


8-40 

■■ 

^0-2 

0-0115 


0-0121 

. 

^•9 

0-080 


0-061 

_ 

oc 

0-92 


0-905 

0-904 


0-17 


0-18 

0-167 


0-9985 


0-998 


X 10’ 

— 


7-53 

7-34 

D^x 10’ 

— 


42 

44 

(6) Lactoglobulin and potassium chloride, + 

40-89 

DxW 

10-61 


10-44 


Ao.2 

0-046 


0-0495 

■■ 

Ao-9 

0-403 


0-406 

. 

a 

0-83 


0-81 

0-81 

a® 

0-048 


0-050 

0-049 


0-992 


0-992 

D^xW 

— 


7-58 

7-34 

D^xW 

— 


152 

c, 150 


Conclusions 

The application of the modified ray-theory to the analysis of the interference 
pattern arising firom a diffusion boundary is justified by the results given above. 
By its use, an accurate analysis of the diffusion pattern of a mixture of two Hjiffiigirig 
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components in terms of their proportions and diffusion constants can be performed; 
also correction can be made with fair accuracy for the effect of heterogeneous 
material on the apparent diffusion constant of a main component. It should be 
pointed out that the method of analysis described does not make nearly fuU use of 
the experimental data provided by the record of a diffusion experiment and that 
its scope and accuracy might be increased considerably if a less clumsy means of 
handling the equations were to be found. 
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A systematic treatment of moving axes in hydrodynamics 
By G. C. McVittie, Queen Mary College, London 
{Communicated by 0,^ Temple, F.R,S.—Received 3 August 1948) 

A method is developed for transforming the equations of hydrodynamics to a system of 
curvilinear co-ordinates in motion relative to fixed axes using the tensor-calculus and without 
employing Coriolis’s theorem. The basic, entity is the kinetic metric, a four-dimensional 
quadratic form defined through the kinetic energy of unit mass of fluid. The mechanics of 
special relativity are used to obtain, by approximation in terms of 1 /c®, where c is the velocity 
of light, the classical formulae. The equations of motion m terms of the energy-tensor, the 
four-dunensional vorticity-tensor and the velocity-components are successively obtained 
and the equation of continuity is shown to be independent (in mathematical form) of the 
motion of the co-ordinate-system. This property holds also for the equation of heat-transfer 
in a non-viscous fluid. Applications are made to the case of local Cartesian and local cylin¬ 
drical polar co-ordinates on the Earth’s surface. Formulae for the rate of change of vorticity 
due to Helmholtz and to Petterssen, respectively, are obtained as special cases and Sawyer’s 
theory of tropical cyclones is also discussed. 

1 . iNTRODTrCTIOlT 

In classical hydrodynamics, the use of curvilinear spatial co-ordinates is -well- 
known. The conversion of the equations to these co-ordinates depends ultimately 
on (i) the existence of a urdque ‘time’ in Newtonian mechanics common to all 
observers; and (ii) on the possibility of mtroducing spatial co-ordinate-transforma¬ 
tions which do not involve the time explicitly. If we denote by {X^, X^, X®) the 
fixed rectangular co-ordinates* of an element of fluid and by X* the absolute time, 
then the transformation to a curvilinear system (a^, a;®, a?) is given by 

X-=/«-(a:i,®®,a:®) (r= 1,2,3), 

X* = a^. 

* By this we mean that the equations of motion of a particle of mass m acted on by a force 
P», P") have the form = P% {r = 1, 2, 3). 


(M) 
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The tensor calculus hi three dimensions will then convert the equations of hydro¬ 
dynamics into the requisite form. But these operations fail as soon as we consider 
curvilinear, or indeed rectangular, co-ordinate systems which are in motion relative 
to the fixed rectangular co-ordinates. Instead of (I’l) we now have transformation- 
equations of the form 

= hr(x\ x^) (r = 1,2,3), 

and, to obtain the equations of hydrodynamics, we have to take refuge in cumber¬ 
some and unsymmetrical operations based on Coriolis’s theorem. In this paper we 
develop a method of establishing the equations of hydrodynamics for co-ordinate- 
transformations of type (1*2) which is parallel to the classical theory developed for 
those of type (1*1). 

The requisite mathematical technique is indeed ready to our hand in the extensions 
of Newtonian mechanics found in the theory of special relativity. It is true that 
attention is there concentrated on velocities which are appreciable fractions of that 
of light, so that the time-co-ordinates cannot be related by simple identity as in 
(1*2). But this qualification is not essential to the mathematical formulation. 
Moreover the degeneration of special relativity into Newtonian mechanics is easily 
performed by successive approximations in terms of 1/c^, where c is the velocity 
of light. 

2. The kihetio metric 

CJonsider the kinetic energy of unit mass of fluid which, relative to the fixed 
rectangular axes, is 

^ If/dXY (dXY IdXY] 

^ 2 {(iiZV ^ (dXV ) ’ 

We can imagine a geometrical representation of the motion of the unit mass, its 
position {X\ X\ X^) at time X^ being plotted as a ‘point ’ (X^, X®, X^) in a four¬ 

dimensional manifold whose metric is 

= idxy-^{(dx^)^+(dxy+(dxm. {2-2) 

The history of the motion of the unit mass will be represented by a curve in the 
four-dimensional manifold along which 

2X/c2} (dX^)2. (2-3) 

We do not suggest that the manifold has any physical significance: the representa¬ 
tion is merely an aid to calculation. We call the kinetic metric^ and its trans¬ 
formations under (1*2) wiU form the basis of our method. From (2*3) we observe 
that, neglecting terms in 1/c^, we have ds^dX^ for the motion of the unit mass and 
hence, in Newtonian Mechanics, $ and X^ may be regarded as identical. 

It is convenient to introduce the convention that an index represented by a Greek 
letter can take the values 1 to 4 whilst one represented by a Boman letter can take 
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the values 1 to 3 only. Using the summation convention, the dififerential form of 
( 1 ' 2 ) is 


dX^ = dx\ 


Hence 


where 


If dx^ dx^ dx^] 

- 2 ( 744 + 273 , 4 ^ ’ 

» /0M2 3 

r5i (aa^) ’ ~ ~ ,5i 


i 

0a:3’3a:*’| 


_ 3 

7j,« 

Hence ( 2 - 2 ) becomes 


(2-4) 


(2-5) 


( 2 - 6 ) 


+ 27^,da:3’cfa!*}, (2-7) 


and, if we write, 


(2*7) becomes 


94A ^ ^2 > 


= a.„ = -2^*. 


9p^ “ 94tp 


= /r._ 


Sjjjj ^gp 


( 2 - 8 ) 


(2-9) 


ds^ = g^da^da?. 

Since ds^ is an invariant, gr^ forms a symmetric eovariant tensor of rank 2 in four 
dimensions. Clearly, by ( 2 - 6 ) and ( 2 ' 8 ), the 7 ^ and g^, are, in general, functions of 
the time as well as of the spatial co-ordinates. Also if the curvilinear co-ordinate 
system {x^,x^,a^) is ‘at rest’ relative to the fixed rectangular system, the functions 
Ji’’ in ( 1 - 2 ) do not involve a:* explicitly. Hence, in this case, 


744 = 0. 73,4 = 74p = 0,\ 

9iA = 9 j )4 = 9ip = 0 ,/ 


( 2 - 10 ) 


which are the conditions that the theory based on (2-9) should reduce to the 
classical theory derived from equations (I’l). 

In Newtonian hydrodynamics we deal with velocities which are small compared 
with c. We therefore assume that the functions U are such that the 7 ^ do not contain 
a factor of order c^. Hence in ( 2 - 8 ), is of order unity whilst the remaining g^^ are 
of order 1 /c®. 

We shah also require the expression for the determinant of the tensor gr^. We 
write g'=||g'^|| and ApsHy^ll. If A denotes the cofactor of 744 , and A^p, the 
cofactor of in Aq, then on evaluating g we find 

A Ao 

Hence, to terms of order 1 /c^, we find 


( 2 - 11 ) 
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We can now express the contravariant form of in terms of the contravariant 
We define the contravariant forms by 



Cofactor of gj^ in g 

9'^ j 



9 


and 

Cofactor of in A 

^ ~ A 


and we find 

g^ = {l + 0(llc% 

gp* = g*p = A4 j,{1 -I- 0(l/c2)}/A, - 

gpd = - -1-0(1 /c®)}. 

(2*12) 


We observe that gr“, are of order unity whilst the are of order c®. Lastly, if 
the co-ordinate system we are employing is itself the fixed rectangular system we 
have, comparing (2'9) with (2-2) and using (2'12) also. 


S '44 9pp g2’ S') g3> 

^= 1 , gpj> = ~c\ 
all the other and gi^ being zero. 



3. Diveegbnob aud vobticity ob the BLtriD 
We define the contravariant velocity four-vector of the fluid element by 


Since in Newtonian mechanics we neglect terms in 1/c^ and ds = (3-1) reduces 

to a four-vector whose components are 

** - <^'2' 
For the special case of fixed rectangular co-ordinates, we write this four-vector as 

P‘-l, ■ (S-S) 


and (C/^, 172 , TJ^) are the velocity-components usually denoted by [u,v,w) in the 
text-books. 

The four-dimensional divergence (an invariant) of the vector is 

1 d(^{-g)v/‘) 

V(-9') 9=*^ ’ 

which, on using (2*11) and (3*2) and neglecting terms of order 1/c^, gives us in 
Newtonian mechanics 

dxr )■ 
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For fixed rectangular axes, by (3-3) and (2-13), we have 


0 = 


dUP 


whicb is the well-laiown expression for the quantity variously known in hydro¬ 
dynamics as the ‘expansion’, the ‘dilatation’ or the ‘divergence’ of the fluid. We 
shall adopt the latter term which is current in dynamical meteorology. In most 
practical cases, the determinant A does not involve the time afi explicitly and ( 3 ' 4 ) 
reduces to 


0 = 


dvP 




8 log A 
dxP ■ 


(3-5) 


We note that, since 0 does not involve or the 7 ^, 4 , its mathematical form is now 
independent of the motion of the co-ordinate-system. 

Turning to the definition of vorticity we remember that, m the three-dimensional 
treatment of hydrodjmamics based on ( 1 * 1 ), vorticity appears as a solenoidal three- 
vector (McConnell 1931 ). Such vectors, when we pass to a four-dimensional treat¬ 
ment, become portions of antisymmetric tensors of rank 2 . Moreover, vorticity is 
a property of the motion of a fluid whose qumdity, as opposed to its intensiiy, is 
relevant, which leads us to a tensor-density as the fundamental definition (Eddin^on 
1924 ). We write „ 

^ = (3*6) 


and we denote by the covariant derivative of (McConnell 1931 ) with respect 
to the kinetic metric (2*9). The six quantities then form the components 

of an antisymmetric tensor of rank 2 and we shall detoe the vorticity-tensor by 
means of the relation 

0^{-g)^l,V = (3*7) 

Before discussing the general case, let us suppose that our co-ordinate system is the 
fixed rectangular systein in which (2*13) and (3*3) hold good. We find, from (3*7), 


Vfe41> 542) S43I — Igjf4’ g^4> ^X*)’ 

(S23. Isi. S12) - . I^g^s gjl/ > ^X^] | ’ 

and we observe that the three ‘spatial’ components of are the components of 
(absolute) vorticity {^,^,0 which thus tod themselves associated in a single 
tensor with the partial derivatives of the velocity-components with respect to 
the time. 

We return to the reduction to Newtonian mechanics of the general form (3*7). 
An alternative way of writing ( 2 * 8 ) using the Kroenecker delta, 5^, is 
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Hence j[3'7) and (3-6) give 




' dv* 1 f S(yfl<r^) 9(yy(r^°') 

1 ^ „ A I O « O-.// 


The transition to Newtonian mechanics is now made via (2-11) and (3-2) by equating 
terms of order 1/c* on each side of (3-8), neglecting terms of higher order. We find 


^ \ds^ dxi‘) 


da^ dx^ 


and we therefore write 




where = 




(3-10) 


(3-11) 


The three compcments of absolute vorticity as ordinarily understood in hydro¬ 
dynamics are, as we have seen, I’aa. iai Ii 2 - W^e can simplify the notation for 
these three components as follows; let Imn be any cyche permutation of the indices 
123 and let 




(0j = 0)„ 




where 


il — + 

/A,, _ ( ^mi ^yna \ 

* \3a:" 3a:™/’ 


(3*12) 


(3-13) 


- 


Ba:" 3a:™ 


We observe that the ojj (Z = 1,2,3) do not involve the velocity-components of the 
fluid; they represent the contribution to the absolute vorticity due to the motion 
of the co-ordinate-system itself. We may caU £2^ (Z = 1,2,3) the relative vorticity, or 
simply the vorticity, of the fluid, since it is the vorticity as it would appear to an 
observer using the co-ordinate system (a:^, a:®, a:®). If the motion of the fluid appears 
to be hrotational to such an observer, i.e. if 




3^(a:^, x^, a:®) 


(3 = 1,2,3), 


then £2i = 0 (Z = 1,2,3). But, of course, this is not sufi0.cient to make the absolute 
vorticity vanish when the co-ordinate-system is itself m motion. 


4. EQTJAaaONS op motion and op OONTINtnTY 

In this section we recapitulate briefly the generalizations of the equations of 
motion and of continuity of a fluid in special relativity. We begin with classical 
hydrodynamics referred to the fixed rectangular co-ordinates. If p is the density 
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and the pressure of the fluid, and if the external force per unit volume other +.tin.T' 
the pressure-gradient is {X, Y, Z), we can write the equations of motion in the form 


dpm 

dx* 


d 

dx^ 


{pm^+p}+ 


dpTj^m , dpjp-v^ 

3X2 + 0X3 



dpV^ dpTP-U^ 

dx* ^ 3X1 


+ g|-XPV+J>} + 


3p 172173 
3X3 


= pr, 


dpu^ dpmu^ dpmm 

3X4"^ 3X1 + 0X2 


■^,{pm^+p} = pz. 


(4-1) 


whilst the equation of continuity is 

dp 3pC7i 3/9172 SpUi 

3X*'*' 3X1 3X2 3X3 - {4-2) 

Remembering that, by (3-3), 17* = 1 and using (2-13), we can define a four-dimen¬ 
sional energy 4ensor ^ 

T/«’ = pUf‘U’’-^p, (4-3) 

c 


whose components are the quantities which occur in the partial derivatives in the 
left-hand sides of (4-1) and (4-2). The only proviso we must make is that, to obtain 
the term dpjdX^ in (4-2) from dT^jdX^ we must, in the latter, neglect the term in 
accordance with our Newtonian approximation. The four equations (4*1) 
and (4*2) may then be written 

°^ = {pX,pT,pZ,0), (4-4) 


according as /6 = 1,2,3, or 4. The generalization of (4-3) and (4‘4) to any co-ordinate 
system {x^,x^,x^,x^) in terms of which the kinetic metric has the form (2*9) is 
immediate, since they are tensor equations. We regard p and p as invariants and 
we replace (4*3) by 

(4-5) 


whilst the left-hand sides of the four equations (4-4) become 


Ti^ 


1 d{^(-g)T^} ip] 

sj{-g) daf \<rvj 


(4-6) 


i.e. they reduce to the four components of a contravariant four-vector called 
the ‘vectorial divergence’ of the energy-tensor. We must generalize the Newtonian 
force per unit volume (X, Y, Z) to a four-vector//* so that instead of (4*4) we now 

= pf^ (4-7) 


as the equations of motion and of continuity of the fluid. We can, however, prove 
as follows that /* is always zero; If the co-ordinates are the fixed rectangular, we 
denote the force fom-vector by and we know that /© = 0 ^7 (^‘^)' S'ld’ ^>7 i'^i® 
rule for transformation of contravariant vectors we have by (1’2), 


3a;* j.„ _ 3®* 
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5 . Equations of motion in teems of vobticity-tbnsoe 

In CO variant differentiation we treat and as if they were constants and we 
know that the covariant derivative, 2^, of an invariant I is simply dljdx'^. Hence 
applying the operation of covariant differentiation to the expression (4*5) for 


and inserting the result into (4-7), we find 

+ ' (5-1) 

If we note that and use (3*7) we can write (5*1) as 

vi^ip^X^+c^(-g) i^g/^pif + gi^p^v^^ “ V ^ 

We introduce the invariant (v)^ = i^v^, (5'3) 

0(w)2 

and it is easy to show that (5'4) 

Hence (6-2) hecomes 

V (- ?) i<r.P^ + ^ ~ 


We multiply this equation by g^^ and sum over the four values of /<; we find finally 

®r(/«^),. + cV(-9')^Tv/>2^ + iP^-^2^ = /1 /t' (6-5) 

We now proceed to the Newtonian approximation. By (3'2) and (2* 8) we have the 
following approximate formulae: 


744 + 74^ « 

0^-1 ^2 , V^~ , 

= l-^{r44 + 2yj4M34-(u)®}, 


■where («)2 = jj^vPvP. 

Again, c^{—g)^^ = ^A^^, the value of which is now given by (3-9); and 


(P^\v = {py'% = 


HP'J^) , 9(pVAug) l 

dx^ dx^ / * 


Lastly, by definition, = g^J<' = g„f^ since /« = 0. 


Hence by (2-8), we write 


( 6 - 6 ) 

(6-7) 

( 6 - 8 ) 


fi 0®"^’ ~ f.i'yarf’’~ cS"^’ (®’^) 

where Fqig = 1,2,3) are the components of the Newtonian force per unit volume 
with respect to the, in general curvilinear, co-ordinate-system We 

introduce the foregoing expressions into (5-5) and we find when t = 4; 

(pw>').„ji-o(ij|+i|^VApM*’l^^-b44{r44+2r»4«^+W = -/>§; ' 

(5-10) 
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when r = q = 1, 2 or 3, eliminating the factor l/c®: 

(5-11) 

where in the last two equations the are defined by ( 3 - 9 ). Hence if in ( 5 ' 10 ) we 
neglect the terms in 1 /c®, we obtain 

(pu% = 0, (5-12) 

which by (5- 8 ) gives us the equation of continuity 

8(pVA) dip^AvP) 
dx^ dx^ 

Incidentally we observe that and the are not involved in this equation so 
that its mathematical form is the same whether the co-ordinate-system is in motion 
or not; indeed the motion can only affect the equation of continuity in cases where 
A is an explicit function of the time. 

In the three equations (5-11), since the first term on the left now vanishes, we 
must have, on reversing the order of the indices in the 


+ + + (g, = 1,2,3), (6-13) 


which are the required equations of motion expressed in terms of the vorticity- 
tensor (3-9). If the co-ordinate-system is at rest relative to the fiixed rectangular 
axes, the terms in 744 , 7^,4 are zero. The equations (6-13) may also, of course, be 
expressed in terms of the velocity-components vP alone. The case of most interest 
occurs for spatially orthogonal co-ordinate-systems in which = 0 when p4=q- 
"Using (3’9) and (6’7) and writing 


_^ d 

dx*~dx*'’'^dzP’ 

we obtain, suspending the summation convention. 


(5-14) 


da:* 


_1 y, 



2 9a:® 9a:* / p^i \ dsfl 9a:® / 


pdafi 


+ F.. 


(6-15) 


6. Rate oe change oe the vorhotty-tensob 
We return to the equations ( 6 ' 6 ) which we now write in the form 


= 9 r (say)- 


(6-1) 



294 


G. 0. McVittie 


TKe four functions form the components of a covariant four-vector siuce v„ 
dpjdaf and are covariant four-vectors, whilst p and {pv'')^„ are iuvariants. By- 
applying covariant differentiation to g^, we can construct from its covariant deriva¬ 
tive an antisymmetric covariant tensor of rank 2 , viz: 



In the left-hand side of ( 6 - 1 ), ^{—g) is a function of the g^y and so may be treated 
as a constant in covariant differentiation. Hence we obtam, using also (3-7), 



(6-2) and (6-3) yield 


From this equation, the formiila for the rate of change of the vorticity-tensor 

‘following the motion’, may easily be obtained. 

Proceeding again to the Newtonian approximation, we use ( 2 * 11 ), ( 3 - 2 ), ( 5 * 9 ) 
and ( 6 - 12 ) and we neglect terms of order higher than those in l/c^. The equations 
( 6 * 5 ) become 



where, of course, the are now given by (3-9) whilst djdx^ is defined by (5*14), 
These six formulae fall into two groups: 


(i) When either r or fi is equal to 4 

The three formulae so obtained give essentially the rate of change of ^local’ 
acceleration and could, for example, be used to calculate the quantities dhjiPl{dx^Y 
in problems of perturbed steady motions. But they must be employed with care for 
they involve terms in dpjdx^ which arise through the slight modification of the 
equation of continxdty implied in the definitions (4-3) and (4*5) of the energy-tensor. 
Indeed, in a practical case, it is better to calculate d^itPl{dx^)^ directly from the 
equations of motion (5*15) by partial differentiation with respect to (Sawyer 1947 ). 

(ii) When neither r nor /i is equal to 4 

The corresponding three formulae now contain no terms to which exception can 
be taken and they yield the equations for the rate of change of vorticity ‘following 
the motion’. To simplify them we again make use of the convention that Imn is to 
represent any cyclic permutation of 123 and we write 

^ ^ dx^ dx^ dx'^ dx'^' 


( 6 * 7 ) 
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We write out ( 6 ' 6 ) for the cases t/i equal to 23, 31 and 12 , respectively, and use 
(3-13), (3-4) and (6-7) to obtain for the rate of change of vorticity (£ 2 i,f 22 ,£l 3 ). 


(Kli 


'dJ- - 1 . 2 , 3 ). 


( 6 - 8 ) 


We shall see in § 8 below that these are the generalizations of Helmholtz’s equations. 
The Tanishing of the right-hand sides of ( 6 - 8 ) is the condition that the vorticity be 
conserved 'following the motion’. This condition involves kinematical variables 
only, provided that 

X . i+Yi = Q (Z= 1,2,3), 


which would be the case, for example, if the force per unit volume F^) were 

derivable from a potential and if the variations of pressure and density were such 
that the quantities were zero (or negligibly small). The last-mentioned limitation 
would arise if the pressure were a function of the density alone. 


7. Heat trakseer 

If our fluid is a gas we must take into account the changes of heat-content of unit 
mass during the motion. This presents us with a difficulty because, u n l ik e the 
generalized mechanics we have hitherto drawn on, there is no four-dimensional 
theory of thermodynamics which has received universal assent (Tohnan 1934 ). 
Since, however, our aim is to reach the Newtonian approximation, we can employ 
the following generalization in the case of a non-viscous perfect gas defined by the 
equation of states = BpT. In terms of the fixed rectangular co-ordinates, we denote 
by dQldX^ the rate of addition of heat to a fluid element 'following the motion’. 
Then if is the specific heat at constant volume, k the conductivity and J the 
mechanical equivalent of heat, we have (Goldstein 1938 ) 


jdQ 

^dX^ 


^ dT 


dX^ 



(7^) 


where 


3 


{dX^f 


Let us now assume that T and Q, like p and p, are invariants and that are 
constants. Then the four quantities dTjdX^ {{i = 1 , 2 ,3,4) are the components of 
a covariant four-vector. Using (2*13) we can therefore replace (7-1) by the four¬ 
dimensional tensor equation 


where 


ds ^ ds ^ ds p 




(7-2) 

(7-3) 


1 . 

In effect we have introduced a term n >^^9 into the ri^t-hand side of (7’1) which 
will disappear in the Newtonian approximation provided that—^as we know to be 


Vol. ig6. A. 
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the case—^temperature effects are propagated with a speed small compared with 
that of light. Hence, in terms of our moving curvilinear co-ordinate-system, the 
equation of heat-transfer becomes 


ds 


^ ^ Jkl 1 8 

ds ds p — 



(7-4) 


We now consider the Newtonian approximation. Since 


.dT ^dT 


dT „.dT . ^dT 


dsf 


dx’-’ 


we observe that, by ( 2 - 12 ), the terms on the right-hand sides of these equations are 
of order unity except for the terms g^dTjdxf, which are of order c®. Hence usiug 
( 2 - 11 ) and { 2 - 12 ), ds = dx^, and neglecting terms of order 1 /c*, our Newtonian 
approximation to (7*4) reads 


•'da:* 


T 

- 


dp-'>- 

da^ 


p ^Adafl 



(7-6) 


with djda^ given by (5-14). This therefore is the equation of heat-transfer referred 
to a curvilinear co-ordinate-system in motion relative to the fixed rectangular 
system. We again note that the motion of the system vnll only affect the equation 
in cases when the y®" and ^A are explicit functions of the time. 


8. Spboiai. oases 

. We illustrate the foregoing general theory by two examples which refer to the 
motion of a gas on a spherical rotating Earth. 


(i) Local rectangular co-ordinaies 

It can be shown (McVittie 1948 ) that, if a tropospheric motion does not extend 
to greater distances than some 200 km. from a point 0 on the Earth’s surface, a 
right-handed rectangular co-ordinate-system Oxyz may be used of which the axes 
Ox, py lie in the tangent plane at 0. If 0 is in North latitude ^ and Ox is dravm to 
the East, the kiuetic energy of unit mass of air is (McVittie 1948 ) 


K = 

where 2Ki = x^+y^+z^ + k{x{z+a)-xz}-l{xy-xy), 

2 K 2 = — [{(z -1- a) cos^— y sin^p -I- a:®], 
i = 2 <ucos^, I = 20 sin 
a = Earth’s radius, 

(i) — Earth’s angular speed of rotation about its polar axis. 
If in (2"7) we make the identifications 


( 8 - 1 ) 


x^ = x, x^ = y, a:® = z, a:* = i. 



A systematic treatment of moving axes in hyd/rodynamics 297 

we have for the kinetic metric 


( (o^K \ 1 

1 - 1 —^ \dx^ + dy^ + dz^+{lc{z +a)— ly}dxdt+hdydt—kxdzdf], ( 8 * 2 ) 


We neglect terms in o)^, as usual, and obtain 

7*4 = 0, ri4 = 741 = + o) - ly}, 724 = 742 = 4^. 734 = 743 = “ P*. 

7ii = 1. 722 = 1. 7 s3 = 1. Ypa = 0 when p^q, 

VA= 1 . 

If we also write v?- = u, v? = v, v? = w. 


(8-3) 

(8-4) 


we obtain from (3-6) and (3-13) the following formulae for the divergence and 
vorticity 


© = 


du dv dw 
dx'^dy^ dz ’ 


(8-5) 


= 0, 0)2 = k, (1)^ = 1, 

^ . dw dv ^ du dw y dv du 

~ dy dz’ ^~^~dz dx’ ® ^ ~ dx dy\ 


(8-6) 


From (8-3) and (5-15), the reader may easily write down the usual equations of 
motion; we turn to the equations ( 6 ‘ 8 ) expressing the rate of change of vorticity. 
Using ( 8 ' 6 ) and remembering that and dljdt are both zero since we are restricted 

to a small area around 0, we find 


dt 


--(!+o 0 +{{g+(i+^)|+(!+a|)-i,-y.,j 


dt 

dt 


-Xo—Y^ 


(8-7) 


where the are given by (6-7) with {x^, x^, a?) s {x, yyZ), A particular case of the 
third of these formulae has been obtained by Petterssen ( 1936 ). He considers the 
case w ^ 0 and takes X 3 = 0 so that the frictional forces have no x- or t/-eomponents. 
He also writes in vector notation 


Y — vi+u], X = 2w?sin^6.k, © = divv, 

Jk-cmrlv, 

Hence the third of the equations (8-7) becomes 
d 

^(curlv) = — (X +curl v) divv+V/3“^ x (—Yp), 

which is Petterssen’s formula. We note, however, that by itself, it tells us little 
about the rate of change of the vorticity because, under the conditions assumed by 
him, the Jfirst two equations (8-7) are not identically satisfied. 


20-2 
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If the motion of the aur which we are studying takes place in the immediate 
vicinity of 0 (as in aerodynamical problems) we can neglect the terms in k and I 
ia (8-7) and consequmitly draw the axis Ox in any direction relatively to the east- 
west Ime through 0. Formulae (8'7) then give us the expressions (referred to ‘fixed’ 
rectangular axes) for the rate of change of vorticity with any relationship between 
p and p, and any external force per unit volume. To obtain the classical equations 
due to Helmholtz (Lamb 1930 ) we proceed thus: 

The equation of continuity may be written, in our ease, 




and if, as Helmholtz assumes, ^ is a function of p alone,* then by (6-7) 


7^ = 0 (1= 1,2,3). 


If, moreover, we assume that the external force per unit volume is derived from a 
potential (i.e. no firiotional forces act), we have 


Zj = 0 (?=1,2;3). 

Hence the first of the equations (8-7) becomes 

dt p dt dx ^ ° dz 


dm 

dt 


l^du du Jbu 


with corresponding equations for , as found by Helmholtz. 


(ii) Local cylindrical poUt/rs 

If in (8-2) we replace {x, y) by (r, 6), where oj == r sin (9, = - r cos so that 0 = 0 
is the negative Oy axis, the kinetic metric takes the form (again neglecting the term 
in ce>2), 

ds^ rs dfi—-^\dr^+T^d6^'\-dz^-\-lc{z+a)BmddTdt 
c 

+{k{z+a)rcosd+lr^)dddt—hrmi.ddzdt'\. (8-8) 
We now make the identifications x^ = r, a:® = d, a:® = z, ** = «and we have 

7*4 = 0, 7 i 4 = 741 = P(z -F a) sin d, = y^^ = y{h{z -f a) j* cos d -t- h-%' 

734 = 743 = - sin d, . (8-9) 

7ii = 1> 723 == 733 = 1» 7pg = 0 when 5) + ?, ^/^ = r. 

We also introduce the linear components of velocity, viz: 

U — v?-, F = m®, IF = 14®. 

1 ^ removed in the work of I. SUberstein, Bull. Int. Acad. Sci., Craoovie, 

OJt. 1896, p. 280. 
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The divergence and absolvie vortioity become by (3’4), (3-13) and ( 8 - 9 ), 

^ dUUldVdW 
or r rW dz 

„ , . 1/ 0F 0pr\ 

kame 1 /0TF dU\ 

® r r \ 0r dzj’ 

1|3?7 0(rF)\ 

We consider Sawyer’s theory ( 1947 ) of the development of tropical cyclones in the 
light of equations ( 6 - 8 ). Sawyer discusses the small perturbations of a S 3 Tnmetrical 
circular motion, produced by a slight change of pressure-gradient. This basic flow 
is defined by ^ ^ p = W = 0,1 

r po 0r ; 

where po, pj are also fonctions of r and z alone. The stability of the basic flow is shown 
to depend on the sign of the quantity 




( 8 - 12 ) 


which must be negative for instability and consequent development of the tropical 
cyclone. Using ( 8 - 10 ), (8-11) and (6-7) we obtain for the basic flow 

dva 


r 1 a r &Sin0 

gj^ = -kcoa6--^, ^2 = 


rx = o, 7^ = 


dz' ~~ r 
® = 0, Zx = Z2 = Z* = 0, 

9pir^8po 9/Oi-^92>0 


U = z+x®+-> 

* dr r 


Tz = 0. 


dz dr dr dz ’ 

Hence by (8*4) anS. (8-13) the three equations ( 6 * 8 ) may be written 

dx* ’ 


(8-13) 




dx* 

dx* 


= k- 


= 0 . 


dr 


■+^z 


dz 


.5 

r 


Since our variables depend on r, z alone, we find, on evaluatiug the left-hand sides 
of these equations using (8-13), that the third equation alone is an identity. The other 

two are .. 

J;—sin 0 = 0 , 
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or, on re-arranging the trams in the second equation, 


fe—sin5 = 0 , ( 8 * 14 ) 

r 


Acos0/9t>o\ (8-15) 

r \3rj r^zX rj r' 

These two equations contain obvious inconsistencies; hence Sawyer’s basic flow is 

possible only if we regard^and—® as negligibly small, a somewhat precarious 

assumption when we remember that in equatorial regions, h approaches its maximum 
value of 2(0. However, if we do make this assumption, we obtain from (8-15) 




(8-16) 


If we now assume thatapoVS*" “ negligibly small, (8-16) and (8-12) yield 


B = 


/I ipo^Pol^\ii,^+^\ 


But, in general in the atmosphere, dpjdz < 0, hence B is negative if either 

(a) i-j-^+^>0 (i.e. | 3 > 0 ) and the pressure-gradient of the basic flow, 

has the opposite sign to dvjdz; or 

(i.e. ^ 3 < 0 ) and the pressure-gradient has the same sign as 

^ ^ dr r 


dvjdz. 

These expressions for Sawyer’s criterion of instability are perhaps of a somewhat 
more physical character than those he himself adopts. 
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Two-dimensional fluid motion referred to a network 
of orthogonal curves 

By G. C. MoVittib, Qwew Mary College, London 

(Communicated, by Q. Temple, F.R.8.—Received 3 August 1948) 


A theory already developed is applied to the case of two-dimensional motion parallel at 
each point of space to some member, S, of a one-parameter family of surfaces, the co¬ 
ordinate-system being a network of orthogonal curves drawn on S. The geodesic curvatures 
of the orthogonal curves and their relationship to the Gaussian curvature of S are worked 
out. The equations of motion and of continuity are expressed m terms of the geodesic curva¬ 
tures. Meyer’s aerodynamical equations are derived as particular cases when the network 
is fixed in space and the surfaces are all planes. A formula for a large-scale gradient wind 
is also obtained as an example of the use of a moving network drawn on a sphere. 


1. Introduction 


In a previous investigation (McVittie 1949) there has been developed a method for 
establishing the equations of classical hydrodynamics relative to a curvilinear 
system of co-ordinates in motion with respect to a fixed rectangular 

system (Z^, Z®). The fundamental entity is the kinetic metric* 


where the y^ are the coefficients in the quadratic form, K, which gives the kinetic 
energy of unit mass of fluid, and, for the sake of uniformity, the (absolute) New¬ 
tonian time is denoted by whilst c is the velocity of light. It was then shown that 
the Newtonian equations of motion and of continuity, respectively, were (no 
summation convention) 


d 

dx* 




^pp 

dx^ 



5yg4\ V 
dx^) 


a(VAp) , i ^(VAp^t^) 
9 ®* dxP 


„ 1 9® „ 


( 1 - 2 ) 

(1-3) 


where 




9 3 


9 

dxP’ 


the vP (p = 1,2,Z) are the velocity-components of the 


fluid relative to the moving axes, Fg^ {q= 1,2,3) are ihe components of force per 
unit volume and A is the determinant of the y^g. In (1-2) it is assumed that the co- 
ordinate-system is spatially orthogonal, i.e. that y^g = 0 when^j+q. 

In certain problems of aerodynamics and of dynamical meteorology the motion 
of the fluid at each point of space is, in the main, parallel to some member of a one- 


Greek indices can take the values 1 to 4, Boman indices the values 1 to 3. The suEumation 
convention is used throTighout, except where otherwise stated. 
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parameter family of planes or surfaces. In such oases it is convenient to refer the 
motion to a network of orthogonal curves drawn in this plane or surface and the 
geodesic curvatures of these curves then figure with advantage in the equations of 
motion and of continuity. We consider the general theory of this kind of repre¬ 
sentation. 


2. Geometrical theory 

(i) Consider first the four-dimensional manifold ( 1 * 1 ) in which is a 

co-ordinate-system arbitrarily chosen except that = 0 when At every 

instant of Newtonian time, its ‘spatial section’ is a three-space with metric 

^^^ 0 = ( 2 * 1 ) 


whether the co-ordinate-system is in motion or at rest relative to the fixed rectangular 
axes. In general they^^ are functions of {x^, x^, x^) and may also involve the particular 
value ofx^ at which the ‘spatial section’ of the four-dimensional manifold has been 
taken. Let us also for definiteness take the surface a?® = 0 as that on which the 
co-ordinate-system {x^, oc^) has been laid out and denote this surface by Sq. Suppose 
now that on we trace two systems of orthogonal curves whose equations are 

The solutions of these equations would give 

x^ = Xl(a^ = X2(<^\ ^2), (2-2) 

and by taking their differentials we could express ( 2 - 1 ) as 

cfog — ^ a^p(dcc^)^-h<Z2Q(dx^)^f (2*3) 

where is the result of replacing x^, x^ by in 733 . From the four-dimensional 

point of view all that we have done, however, is to apply a transformation 

== x^ = (2*4) 

to ( 1 - 1 ) and so to transform it into 


= g^doc/^da”. 


( 2 - 6 ) 


Tphere the are obtained from the by the rule for transformation of the 
nnder (2-4), riz. 


_ _ dx^ 9a:’' 


(2-6) 


(ii) The next step is to consider the intrinsic geometry of the and a^-ourves 
drawn on Sq. The metric of this surface at the instant x* is by ( 2 ' 3 ) 

d<r^ = au((frei)2+a2j(da2)a, 
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■whore we must remember that we have replaced a? by zero in the hmctions 
and <* 22 - We introduce the convention that the indices i and j can tahe the valu^ 
1 and 2 only and we ■write 

dcr^ = a^jda'^dcd (a^ = 0). (2-7) 

It is required to express the geodesic or surface curvatures of the ad- and a^-curves 
in terms of the % and their derivatives. The signs to be given to the curvatures are 
a matter of convention and writers differ in this matter. We adopt the convention 
of Meyer ( 1948 ) and take as our standard type of intersection that indicated at the 
point P in figure 1 . The arrows on the curves PS, PB indicate the directions of 



increasing od, a* respectively. The tangent vectors at P, denoted by t(j), t( 2 ) are ■taken 
positive in the directions of increasing a?-, cP, respectively. The positive direction 
of the normal vector n(]j to the a^-ourve at P is shown by the direction of the dotted 
arrow and similarly for the normal vector n{ 2 ) fo the a®-ourve. We take these four 
vectors to be unit surface vectors in Using (2-7) we have for the (surface) 
components of the tangent vectors 


t(2) = (AI 2 ). Af2)) = |o, 


Since t(j) is a unit vector, = 1 ; and hence, taking the intrinsic derivative 

(McConnell 1931 ) with respect to (2-7) of both sides of this equation, we obtain 




where we denote the intrinsic derivative by Sjd(T. Hence, since Scr reprints a dis¬ 
placement along the a^-curve, the last equation means (McConnell 1931 ) that the 
vector S^^yjScr (i =s 1 , 2 ) is perpendicular ■to the tangent vector t(j), i.e. it is in the 
direction of the unit vector n(i). If therefore we ■write = iflW’Su)) deno^te the 
geodesic curvature of the a^-curve by /Cj, we have 


<^4) i 


S<r 


= ■ 


(2-9) 

( 2 - 10 ) 


Similarly for the a®-curves 
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where ii(^ = (i“( 2 )»)“f 2 )) ^2 is the geodesic curvature of the a^-curve. But now 

with the sign convention of figure 1 , we have 

“(n = ~t(2), n(2) = — t(i). (2'11) 

Hence writing out the intrinsic derivatives in terms of the Christoffel symbols and 
using (2-11), the equations (2-9) become 


dAfi) ^ f 1 

Sar dcr (iy 

<yAa)_dAf„^/2 


= —K- 




dor dcr 




- ATi Azov 




( 2 . 12 ) 


But on referring to (2.8), we observe that the first of the equations (2.12) is an iden¬ 
tity; the left-hand side being zero because the intrinsic derivative of (an)”^ is zero 
and the right-hand side, because AJ 2 ) zero. The second equation ( 2 . 12 ) reduces to 



whence on evaluating the Christoffel symbol, we obtain 



/II 3au\ 1 /fi 

V^22 


Hence finally, 

^11 1 

2 {3^11 <^^22 V (^ 11 ^ 22 ) 

(2-13) 

and similarly 

^^11 8(^22 1 8 ^ 0^22 

® “ 2a22V®u 9“^ ~ •\/Ki® 22 ) 

(2-14) 


These are the required expressions for the geodesic curvatures of the orthogonal 
co-ordinate curves in the surface The curvatures possess an important property; 
if the a^-curves, say, are geodesics of the surface Sq, then /c^ = 0 , a result which 
follows from (2-9) and the definition of a geodesic as a curve whose tangent has 
a zero intrinsic derivative (Eisenhart 1940 ). 

(iii) Lastly, we consider the Gaussian curvature of the surface Sq itself. For the 
metric (2*7) we have 

11 11 == = —, ( 2^2 _ _ (2.15) 

»!! 


and the non-zero component iJi 2 i 2 of the curvature-tensor (Eisenhart 1940 ) is 




2{(aa2)2 


u 9%22 l I ^ ^ I ^ / ^^22 \^ , ^ ^<^119(^22 _^ 

(9a^)2j 4\aii\8a®/ ^da?-^ 


-22 3 a^ 


The Gaussian curvature is defined by 


(2.16) 


Kq ^1212!{^11^22)9 


( 2 . 17 ) 
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hence substituting for da^jda^ and from (2-13) and (2-14), we get, after some 

calculation, 

This is the form of Laguerre’s formula for the sign-convention of figure 1, the two 
sets of curves beiug orthogonal. 


3. The equations of motion and of continuity 


We can generalize the theory of § 2 by supposing that the transformation (2*4) is 
valid for every member S of the one-parameter family of surfaces a;® = = constant 
and for every instant The relationship of the members of the family to will 
depend on whether is a linear or an angular co-ordinate, a point illustrated in § 4. 
Since the of (1*1) or the of (2-5) are functions of (= a®), the identity of the 
functions Xi X 2 surface to surface does not imply that the kinetic energy 
of unit mass is the same on each surface S for identical values of and a^.'With 
these limitations we can regard /Cj, /Cg and as being functions of a? as well as 
of cx?- and and, of course, should the be functions of also, we can suppose that 
the three curvatures vary with the time as well. 

We introduce the three functions, where, 

^PP = ^p (i>=l>2,3), (3-1) 

and also the physical components of velocity 7®, where 

g.„.-F./V (3-2) 

In the equations (1-2) we write 

aj^ = a^, y^ = a^ 1,2,3,4), 

A = _L V 

dx*~ da^'^^ihpdaP’ 

and we abandon the summation convention. The equations become 


doci'^\da*'^ptihph^\docP 


aa«- / \\2 
K\ p 


da, 




2da^ 




')• 


I 

3aV p"iAj,\\3aa 3a»/ 

(3-4) 


In most practical cases, the hp are not explicit functions of the time. Now if F® 4= 0, 
there is no advantage in replacing h^, \m (3-4) by the geod^do curvatures; if, 
however, F® is either zero or negligibly small, the equations of motion become, 
writing a* = t, and using (2-13),’(2-14) and (3-1), 






J. /l^ 
\ \2 3a^ 


'44 


__Z 1 - / ^<^a 4 ^Qi4 \_ 

dt] h^h^Xda^ da?)~hi\ pdod^ 

(3-5) 
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dV^ 

dt 


K^{V)+K^VV gj h^h^Xda,^ da}) h,\ pda^^-^V’ 


|_1 (T’l^a j. JL f F2)2\ _ /I 

lAi3a»^ ’ ^\da?^ ’] \2 dt } 


/a%4 


-^1 


^®34\ 

\ 0 a» 

0 a® j 



0 a® j 




dp 


(3-6) 


+-^ 3 . (3-7) 


The equation of continuity in the case when F® is zero or negligibly small and none 
of the hp contain the time t explicitly, becomes on writing ^^ ia (1-3) and 

using (2-13), (2-14), (3-1) and ( 3 * 2 ), 


dp 1 dpV^^ 1 apF® 
dt'^hi da} " 


-1- I - -r ■ I ~ ' y n(ic V^ + K F^)+—— 4-——V— 0 

+ ^ o.-, +,. - - +^2*^ ^+A3\Ai0ai^A®aa®/" 


0 a® 


Lastly, by (2-18) and (3‘1), the Gaussian emrvature of any surface S is 


K, 


f I 9 ki 


Wda} ■'■ ^ 20 ^® ' 


(3-8) 


(3-9) 


4. Metbe’s equations BSr aebodotamics 


We discuss Meyer’s equations of motion and of continuity (Meyer 1948 ) for two- 
dimensional flow in the light of § 3, We assume that the co-ordinate-system (a®, a ®,a®) 
is at rest with respect to fixed rectangular axes so that, in ( 3 * 6 ) to ( 3 * 7 ) a^ = 0 
(/t = 1 ,2,3,4). We also assume that the fiow is steady, so that the dV^Jdt are zero, 
that p, p do not involve the time explicitly, that there are no external forces acting 
(Fp = 0 ), and that the motion depends on two independent variables only, so that 
the functions involve a®, a® alone. With these definitions of the nature of the 
co-ordinate-system and of the flow, equation (3*7) shows that p is also a function of 
a®, a® alone. We then write 


a® a, a F® v^, F® v^, k-^ — k^, — Kg, 

and (3-6), (3’6) become, respectively. 


V, 


dv, 


v- + «, 




“hja 
dv, 




+ K,,V„Vg-KgVf 


I = -- 


1 dp 1 


ph^da’ 

dvg „ • 1 0 » 


which are Meyer’s equations ( 8 ) and (9). Equation ( 3 - 8 ) becomes 

Meyer also imposes the condition 


(4-1) 


(4-2) 


(4-3) 


dKg 




= 0 , 
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which by (3*9) shows that the surfaces 2 are Euclidean planes. This means that, 
in terms of the fundamental co-ordinate-system {x\a^,a^) used in ( 2 - 1 ), the three- 
space has the metric ,, ,J 1,9 /7 9,0 „o 

^ = (da:^)®-l-(da:2)®+733(d!rS)2, (4-4) 

whereysaisafunctionofaiSai^alone. Sinceagg (= A|) is simply the result of replacing, 
in 733 , a:® by a^, a® through (2-2), the right-hand side of (4-3) depends ultimately 

on the way in which the kinetic energy of unit mass of fluid is assumed to vary as 
we pass for a given {a\ a®) from one plane S to another. Meyer’s forms (Meyer 1948 , 
eqn. ( 10 )) for the equation of continuity may be obtained thus: 

(i) Plane flow. Here we take aP-, a:® to be rectangular co-ordinates in the plane of 
flow whilst £B® is measured along the normal to all the planes S which are iherefore 
parallel. Then by choosing 733 = ^| = 1 we find from (4-3), Meyer’s equation of 
continuity for his case = 0 . 

(ii) Axially symmetrical flow. Here we choose a:® to be a linear co-ordinate measured 
along the axis of symmetry, a:^ to be a linear co-ordinate perpendicular to the axis 
and a:® to be an angular co-ordinate giving orientation about the axis. The planes 
S now pass through the axis of symmetry. If we also choose 733 = i^® = (a:’^)® in (4-4) 
and refer to Meyer’s figure 1 , we have a:^=r and 

d\j'h^dcc=‘brjh^da. = sine, dhjh^dfi^drl'h^dfi = cose, 

so that the right-hand side of (4*3) reduces to Meyer’s equation of continuity for 
his casej = 1 . 

5. Gradient mND in dynamioal meteorology 

An illustration of the manipulation of equations (3*6) to (3*8) for a movir^ co¬ 
ordinate-system is provided by the theory of the gradient wind, a wind which blows 
along the isobars. We consider a large-scale motion of this kind, i.e. a wind which 
belongs to a disturbance of the size of a cyclone of temperate latitudes with a 
diameter of up to 2000 km. It can be shown (McVittie 1948 ) that the equations of 
motion then contain terms of order 1 /a, where a is the radius of the (spherical) 
Earth. Moreover, if 0 is a point in North latitude ^ taken at or near the ‘ centre ’ of 
the disturbance, iS is the distance measured along a great circle on the Earth’s surface 
from 0 to the foot of the perpendicular through a point Q in the atmosphere, 6 is 
the angle between this great circle and the meridian of 0, and Z is the perpraidieular 
distance from Q to the Earth’s surface, then the kinelic energy of unit mass of air is 

Z = i(;S®-(-a®sm®-^®-l-^®-f *osin0.;$-h(^%in2-cos0+to®sm®^ 4 , 

2 ( a \2 a aj j 

where k = 2o)oob^, I = 2 a) dn^, 

and 0 ) is the angular speed of the Earth about its polar axis. In this formula the small 
terms in o)® and Zja areiueglected. The corresponding kinetic metric is 

da® = di®—-4(djSf®-l-a®sin®— d6^+dZ^+Tca^dd8M 
c® \ a 

-f |^sin2^cos^-f Za®sin®^dd<ft|. (6*1) 
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Comparing (1-1) and (6-1) we make the identifications 

= S, = 6, a:® = Z, »* = t, ( 5 - 2 ) 

and 

744 = 0 . 714 = - 2 ®“^’ 724 = -l-^sm 2 -cosd+Za®sm®-j, 734 = 0 , 

ru = l. 72a = a*sin‘*|^. 733 = 1. 73,5 = 0 when p^q, ■ (6-3) 

JA = asm-. 

^ a 

The co-ordinate-system is therefore spatially orthogonal and the equations of 
motion and of continuity are of the form ( 1 - 2 ) and (1-3). We take S 3 to be the Barth’s 
surface and we observe that a? {= Z) does not occur explicitly in the 7 ^^; hence 
when we apply the transformation (2-4) to (5*1) we have, for the non-zero in (2*6), 

with ^33 = = 1 . J ^ ) 


Figueb 2 

We take the case of cyclonic motion as standard and regard the a®-ourves as the 
isobars. Along the isobar through P (see figure 2 ), a® is a parameter increasing along 
the isobar p = constant in the direction shown by the arrow. Similarly a®-l-da® is 
a parameter increasing along the isobar = constant and 0 , dp>0. We 
define the gradient-wind at P as a steady wind blowing parallel to the Earth’s surface 
for which, in (3-5) to ( 3 - 8 ), 

■jn = 0 , F®=G, F3 = 0 , ^ = 0 , (6-6) 

G being positive in the direction of increasing a®. Also firom ( 2 ‘ 4 ), ( 2 - 6 ) and ( 6 * 2 ) 
we obtain 

_ 3a^ 9a:’' 

- yAr^g^., 

whence 014 = 714^+724^, “24 = 714^+724^2. “34 = 0, a^ = 0, (6*6) 

since the functions Xi, Xz of (2*4) do not contain a® (= ^) explicitly. 
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We assume, as usual in graidient-wind theory, that gravity is the only external 
force per unit volume acting, so that 

Ji = 0, F^ = 0, F^ = -g, 

and (3‘7) then yields the hydrostatic equation 



(5-7) 


Since the a^-curves are isobars, dpjh^da^ is zero and, by (6-4), (5-6) and (6-6), the 
equation (3'6) is an identity whilst (3‘6) and (3-8) become, respectively, 






1 dp 
phyda?-’ 


dpG 

h^doc^ 


+pK^G = 0 , 


( 6 - 8 ) 

(5-9) 


where is the geodesic curvature of the isobars and K-y, that of the orthogonal 
trajectories to the isobars. But now since G is not an explicit function of f, (5-5) 3 delds 


dQ dG 
dt h^da,^ 


= 0 , 


and G is therefore constant along an isobar. The last equation together with (6-9) 
gives 


£l 2 g£ , „ 
h^da.^ ^ 


= 0 . 


If at this point we were to assume, as is so often done in dynamical meteorology, 
that the horizontal variations of the air density were negligible, we should have 
Xj = 0 which would mean that the curves orthogonal to the isobars were always 
great circles. In practice, there is no reason for supposing that this restriction holds 
good and consequently, the existence of a gradient wind implies in general that 
horizontal variations of air density are appreciable. 

In (6'8), dp/hydoi^ is the pressure-gradient normal to the isobar and it is positive 
towards the region of high pressure. The coefficient of G on the left-hand side is 
transformed as follows by usiug (5-6) and (5'3): 


1 _ /?yg4 _ds de\ i 

hyhz\da^ day ~\dS d6l[da>-da^ da^da^J hyh^ 

(ka ^ . S S ka ^\{ d8 d0 dS 80 \ 

+ (e-ID) 


But how referring to figure 2 we observe that 
dS Sd0 88 880 


= cos^cos^^"—( —sin^)sin^i^ = 1. 


hy da?- h^ 3a® h^ da? hy 3 a^ 


(5-11) 
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Moreover if in ( 6 - 10 ) we neglect the terms of order I /a® and higher, we obtain by (5- 11 ) 


1 

/9a24 

^<hi\ 

hjh^ 

V9ai 

8aV 


Hence our equation ( 6 ‘ 8 ) for a large-scale gradient wind becomes 

„ TeS 1 dp 


which replaces the equation k^C^+IQ- = p-^dpjhida?-, usually given in the text¬ 
books which is valid (McVittie 1948 ) only for small-scale circular motion about 0. 
We observe that the curvatures and K 2 are not independent but by (3*9) satisfy 


9x2 9^1 


+ (Xi)H(X2)® = -^, 


since, for a sphere of radius a, Eq = 

We shall not attempt to cUscnss here the thermal history of unit mass of air in 
a motion of this kind beyond saying that a gradient wind on a large scale is impos¬ 
sible unless there is some mechanism such as conduction for adjusting the heat- 
content of the unit mass during its motion (McVittie 1948 ). 
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Foreword 

There is an old Scotch proverb ‘Fools and bairns should not see a thing half done’. 
An audience of Fellows of the Royal Society certainly comes into neither category, 
so I make no apology for presenting to you to-day a subject which is probably nearer 
its beginning than its end, a subject in which most of the conclusions are tentative. 
In the course of what I have to say I shall ask many more questions than I can answer, 
and even such answers as I can suggest will be somewhat speculative. 

Intboduotion 

The work I have to describe to-day comes from a discovery by two Viennese ladies, 
Blau & Wambacher (1937). They found that photographic plates kept for some time 
showed ‘ stars i,e. groups of tracks recalling those in a Wilson chamber, but reduced 
in proportion to the greater density of the photographic plate compared with the 
gas in the chamber. The tracks in a star diverge from a point in the emulsion. Some 
of the stars were due to contamination and represented successive alpha-particle 
disintegrations due to a speck of radioactive impurity in the plate. But others 
included tracks too long to be due to any known radioactive impurities. Further¬ 
more, Stetter & Wambacher (1938,1939) showed that the number of stars increased 
if the plates were taken for a few weeks to the top of a mountain. This was correctly 
interpreted as meaning that they are due to some component of the cosmic rays 
and represent fragments from the exploding nucleus of some atom m the emulsion. 
Since then many investigations have been made on these lines, especially by the 
group under Professor PoweU at Bristol (Powell & Occhialini 1947a). The technique 
owes much to the admirable work of the research staff of Ilfords and more recently 
that pf Kodaks. To-day I want to discuss the nature and origin of these stars and 
their relation to analogous phenomena observed in the Wilson chamber. I shall 
illustrate the arguments from data obtained at Imperial College by Messrs Perkins, 
Lattimore, Harding, Li and others, to whom I am much indebted for permission to 
use some still unpublished work. 

Stars contain anything up to thirty-four tracks; one of twenty-five has been 
observed at Imperial College. The tracks vary in length, in specific ionization and 
in straightness. It is possible in favourable cases to distinguish between tracks due 
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to alpha-particles, protons, mesons and heavily charged particles. Deuterons and 
tritons also occur. The plates are not sensitive to particles with low specific ionization. 
In practice this means all electrons (though Kodaks have recently produced a plate 
sensitive to electrons of not more than a few kilovolts energy), mesons over about 
8 MeV, protons over 100 MeV and alphas over several thousand MeV. These figures 
apply to particles from known stars which can be examined carefully; a large propor¬ 
tion of single tracks of these densities would probably be missed. Neutral particles 
are of course only detectable by knock-ons or by secondary disintegrations which 
wifi not normally occur near the point of origin, so they cannot be ascribed to 
any particular star. 

Expbeimeittal data 

Data on stars have been collected by Blau & Wambacher ( 1937 ) and other workers. 
I propose to show in most cases results from plates examined at Imperial College, 
partly because with improved technique they are likely to be more accurate than 
much of the earlier work, and partly because it is an advantage to have all the data 
derived from plates treated and examined in the same way. 



1 . Altitude increase of stars. A Stetter & Wambacher 
(normalized at 11,600 ft.). ^ Perkins. 
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Figure 1 shows the way in which a number of stars produced in a given time in 
a plate of given thickness varies with the height. The results of Perkins and of Powell 
(not shown in figure 1) agree well at 11,000 ft. The results of Stetter & Wambacher 
are adjusted to fit at this altitude. It will be seen that down to sea-level there is an 
approximately logarithmic variation corresponding to an exponential of seven for 
the whole of the atmosphere. This is about the same as for the soft component of the 
cosmic rays, and also for the neutrons which have been observed in them. 

Stetter & Wambacher’s results at sea-level are probably low relative to those at 
greater altitude because of fading of the image. 



Figure 2 shows the frequency distribution of tracks aniong the stars. It refers to 
stars found on plates exposed at 3500 m. near Chamonix. It will be seen that the 
greatest number of the stars have three tracks and that few have more than about 
ten. Fewer stars are recorded with two than with three tracks. It is possible that the 
number of stars with two tracks is considerably underestimated. Such stars cannot 
in practice be distinguished from a single track which has been scattered at one 
point through a large angle. Further, those stars whose tracks, when projected on 
the photographic platej are nearly in the same direction will not be counted. 

Figure 3 shows the total energy associated with the charged particles from 
a group of fifty stars measured by Mr li and Mr Harding. Binding energy of a 
proton has been taken as 8 MeV, and the energy of the protons has been doubled 
to allow for that of the neutrons which presumably accompanied the protons. 
These stars were selected at random and their number of tracks varied fix>m two 
to five. 


21-2 
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Though the large stars with more than ten tracks are few in number they are especi¬ 
ally interesting, and Mr Perkins has made a detailed study of them. Figure la* 
shows an energy distribution of the protons for all the stars with over fifteen tracks 
which have been found so far at Imperial College, and figure 16 * shows a corre- 
spondiug diagram for those with between ten and fourteen trjioks, obtained by 
Messrs Harding and Lattimore. 



Fiqube 3 


The distribution of energy can be partially explained on the supposition that the 
nucleus is struck by a particle which communicates its energy to the individual 
nucleons so that a state is set up which can be regarded as one of high temperature. 

. Nucleons will escape in a process akin to evaporation. As this process proceeds 
both temperature and effective atomic weight" of the nucleus will diminish. Classical 
theory (Weisskopf 1937) indicates a relation between the temperature and the energy 
spectrum of the protons as follows: 

P{U) dJE = dW, 

where E is the ebergy, V the potential barrier and T the temperature, all in MeV. 
This is somewhat modified by quantum considerations concerning the penetrability 
of the barrier by particles "with different angular momentum. 

The relation between the temperature and energy of excitation depends on what 
model is assumed for the nucleus, but the differences are fortunately not very large. 
Calculations on these lines were first carried out by Bagge (1941), but there appears 
to have been an error in his method of normalization. Perkins’s calculations show 
a reasonable agreement with theory, over the greater part of the range of energy, 
assuming that the relation between temperature and excitation of the nucleus is 
that for a Fermi gas, namely, UccT^. There is, however, a considerable excess of 
protons of very high energy. Mr Perkins considers that these are produced by a 
process suggested by Heisenberg (1938), in which the particle strikes off a few of the 
nucleons nearest its point of contact by a glancing blow, so that there is no time for 
them to get into thermal equilibrium with the rest of the nucleus. Besides the 
protons, and a few deuterons and tritons not easily distinguishable from them, there 
are present in the stars about 30 % of alpha-ray tracks. The spectrum of these tracks 
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is shown in figure 2*. These tracks show little variation in grain density, and it is 
not therefore possible to estimate the energy of the particle producing a track, unless 
the track ends in the emulsion. Since, of course, a particle with low energy is more 
likely to do so than one with large energy the spectrum is distorted, for only those 
tracks which stop in the emulsipn can have their energy measured. To allow for this 
the calculated curves are corrected by a Toss factor’ as shown in the diagram. The 
alpha-particles also show a proportion of fast particles. 

It will be noticed that the Temperature’ which gives the best fit for the alphas 
is 7 MeV, that for the protons is 5 MeV for the stars of ten to fourteen particles and 
8MeV for those over fifteen. This is a tolerable agreement, since the curve for the 
alphas is the mean for tracks for all the stars. On the other hand, the value of V is 
quite different, being 5 MeV for the protons and only about 3 MeV for the alphas, 
while owing to the double charge on the latter it should be twice as large as for the 
protons. This is an indication that the alphas are emitted from a portion only of 
the nucleus with a lower potential barrier. 

Figure 1 d*, for which I am indebted to Mr Li, shows the energy distribution from 
the smaller stars. It also shows agreement with an evaporation formula except for 
'a tail’ of high-energy particles which are proportionally less numerous than in the 
case of the large stars. The temperature also is lower than for the larger stars. This 
seems to be part of a general phenomenon by which the larger the star the higher the 
effective temperature, and is what one would expect. The large stars must have 
had a large excitation energy and this implies a high temperature. 

The angular distribution of the particles of the large stars shows some very 
interesting features. Figures 5*, 9* and 10**' show the results of an analysis made 
as follows: 

Each track is treated as a vector of unit length, irrespective of the energy of the 
track, and the resultant of these vectors found for each star, taking separately the 
proton and alpha tracks. Assuming that the tracks were really directed at random, 
it is possible to calculate the distribution of these results. We have, in fact,, an 
example of the weU-known ‘random-walk’ class of problem. It wiU be seen from the 
diagrams that while the distribution of the protons is approximately what would 
be expected, and that the same is true for the alpha-particles from the stars of ten to 
fourteen tracks, the alpha-particles from the large stars Show a very unexpected 
asymmetrical distribution. That this asymmetry is a real one can be seen by 
considering the relation between the direction of the resultant vector, and that 
of the heavy track which represents the remainder of the nucleus. In figures 10 a* 
and 106* are histograms showing the number of stars for winch the angle 
between these two vectors has particular values. On random distribution we 
should expect a distribution similar to the sine curve which is drawn in. It will 
be seen that the alpha-particles from the large stars again show an asymmetrical 
distribution confirming the results of the previous investigation. To explain 
this, Perkins has put forward the view that the nucleus forming these large 
stars splits into two, and that the portion which gives rise to the alpha-particles 

* Figure numbers marked with an asterisk refer to figures in the paper by Harding et aL 
which follows this paper on p, 325. 
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is the smaller fragment travelling with considerable speed with regard to the com¬ 
mon centre of gravity which is nearly at rest with respect to the rest of the emulsion 
In this connexion it is worth noticing that some large stars show two short heavy 
tracks, corresponding presumably to the two parts of a residue which has divided. 


Single teacks 


A considerable number of single tracks accompany the stars on the plate. 
Perkins has shown that this ratio is constant from sea-level to 4,300 m. It is not 
appreciably changed if a layer of graphite, paraffin wax, brass or lead is placed 
in contact with the plate. Of the tracks about 2 % are due to alpha-particles, the 
remainder appear to be protons, though it is not always possible to distinguish these 
from deuterons or mesons. Of the tracks from stars 30 % are alphas, but these have 
only about one-quarter the range of the protons. 

These facts are compatible with the view that the single tracks are parts of stars 
occurring outside the plates, and Perkins’s earlier measurements seemed to show 
that the number of tracks relative to the number of stars was about that to be 
expected on this view. Re-examination of the plates with improved technique has 
shown that the number of tracks was considerably underestimated though the rela¬ 
tive numbers were correct. While there is some uncertainty as to the number of 
high-speed protons in the stars, the most reasonable estimate only accounts for about 
twenty of the 110 tracks found per star in 100/t plates. 

It is a matter of interest to consider to what the remainder are due. The obvious 
source is the neutrons, which, though invisible, are presumably emitted in the stars 
to keep normal the balance between charge and mass m the residue. These neutrons 
will produce knock-ons m the emulsion and in any material cont ainin g hydrogen 
outside it. 

The neutrons will lose energy by inelastic collisions with the nitrogen m the air, and 
to a less extent by the disintegrations they cause in it. I will take 1-2 x 10-®* as the 
cross-section for a collision which prevents the neutron from producing a visible 
knock-on in the emulsion. This corresponds to a free path of 300 m. in air at sea- 
level. The cross-section for collision with a proton by lOMeV neutrons is 0-8 x 10-“, 
and the number of protons per cm.^ of emulsion is 3 x 10“, so the free path for 
producing knock-ons in the emulsion is l/(0-8 x 10““ x 3 x 10^^) = 40 cm. 

Suppose that the production of stars is proportional to the density of the material 
divided by the cube root of atomic weight and is NpA~i. Let the number of neutrons 
per be v. Then the number of neutrons crossing the plate per sq.cm.sec. = 

’’Pair Yjj—, Where p is a factor to allow for obliquity and A' = 3 x 10 * cm. is the free 


path in air. The number of knock-ons is where d is the thickness of 

emulsion and A the free path for knock-ons. 

The number of stars per sq.cm, per sec. is p^mi^2i, 62 being the (weighted) 
mean atomic weight for the emulsion. Hence the ratio 


knock-ons 


= V 


U^/ Pea. A 


1-3x10-8 3x10* 

- 7 - 


stars 


4 


40 
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We should not expect v to exceed about 4, but measurements have been made by 
Korff ( 1939 ) Hsilban, Kowarski & Magat ( 1939 ) of the number of neutrons in 

the cosmic rays. A detailed analysis by Bethe, Korfif & Placzek ( 1940 ) leads to the 
conclusion that the production of neutrons is 0*05/g./sec. at a height where the den¬ 
sity is 0*1 atm., and that it varies with height with an exponential of 7 per atm., 
which is nearly the same as for stars. At sea-level this would be about 5 x lO-^/g./sec. 
in air, as against about 2-5 x 10 -® stars/g./sec. in emulsion. Allowing for the difference 
in atomic weight, this gives fourteen neutrons per star, which may either indicate 
that there is another source of neutrons or that the number of very small stars has 
been much underestimated.* Independent neutrons of course would add to the 
knock-on effect unless they are released with rather low energies. 

Even if we suppose that all the neutrons observed by Korff and others have an 
energy of lOMeV, they would not account for more than about 4% of the observed 
tracks. Korff detected his neutrons when they had been reduced to relatively small 
energies. If any neutrons started with very high energies they might each produce 
a number of knock-ons before being slowed down, or they might produce some 
type of disintegration (perhaps even stars) before reaching the energies at which 
Korff would have detected them. 

However, fast neutrons, or indeed any neutrons, as a major cause of the single 
tracks seem excluded by the experiments of Perkins, which show no difference in 
the number of tracks between plates surrounded by lead and by parafiSn, unless, 
indeed, we suppose that , the protons start with so much energy that the material 
in the immediate neighbourhood furnishes only a small proportion of those observed 
in the plates. 

If the observed protons start with energies corresponding to more than about 
1 cm. range in paraffin they would escape detection in the emulsion till partly slowed 
down. The number of such particles with a given residual range should be indepen¬ 
dent of the range. Grain counts on the single tracks seem to show a preference for 
energies of a few milli on volts, but this work is still in progress. 

Accurate knowledge of the range distribution would also test the hypothesis that 
the extra single tracks are due to fast particles from stars which escape observation 
owing to their speed, or which is practically equivalent, as far as this phenomenon 
is concerned, to single protons released with high energy from nuclei by some 
unknown cause which might or might not be that which forms the visible stars. 
Since only about 4 % of the tracks staH in the emulsion we can exclude ‘ single-track' 
stars with a normal energy distribution. 

It is worth seeing if these single tracks could be due to protons coming down from 
the top of the atmosphere, but the following considerations tell against this view. 
The number of proton tracks stopping in the plate is about five times that of the 
meson tracks which do so. Hence for equal absorption of protons and mesons five- 

* Note added in proof, 17 November 1948. Becent measurements by Yuan ( 1948 ) confirm 
earlier results by Korff & Hamermesli ( 1946 )-and Agnew, Bright & Froman ( 1947 ) to give a 
much lower value for the production of neutrons. Extrapolated to sea-level their results give 
about 1 X 10 “Vg-/sec. in air. AHowicg for the difference in atomic weight this gives about 1^ 
neutrons per star, which is a rather low number. The above argument as to the insufS.ciency 
of neutrons to cause the single tracks holds with the new data a fortiori. 
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si-H-.ha of the penetrating component of the cosmic rays would have to be protons. 
It is true that the absolution of the penetrating component is less than that of 
the radiation responsible for the proton tracks as judged from the way in which 
the two vary in intensity with altitude, but the factor is only of the order of 2 , and 
this stiU leaves far too many protons to be reconciled with Wilson chamber 
experiments. 

Finally, it may be asked, can we be sure that a large number of these single tracks 
are not due to mesons? It can be shown that, if n particles are beiug brought to rest 
per cm.® per sec. in a medium, and if these particles leave visible tracks for the last 
£ cm. of their course, if they are isotropically distributed in angle, and if the relevant 
properties of the medium are the same throughout, then the number of tracks per 
sq.cm, in a tbiu layer in the medium is ^£. Now the number of mesons stopped 
per cm.®per day is of the order of unity at sea-level (as deduced from cosmic-ray data), 
and £ for mesons is about SOO/f = 0*08 cm., which gives O-04/sq.cm./day for the 
ainglft tracks, while the observed value is about unity. The same formula, used to 
compare the number of single tracks with those seen to stop in the emulsion, gives 
£ = 0-4 cm., which is about right for protons and verifies the conclusion that the 
singlft tracks are indeed mostly these. It seems that for the present we must suspend 
judgement as to their origin. 


Wilson ohambee woek 

Effects have been observed in Wilson chambers which are undoubtedly closely 
connected with the stars seen in photographic plates. They have been specially 
studied by Hazen ( 1944 ) and by W. M. Powell m U.S.A. ( 1946 ). Both these workers 
used a Wilson chamber crossed horizontally by a number of lead plates of 0-7 and 
I’Ocm. thickness respectively. They worked at altitudes of 10,000 and 13,400 ft. 
In each case they found a few stars in the gas, many more coming out of the lead. 
Their stars often contained electrons, and the majority of them had most or all of 
their tracks directed downwards. 

In comparing these results with those in photographic plates it is important to 
consider the differences in the conditions under which the tracks in the stars became 
visible in two cases. Thus the photographic plate does not show electrons at all, nor 
heavy particles of more than a certain energy. For a proton this is roughly what is 
required to penetrate one of the lead plates used iu the Wilson chamber experiments. 
A fair proportion of the stars observed had some or aU of their particles capable of 
doing this, and some particles were able to pierce three or four plates. Since the mass 
m the plates far exceeds that in the gas one would expect most of the stars to be 
formed in the lead, and this agrees with what is observed, but the actual discrepancy 
is undoubtedly even ^eater, since many stars formed in the lead will be wholly 
absorbed in it and never seen at aU. Thus the photographic technique selects the 
stars with slow particles, while the Wilson chamber selects those whose particles are 
fast. 

The Wilson chamber experiments agree in showing an average of about one elec¬ 
tron or meson track per star. This greatly exceeds the small proportion of mesons 
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Piiotograph of a disintegration leading to the ejection of protons and alpha-particles, and of 
a niiclens of Li|, which comes to rest in the emulsion and subsequently undergoes /?-decay. 
The resulting Be^ nucleus disintegrates spontaneously into tw-o alpha-particles moving 
in opposite directions, giving the appearance of a T-track. 100fi 02 emulsion. 


{Faoinu p, 318) 
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An example of a distintegration giving rise to fourteen tracks, one of which (cr) has the 
c laracteristies of a slow meson. This ejected meson terminates its range in the emulsion 
and undergoes nuclear capture, with the production of a second star consisting of 
three very short tracks. 100/4 C2 emulsion, boron-loaded. 
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Photomicrograph of typical star resultmg from the energetic distintegration of a silver or 
bromine nucleus. All or most of the lightly ionized tracks are due to protons, and the 
very dense tracks to alpha-particles or heavier nuclei. The very short, slightly curved 
track is attributed to the I’ecoil fragment. 100/t C2 emulsion, boron-loaded. 
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btar resulting from nuclear capture of a cr meson. Three charged secondaries are produced. 
Recorded in 40/t Bl emtilsion exposed in high-altitude aircraft. 
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seen in stars in photographic plates; the balance may represent particles which 
ionize too little to be visible there, or may be due to the Wilson chamber stars being 
a different sample from those in the photographic plates. 

Few of the stars in the plates show strong downward concentration of the tracks. 
In contrast, this is the rule m the chamber stars. Thus Hazen ( 1944 ), who divides 
his stars into two roughly equal groups according as to whether any of the tracks 
in them can penetrate 7 mm. of lead or not, finds that in the penetrating class only 
six out of twenty-seven have any upward particles at all, while even in the non- 
penetrating class only eleven out of thirty-one had about equal numbers of up and 
down tracks. 

It is possible to estimate firom Hazen’s data the proportion winch the penetrating 
class bear to the whole, including those that do not emerge at all, if we suppose that 
stars are seen from a depth of 5 x 10“^ cm, in the lead, which is about what one would 
expect if an average star is composed of three or four particles each capable of going 
0*03 cm. through lead, the range of a proton of 10 MeV. It comes to 3-3 %. Probably 
many of these stars are wholly composed of long-range particles and would be missed 
altogether in the plates, so their absence is not disturbing. It does, however, seem 
odd that the large proportion of the less penetrating stars which have their tracks 
strongly directed downwards should be so little represented on the plates. There 
seems to be a continuous gradation in the stars firom symmetrical stars of low 
average track length to downward-directed stars with long tracks. No doubt 
therefore the downward-directed stars even in Hazen’s less penetrating group have 
longer tracks than the average. They can thus more easily escape from the lead plate 
and are over-represented. Even if one makes the extreme and obviously untrue 
assumption that all such stars are actually counted the ratio is 2-5 %, which should 
be observed. It should, however, in fairness be said that Hazen, by comparing the 
ratio of the number of stars observed in air and in the lead with the assumed stopping 
power gets a much larger number for the stars which escape detection. As, however, 
he only observed two stars in the air the statistical Tmoertainty of this method of 
calculation is large. 

^ From PoweU’s results a similar calculation can be made, though he divides his 
stars in a different way. He records sixteen ‘upward’ stars out of a total of 156. On 
the same assumptions as to range, etc., the proportion of non-isotropic (supposed 
all counted) to isotropic is 4 %. In PoweU’s case it is possible to check by calculating 
the number of stars in the gas and comparing with the observed number, namely, 
thirteen, which is large enough to give reasonable statistics. The result comes tpo 
smaU by a factor of 2*5, assuming the relative cross-section for star production in 
lead and argon to be in the ratio of the areas of their nuclei. The most likely explana¬ 
tion is that some of the smaUer stars coming from the lead are missed, especiaUy 
those which have only a few particles directed outwards. If this is the case the true 
proportion of non-isotropic stars wiU be less than we have calculated above. 

Assuming that the chance of star production in an atom of lead is to that in an 
atom of argon, the gas used in the chamber, as the areas of the nuclei, we can cal¬ 
culate from the observed number of stars in the gas the total number which must 
have been formed in the lead. Nearly aU the penetrating ones wiU have been observed 
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and, assuming that they iiave, we find that they comprise 1 - 5 % of the whole. 
Perhaps half of these will consist of particles of more energy than can be detected 
in a photographic plate, leaving a residuum which would require rather refined 
statistics to detect, since of course some stars are bound to show coUimation in a 
downward direction as a mere result of a random distribution. 

Frequency of stab pbobttction in different media 

It is a matter of importance to determine how the chance of a star being formed 
depends on the character of the nucleus that may form it. 

We now have plates made by Ilfords in which layers of gelatine free from silver 
bromide are interleaved with layers of emulsion, and others with layers containing 
lead. From observations of the stars in these plates, now in progress at Imperial 
College, it should be possible to determine with greater accuracy and certainty how 
this important quantity varies with the atomic weight. 

Such evidence as exists at present is compatible with the view that the cross- 
section for star production varies as the cross-section of the atomic nucleus, i.e. 
about as the f power of the atomic weight. 

Artificial production of stars 

Recent work at Berkeley, California, with the new giant cyclotron has shown that 
effects clpsely resembling stars can be produced artificially, and it has also been found 
possible to create mesons of at least two masses. This work has not yet been reported 
in detail so it is impossible to discuss it fuUy. 

The stars were of course all produced by ionizing radiation (deuterons and alpha- 
particles) and they seem to resemble more closely the collimated stars of the Wilson 
chamber, many of which are produced by ionizing radiation, than the more isotropic 
stars of the photographic plates. In particular, it is recorded (Gardner & Paterson 
1948) that in the stars initiated by alpha-particles about three times as many tracks 
occur in a forward as in a backward direction. About three tracks per star were 
found on an average, but the plates were not sensitive to protons with more than 
about lOMeV. 


Mesons in stars 

Some stars are caused by mesons. The first example of this was found by Perkins, 
and a number of others have been found since, especially by Powell, who calls the 
mesons which cause disintegrations of this type cr mesons (Powell & Occhialini 
19476). Powell has also shovra that mesons can be produced by stars and that some 
of these are capable of producing stars themselves, i.e. are cr mesons (Lattes, Occhialini 
& PowelJ 1947). 

It is not an easy matter to distinguish between the tracks due to protons and to 
mesons. The scattering is greater for mesons of the same velocity, and if the track 
ends in the emulsion the difference between the grain density at equal distances 
from the end is marked. It is, however, quite possible that some of the tracks which 
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are attributed to fast protons leaving the emulsion are really due to mesons. For 
this reason no defimte figure can be given for the number of mesons produced per 
star. A lower limit is 1 %. 

About one star in thirty is due to a <r meson. Some fifteen well-marked examples 
have been studied by Perkins and Lattimore in an attempt to find out the mass of 
the meson concerned (Lattimore 1948 ). Values of 270 ± 70 and 290 ± 80 have been 
found by different methods for the mean of these. The individual spread is con¬ 
siderable, and it is not possible to say whether all these mesons have the same mass, 
but if they have it must be more than 200 , which is the mass of the common mesons 
in the penetrating component. 


The origih oe the stars 


The origin of these stars is a fascinating problem, and one which is still open to 
many speculations. There are, however, certain facts which enable us to rule out 
some of the causes which have been suggested. In the first place, the work with 
Wilson chambers shows that the stars are not correlated with cascade showers, not 
even with the very large Auger showers. It is fair to conclude from this that the stars 
are not due to photons or electrons. The Wilson chamber work also shows that few 
of the isotropic stars are due to ionizing radiation of any kind. We have seen that 
about one star in thirty is due to mesons, and this would roughly account for the 
proportion seen in the Wilson chambers, but statistics are extremely poor. There 
is, then, no evidence to suppose that the stars observed in the photographic plates 
are due to radiation which, while ionizing too little to affect the plate, would be 
visible in a Wilson chamber. 

On the other hand, a large proportion of the collimated stars observed in the cham¬ 
ber are due to ionizing radiation. We have seen that these stars are at most a small 
percentage of the total. It seems that they are exceptional not only in their appear¬ 
ance, but also in the manner in which they are produced, and they may perhaps be 
due to fast protons or mesons. So far the photographic work has told us nothing 
about them, and the Wilson chamber experiments are not numerous enough to 
enable us to come to a definite conclusion. 


If we exclude all kinds of ionizing radiation and photons on the grounds given 
above, we are left with three possible causes: neutrons, neutral mesons (of the kind 
suggested by Powell to explain the decay of his heavy mesons, and by Anderson to 
explain that of the normal cosmic ray meson), and finally some hitherto unknown 
particle. I exclude, of course, the few stars which are due to <r mesons. 

There is little in the momentum-energy relations of the isotropic stars to give us 
a clue to their origin. The mean velocity of the particles emitted is of the order 
5 X 10 ^ cm./sec. We should hardly expect to detect an asymmetry caused by a 
motion of the centre of gravity of 3 x 10 ® cm./sec. (1 % of the velocity of light). 
The energy of the larger stars is of the order 500MeV, and these stars are certainly 
due to nuclei at least as heavy as that of bromine. If a particle of rest-mass m, 
velocity 7, is captured but not destroyed by a nucleus of mass M the velocity of the 


centre of gravity is t? = 


(j®-l-mc^) V 
(Jkf+m)c2 


, where E is the energy transferred from the 
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particle. In our case m<^M, If the particle is a neutral meson of mass ISOm^, F^c 
'‘in order to give sufficient energy, E'$>inc^ and vlc=¥EIMc^; since EjMc^ does not 
exceed this gives an asymmetry which would be undetectable. If the rest mass 
of the meson is turned into energy there will be less demands on the kinetic energy 
and hence less momentum transferred, so the asymmetry will be even less detectable. 
If the meson goes through the nucleus without capture, the momentum for a given 
energy transfer is less than when capture occurs. 

If we suppose that the particle is a neutron, mc^ > E and we can write approximately 
V = VmjM. Tor a large star, which must necessarily come from a heavy nucleus, 
mjM > and V to give an energy ^ 100 MeV is 1-5 x 10^*^ cm./sec., so vjc > 
which would escape detection. Some of the small stars are no doubt due to light 
nuclei, e.g. carbon. Here mfM = If the energy is as much as 100 MeV, vjc would 
be which might be detectable by a careful statistical analysis. 

For the collimated stars of the Wilson chamber, particle energies are higher. 
Many of the particles can penetrate a 1 cm. plate of lead which takes about 80 MeV 
and gives a velocity of the order of half that of light. To give the observed 
asymmetry the velocity of the centre of gravity must be of the same order. This 
velocity, when the incident particle is retarded to lose an energy AE, is approxi¬ 
mately AEjMV; V will be of the order of c and so J. If the incident 

particle has the necessary energy there is nothing impossible in this. In these cases 
it makes little difference whether the incident particle sticks to the rump of the 
nucleus, if any, or goes on, since all velocities are of the order of that of hght. 

Against the hypothesis of neutral mesons is the fact that the rate of increase with 
altitude of the stars is much greater than that of the annihilation of the meson com¬ 
ponent of the cosmic rays, which would be inadequate to provide the number of 
stars observed at high altitudes. The number of heavy mesons undergoing change 
always appears to be small. 

Most of the neutral mesons are formed by the decay of heavy and light charged 
mesons at rest, in which cases the neutral meson only gets a few million volts kinetic 
energy. If neutral mesons were the main cause of stars the energy of the stars would 
be constant, namely that due to the rest mass of the neutral meson, say 60 MeV. 
Unfortunately, we cannot see the neutrons which are no doubt associated with the 
stars, and this makes it hard to say if the observations are compatible with a con¬ 
stant total energy, but on the whole the character of the energy-frequency curve is 
against the hypothesis though not perhaps decisively so. 

It is, of course, possible that the bulk of stars are due to neutral mesons coming 
from the top of the atmosphere with energy considerably exceeding their rest mass. 
If so, it is easy to calculate the cross-section for star production in an atom of 
nitrogen or oxygen. It comes to 1-6 x 10“25^ a not impossible value. On this view one 
would assume that the neutral meson was not destroyed m the process, or at least 
not always. 

Neutrons, on the other hand, show the same variation with altitude as the stars; 
they are present in considerable numbers. The methods which have been used up 
to the present to detect them would not be effective for particles with the high 
energy needed to produce stars, but it is not unreasonable to suppose that there may 
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be some with great energy, that these energetic neutrons either produce stars and 
so disappear, or lose energy by collisions and appear among those which are detected 
by the other methods. 

The BISTRrBTJTIOK OE THE STARS OVER THE SURFACE OF THE PLATES 

The stars show the expected random distribution over large areas. Thus 1230 stars 
on 54sq.in. of plate were distributed among areas of 1 x |in. according to a Poisson 
distribution. When, however, the examination is pushed to smaller distances a 
curious effect appears. This has been discovered simultaneously by Leprince- 
Ringuet & Heydmann (1948) in France and by Li & Perkins here (1948). It consists 
in a tendency for pairs of stars to appear near each other more frequently than would 
be expected if they were distributed at random. The effect is marked for distances 
up to about 500/6, but for larger distances becomes hardly statistically significant. 
It is not at present possible to say whether this apparent limitation of the influence 
of one star upon another is real, or whether it simply arises from the mathematical 
fact that the number of stars on a thin plate within a distance r from a fixed point 
will increase as r^ if the stars are at random, while those due to connexion with a star 
at the origin would probably vary as logr and could at most be expected only to 
increase as r. Thus the effect of any influence gets relatively smaller at large 
distances and is lost in the statistical fluctuations even though there may be no true 
absorption. 

It ought to be possible to check whether the effect is due to a secondary radiation 
from the star or due to the production of twin stars by two of a sheaf of star-producing 
particles diverging from a common source, which would lead to a different law of 
‘ variation with r of the excess of the number of stars over that expected from random 
distribution, but the present statistics are hardly good enough, though for what they 
are worth they favour the second hypothesis. Assuming for the sake of getting a 
measure of the effect that it is due to a radiation from the stars, or from some of them, 
producing secondary stars, we can calculate the product of the number of such 
particles per star and their average cross-section for star production in the atoms of 
the emulsion. It comes surprisingly high, 14 x 10“2^cm.^. It seems almost impossible 
that there are several particles emitted per star with energy large enough to produce 
an apparently similar star, and the reasonable view would be that the emission of 
even one such particle is a tolerably rare event. But if this is the case the cross- 
section for star production must be several times the above value which is only 
explicable by some process of resonance. 

If we suppose that the twin stars are produced by two members of a sheaf of 
hypothetical particles the cross-section required comes out a little less, but it is still 
surprisingly high. It is hoped that work wdth thicker films of emulsion, which should 
give more twins, will help us to clear up this very puzzling difficulty. 

We are left then wdth a number of problems: What is the origin of the stars ? Are 
they due to neutrons, to neutral mesons or some still-to-be-discovered particle? 
Are the alpha-particles emitted by a different process from the protons? Is fission 
a normal accompaniment of the process which forms a star ? What is the explanation 
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of the close pairs of stars? Is this a clue to the process of star formation in general 
or does it only concern a small proportion of the stars? All these questions should 
he answered in the next few years. Some of them we hope in the next few months. 
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Measurements have been made on the energy and angular distributions of the charged par¬ 
ticles from disintegration ‘stars’ produced in the silver and bromine nuclei of photographic 
emulsions exposed to cosmic radiation. The observations extended over a wide range of 
excitation energies (100 to 700 MeV). The energy spectra and angular distributions of the 
protons can be explained in all cases by simple evaporation theory. This energy distribution 
shows also a high-energy tail consisting of direct knock-on protons and slow mesons. At high 
excitation energies the a-partioles exhibit collimation effects which are probably due to 
localized ‘boiling’ or a form of fission. 


1. Inteodxjction 

The first extensive observations on the multiple nuclear disintegrations or ‘stars’ 
produced by cosmic rays were made by Blau & Wambacher ( 1937 ). These and 
subsequent investigators, using the photographic emulsion technique, measured the 
increase of star frequency with altitude, and obtained distributions of the numbers 
and energies of,the charged particles from stars. Cloud-chamber investigations of 
the cosmic ray disintegrations, especially those leading to the production of pene¬ 
trating particles, were made by W. M. Powell ( 1946 ) and Hazen ( 1944 ). With the 
recent development of emulsions of greatly increased sensitivity and discriminating 
power, it has become possible to trace regularities in the modes of disintegration of 
nuclei under high excitation, and, in the present paper, we describe investigations 
on the cosmic ray stars produced in the Ilford ‘Nuclear Research ’ emulsions. 

In § 2 are discussed the recording characteristics of the emulsions used, and the 
methods of identifying the tracks of the various types of particles present ia the dis¬ 
integrations. Observations on the energy and angular distributions of the particles 
are described in § 3 and discussion of results in §§ 4 and 5. 

Owing to the rapid increase of the star intensity with altitude, most of our obser¬ 
vations were taken from plates exposed in mountain stations bn the Jungfraujoch 
(3457 m.) and at Chamonix (3650 and 4400m.]j. 

2. General technique 
{a) Types of particles emitted from stars 

In examining a disintegration, it is of course desirable and sometimes essential 
to be able to identify the tracks of the various charged particles emitted. In processes 
mvolviog particles of widely varying velocity, charge and mass, the recording 
characteristics of the emulsion used must essentially represent a compromise between 
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kigli sensitivity on the one hand, and good discriminating power on the other* The 
reason for this is that when the specific ionization exceeds a certain critical value, 
the latent images in the silver bromide grains along the path of the ionizing particle 
are produced so close together that the silver streamers growing out of the grains 
during development run together, or ‘ clog so as to form a more or less ‘ solid ’ track. 
It is then extremely difficult to perform a reliable ‘ grain-coimt ’ along the track, and 
discrimination between the various types of particles is poor. The higher the sensi¬ 
tivity of the emulsion, the lower is this critical value of the ionization. In our experi¬ 
ments, the plates used (Ilford B 2 and C 2 ) and development conditions were such 
that we could detect protons with energies up to about 100 MeV. Discrimination 
between even slow protons and fast a-particles (up to well over 50 MeV) was very 
good, but that between the solid tracks of a-particles and heavier nuclei was in 
general extremely difficult. 

Usually the emitted particles have only a small fraction of their total range in 
the emulsion, and so the lightly ionized tracks of fast protons, mesons, deuterons, 
tritons and extremely fast a-particles cannot be distinguished unless at least half 
their true range is observed and a statistically sigrdficant number of grains counted. 

In most of the stars, we observe (in addition to long tracks of mesons, protons, 
deuterons, tritons, a-particles and heavier nuclei) short, very heavy tracks produced 
by ‘ recoil fragments ’. These tracks have nearly always a range of between 2 and 6 fi. 

(6) Grain-counting for energy determinations of lightly ionized tracks 

When the ionization is below the critical clogging value defined above, we can 
determine the velocity of a particle, if its charge is known, from the mean grain- 
density. This is obtained from a grain count and total track length. The latter 
quantity is determined from its horizontal projection as measured in the Eyepiece 
scale of the microscope, and from depth measurements on the fine adjustment 
drum. The average thickness of the unprocessed emulsion on a given plate was 
assumed to be accurately the value given by the manufacturers ( 100 /^). The average 
thickness in drum divisions of the processed emulsion on a plate was measured, and 
equated to lOO/t. Thus conversion factors, varying slightly from plate to plate due 
to variations in the average thickness of processed emulsion caused by slight 
variations in washing and drying conditions, were obtained. These allowed the j^e 
adjustment reading to be converted into true track depth in the unprocessed 
emulsion. 

A grain-density/range curve has been constructed by using grain-counts along 
complete proton tracks, the longest having a range of about 4,000/i. This curve has 
been extended to 15,000 fi by extrapolating from a long meson track (over 2000in 
length), taking into account the difference in mass between meson and proton. 

The range-energy relations for a-particles and protons in Ilford unloaded emulsion 
have been determined experimentally by the Bristol group up to about 15 MeV. 
These curves have been extended up to velocities of 0 * 4 c (100 MeV protons) using 
theoretical formulae for the collision loss (Rossi & Greisen 1941 ). In the computation 
we have assumed the Bloch formula J = Z for the mean ionization potential of 
an atom (/^^ = ionization potential of hydrogen, Z = atomic no.); since this relation 
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is oxjly very rough, and there are uncertainties in the determination of the emulsion 
constitution, the error in the proton curve may be 10 % at 100 MeV. 

From the range-energy and grain-density range curves the relation between 
grain-density and energy for protons is then easily obtained. ^ 


3. EnEEGY and ANGUIiAR DISTEEBUTION OF OHABGED PARTICLES 

In detailed analyses of 78 nuclear disintegrations of silver and bromine, each 
disintegration comprising the emission of between 7 and 22 charged particles, and 
of 53 smaller disintegrations, the following procedure was adopted. 

In order to study the variations in the modes of disintegration with excitation 
energy, the stars w ere divided into the four groups as shown in table 1. 


Table 1 


no. of 

no. of 

average 
no. of 

average 
no. of 

ratio of 

estimated 

mean 

tracks 

stars 

protons 

a-particles 

alphas to 

excitation 

per star 

examined 

per star 

per star 

protons 

energy (MeV) 

15 to 22 

26 

10*5 

6*2 

0-59 ±0*06 

660 

10 to 14 

29 

5-7 

4*4 

0*77 ±0*09 

325 

7 to 9 

23 

3*9 

3-3 

0*85 ±0*13 

200 

3 to 6 

53 

2-3 

1-5 

0*65 ±0*09 

100 


Column six was obtained by summing the kinetic and binding energies of the 
emitted alphas and protons, and adding an amount of energy equal to that associated 
with the protons to allow for the neutrons. 

(a) Proton^ and other lightly ionized tracks 

The grain densities of all lightly ionized tracks were determined. In the majority 
of the stars a proton came to the end of its range in the emtdsion, enabling one to 
construct a separate grain-density/energy curve for each disintegration. Assuming 
aU lightly ionized tracks to be due to protons, unless grain-density and range measure¬ 
ments indicated tritons, etc., the energies, corrected for fading, were determined. 
The maximum differences of grain-density (for equal velocities) between most and 
least faded tracks were of the order of 10 % with the exposures used (40 days). 

The energy distributions of the protons are indicated in the histograms of figure 1. 
The error in determining the proton energy from the grain-count should correspond 
to the statistical error arising from the finite number of grains counted. 

The average percentage errors at various energies were as shown in table 2. 

Table 2 


E (MeV) 

8 

15 

25 

35 

80 

±AE 

1*3 

2*45 

4*45 

7*6 

20 

percentage error (±) 

16 

16J 

18 

22 

25 


Owing to slight non-uniformity of mixing of the emulsions during manufacture, 
the actual errors are likely to be a little greater than those indicated. 
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In order to determine whether the slight variation of development with depth 
in the emulsion has any serious effect on the grain-density along the tracks, the 
apparent energy distribution of protons passiag out of the emulsion-air surface has 
been compared with that of those passing into the glass (table 3, figures give number 
of tracks). 

Table 3 


energy (MeV) 

Oto 5 
5 to 10 
10 to 20 
20 to 30 
30 to 50 
>50 

total 


surface 

glass 

9 

12 

61 

68 

57i 

60 

32i 

26 

18 

21 

11 

4 

189 

191 


No significant difference between the two distributions is observed (the plates 
were exposed vertically). 



energy (MeV) energy (MeV) 


b 


d 


Figure 1 . Energy distribution of proton tracks from stars with a, 15 to 22 tracks {T^ = 8MeV); 
5, 10 to 14 tracks (2^0 = 5iMeV); c, 7 to 9 tracks {Tq = 4JMeV) and d, 3 to 6 tracks 
(Tq = 3MeV). Full curves correspond to evaporation formula, allowing for cooling and 
barrier penetration. Dashed curve corresponds to classical calculation (see § 4). 
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(b) Energy distribution of a-pc^rticles 

Owing to the fact that the" tracks of a-partioles are practically ‘solid.’ their 
energies cannot be determined by a grain-count (not at any rate if .B<70MeV). 
Hence the energy distribution can only be obtained by measurement of the ranges 
of those alphas ending in the emulsion. 

The probability that an a-particle track, of length I and random direction, lies 
completely in the emulsion, is 

forZ>d, 

where d is the emulsion thickness. The energy distribution of complete a-tracks 
from stars with 10 to 22 charged particles is given in figure 2. This distribution is 
corrected for ‘loss’ by multiplying each ordinate by a factor 1//, and the result is 
indicated in figure 3. (Owing to the large value of/for the very long-range a-particles, 
the statistical error at the high-energy end is fairly large.) 



energy (MeV) 


Figtjkej 2 . Energy distribution of complete a-tracks (stars with 10 to 22 tracks). Curves in¬ 
dicate the evaporation distributions for an instantaneous temperature of 7MeY and 

barrier heights of 3 MeV (-) an,d 10 MeV (-) (see §6a). These have been multiplied 

by the correction factor/. 

(o) Angular measurements on protons and <x,-particles 

The complete orientation of a proton or a-particle in the emulsion was obtained 
fi^om the azimuthal angle 6 (measured in the eyepiece goniometer), and the a;ngle of 
dip or latitude ^ obtained by a depth measurement. The value of 6 (allowing for 
a small amount of Coulomb scattering along the tracks) can be found to but the 
angle of dip is not known so accurately, especially for large values of jS. Owing to 
the curvature of the field of the microscope objective, the difference in depths of 
a track at two points along it must be obtained from the depth values relative to 
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a specific reference level (the surface of the emulsion). This surface is only approxi- 
mately plane. Measurement of (f> also depends on the linearity of shrinkage of the 
emulsion. Testsindicatethatto within thelimitsof error (5 %)in setting andreading 
the fine-adjustment screw, the emulsion shrinkage during processing is linear. 



energy (MeY) 

Figubb 3 . Energy distribution of complete a-tracks multiplied by correction factor 1//. 

4. Discussiok or bbsults bob pbotons 
(a) Theoretical trmtment of energy spectrum 

The energy distribution of heavy particles produced in stars in photographic 
emulsion was first investigated by Wambacher (1938) and later by Ortner (1940). 
In these measurements no particular regard seems to have been paid to the effect 
of latent-image ^fading’ and the discrimination between protons and a-particles 
was very poor with the plates then available (Ilford halftone). Thus an attempt by 
Bagge (1941) to explain their results in terms of the ‘evaporation model’ of the 
nucleus did not appear particularly convincing. 

The evaporation model of the nucleus was put forward by a number of authors, 
notably Bohr, Frenkel, Landau, Bethe and Weisskopf. Owing to the very close 
spacing of energy levels in a heavy, highly-excited nucleus, one can average over 
a large number of quantum states of nearly equal energy, and thus apply thermo- 
d 3 niamical reasoning in order to determine the distribution of energy among the 
nuclear particles. The disintegration process is then analogous to the evaporation 
of a drop of liquid. The energy distribution of the nuclear particles emitted has been 
derived rigorously by Weisskopf ( 1937 ). When, as in the cases we are considerii^, 
the nucleus is highly excited, the probability of a neutron being emitted with energy 
between JE and is approximately of the Maxwellian form 

P{M)dE = ^^frSl^dE. ( 1 ) 
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Both the temperature T and energy E are measured in MeY. The temperature T is 
related to the excitation energy U according to U = yff where is a (dimensional) 
constant and n depends on the assumed interaction between the nuclear particles 
(gas model, liquid drop model, etc.). 

In the case of charged particles, equation ( 1 ) can be shown to become 

P{M) dE = dE for E>V, ( 2 ) 

where V is the height of the potential barrier, assumed impenetrable. Thus the effect 
of the barrier is simply to shift the whole energy distribution by an amount F. In 
a previous note (Perkins 1947 ) it was showm that the energy spectrum of protons 
from the disintegration of heavy nuclei (silver and bromine) in the emulsion could 
be explained in a general way by ( 2 ). This formula would be true for the energy dis¬ 
tribution of molecules evaporating from a drop of water, but it cannot be strictly 
applied to the multiple disintegration of a nucleus, for the number of particles 
( 100 ) is so small that the nucleus cools appreciably after emission of each particle. 
The effect of cooling was calculated as follows. 

Suppose a nucleus of mass number Aq is excited to an energy U and initial tem¬ 
perature Tq. The problem is to find the temperature T of a subsequent nucleus A, 
The average energy in distribution ( 2 ) is 2T 4 - F, that in ( 1 ) is 2T. Hence the average 
energy of neutrons and protons evaporating from a nucleus at temperature T is 
23r+ F, where F is the effective potential barrier for a neutron-proton pair, and is 

JF. The average energy taken away by a proton or neutron is 

E 0 + 2 T+V = 2T+(x, (3) 

where Eq^^ 8 MeV is the binding energy per nucleon. Considering the distribution of 
figure 1 a (16 to 22 charged particles per star) the average Idnetic energy of a proton 
is 16 MeV. The energy required to release a proton is thus Eq+1S = 23 MeV. The 
average number of protons per star is 11 , giving 260MeV for the total energy for 
ejecting the protons. Assuming the neutrons carry away approximately the same 
energy, the excitation energy required U ~ 600 MeV. It will be shown later (see § 6 ) 
that there are strong reasons for believing that most of the a-partioles are ejected 
in a preliminary process, followed afterwards by evaporation of neutrons and 
protons. Allowing for this process, the average value of is estimated at 80. We 
have calculated the cooling effect according to the following well-known nuclear 
models. 

Fermi-gas modd 

If we consider the nucleus as an assemblage of essentially free particles (i.e. 
kinetic energyinteraction energy), then it is equivalent to a gas obeying Fermi 
statistics. The excitation energy of such a system is given by 

U = KAT\ (4) 

where A is the number of particles. The constant in (4) is X = 7 r®/ 4 e, where e is an 
average Fermi energy for neutrons and protons; according to Bethe ( 1937 ), e should 
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be about 12MeV. Calculations by Bardeen indicate that the effect of nuclear inter¬ 
action would be to about double this value. Thus we take £ = 0-1. Hence, from (4), 




I U / 500 
V KAo ~ V 0-1 X 80 


8 MeV. 


The figure for K must be very rough, and one must regard it as fortuitous that this 
value fits the experimental data quite well (see figure 1). Again, from (4), 


^=^2KAT^+KT^ 
dA dA 


Hence 


= 2T-t-a (from (3)). 


dA 

A 


2KT 

a+2T-KT^ 


dT. 


(5) 


The solution of this differential equation gives a relation between temperature T 
and mass number A of any successive nucleus left after emission of (Aq—A) particles: 


1 


(KTl-2T^-a\ 



\KT^-2T-a\\ 


U-j/)) 


( 6 ) 


where 


K ’ 


1 V(l + aZ) 
K K ’ 


The curve connecting A and T, obtained from (6), is shown in figure 4a. At T = 0, 
one finds A == 65, this being the mass of the residual nucleus. Thus the number of 
particles emitted is .4 = 80-66 = 26. The average number of protons observ^ed 
was 11, leaving 14 neutrons. TMs figure appears reasonable. The naean potential 
barrier during the evaporation process (corresponding to 4L = 66 to 70) is 6MeV 
for protons; thus the value of a = ^^ 0 + F taken in this calculation was lOMeV 
(i.e. V - 2JMeV). 



FiauitE 4. Relation between mass number A and temperature T’ of an evaporating nucleus 
according to o, Fermi-gas model TJ = KAT^^ Tq = 8MeV, and b, liquid drop model re¬ 
stricted to volume waves U = KAT\ Tq = 6MeV. 


From the T-A curve, values of T were obtained for 12 values of A (in steps of 2) 
and the energy distribution found at each temperature. The sum of these distributions 
calculated for JJ, = 8MeV, and an average potential barrier F for protons of 6MeV 
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(corresponding to the average value of A) is shovm in figure la (dashed curve). 
This spectrum shows quite good agreement with the experimental one, except at 
very low and very high energi^. 

The discrepancies at low values of energy can be explained by the quantum- 
mechanical penetration of the barrier. The penetration probabiliiy may be written 
Q = Pl^m, where Mq is the ma ximu m orbital momentum for which the particle 
interacts with the nuclear field (Z^ = r/A, r being the nuclear radius, K the de Broglie 
wave-length of the particle). is an ‘effective orbital momentum’ obtained by 
summing up the penetration probabilities over all effective values of Z, and P is the 
Gamow factor. Values of ^/Z§ were calculated from the formulae of Bethe & Kono- 
pinsld (1938). As usual P = e-^®>, where® = P/F (ratio of particle energy to barrier 
height) and the function y(®) has been tabulated by Bethe. For protons, g = 0 * 42 P*. 
In OUT case the mean values axe F = 6 MeV and jr = 4 . We have attempted to allow 
for the penetration of the barrier by multiplying the distribution for uncharged 
particles (equation (1)) by the penetration factor Q{E) for protons; the resultant 
distribution is given by the full-line curve (figure la). It is seen that for P> F the 
agreement between quantum-mechanical treatment and the classical one is quite 
good. For P<F the quantum-mechanical calculation shows reasonably good 
agreement with experiment. 


Liquid-drop model 

This model assumes the interactiop. between nucleons to be similar to that between 
molecules in a liquid (interaction energy of the same order as, or larger than, the 
kinetic energy). The excitation energy U may be expressed as (Bethe 1937) 


U' 




The first right-hand term is due to surface, the second to volume waves. Here 
T = TjT', where T' is the temperature at which contributions of energy U' from 
volume and surface waves are equal. The calculated value of T' for a nucleus of 
bromine or silver equals approximately 2 MeV. The calculated value for U' is 
20 MeV. 

For the excitation eneigies we are considering (Z 7 ~ 600 MeV), the temperature 
T ~ 4 MeV, and is therefore well above the critical temperature. Hence volume waves 
are more important than surface waves, so that U is approximately proportional 
to TK 

Hie AjT cooling-curve for the liquid-drop (figure 46 ) has a small gradient for 
T'^Tq, and drops very steeply for small T. The difference between this curve and 
that for the Fermi-gas is due to the higher value of »in the formula U = yff P". Thus 
even though the initial temperature Pq ™ ^6 ®®se of the liquid drop (6 MeV) is much 
smaller than that for the Fermi-gas (8 MeV) it is found by calculation that the energy 
distribution from the liquid-drop model almost exactly coincides with that ^own 
fcHC tire gas model in the region 0 to 15 MeV. Above 16 MeV, however, the liquid-drop 
curve drops off rapidly and shows very huge discrepancy with the expeiimenM 
distribution. (The reason for this is of course that the high-eus^gy end of tl^ dis- 
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tribution is determined largely by the initial temperature T^.) Thus we conclude: 
that, in so far as any ‘model’ of the nucleus may be described as correct, the Fermi- 
gas model appears to give the better results (or the liquid-drop model restricted to 
sur&ce waves only, giving a dependence of energy on temperature according to 
a seven-thirds power law, not very different from that of the Permi-gas model). 


(6) Gomparison of experiment tvith, theory 

Having fixed the constant K in equation (4) from the values of excitation energy 
and initial temperature 2), for the stars with 16 to 22 charged particles, we proceed 
to calculate the initial temperatures for the other three groups of stars (table 4). 
AUowing for coolii^ as before, we obtain the distributions indicated by the full-line 
curves in figures lh,c,d. It will be observed that the calculated energy spectra 
agree very well with the experimental histograms. It should, however, be pointed 
out that only about three-quarters of the stars involving 3 to 6 charged particles wfil 
correspond to disintegrations in silver and bromine nuclei. The remainder must be 
attributed to carbon, oxygen and nitrogen nuclei.* 


Table 4 


estimated energy 
XJ required to 
no. of charged eject protons 

particles N and neutrons (MeV) 


15 to 22 

600 

10 to 14 

250 

7 to 9 

150 

3 to 6 

80 


8 

3 


In making this comparison of experiment with theory we must bear in mind the 
fact that a certain proportion of the so-called proton tracks have in fact been pro¬ 
duced by deuterons and tritons passing out of the surfaces of the emulsion. From the 
stars examined we have observed 79 singly-charged particles coming to rest in the 
emulsion layer. 55 of these were identified as protoiis, and the remainder (apart 
from two slow mesons) as deuterons or tritons. Assuming the latter to^be in equi¬ 
librium with protons and neutrons inside the nucleus, we expect the deuterons and 
tritons to have the same temperature and energy distribution as the protons. This 
implies that between 10 and 15 % of the so-called proton tracks which pass out of 
the emulsion surfaces are due to deuterons and tritons, for the latter together have 
about twice the chance of coming to rest in the emulsion as protons of s imil ar energy. 
From this percentage of deuterons and tritons it is estimated that the energy values 
of the measured proton spectrum are about 7 % too low. The effect is thus quite 
small. 

Thus we conclude that the energy distribution, between 0 and 30 MeV, of protons" 
(and presumably neutrons) ejected from a heavy nucleus under very high excitation 

* The relative numbers of stars produced in the light and heavy nuclei have been determined 
by the use of plates consisting of alternate layers of normal emulsion and pure gelatin. 
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follows the form predicted by conventional evaporation theory, even though the 
temperature is continually dropping throughout the process, so that a state of 
thermodynamical equilibrium never really exists. 

(c) Angular distribution of protons 

In the course of an evaporation process the particles which are. emitted should 
be orientated quite at random, i.e. the angular distribution should be spherically 
symmetrical with respect to the centre of mass system. 

First of aU it is necessary to estimate any effect on the angular distribution as 
a result of the momentum taken up by the whole (silver or bromine) nucleus from . 
the incident particle. This momentum will be greatest, for a given energy transfer, 
if the star-producing particle actually stops in the nucleus. In the case of a neutron, 
for instance, transferring 500 MeV energy to the nucleus, this momentum would be 
about 700 MeV/c. Thus the velocity component of the whole nucleus would be only 

0 * 01 c, which is quite small compared with the average velocity of ejection of the 
star particles ( 0 - 2 c). The effect on the angular distribution is therefore negligible. 

Thus if we ascribe a vector of unit length to each proton track, the resultant of 
all the vectors of the star should have a scalar magnitude B, the probability dis¬ 
tribution f{B) of which is determined from random-walk theory. If the number 
of vectors N is fairly large (> 4), then the distribution is practically Gaussian 
(Chandrasekhar 1943 ): 

f{R)dRozR^e-^^^l^dB. 

Since the number N of protons varies from star to star, the distribution becomes 
f{B) dR oc 

i 

where is the number of stars with protons. 

In figures 5 a and b we have compared the theoretical and experimental dis¬ 
tributions for the stars with 15 to 22 and 7 to 14 tracks. No significant difference is 
observed between the two, supporting the view that the protons evaporate. 

(d) High energy tail 

As can be seen from the histograms of figure 1 , at energies greater than about 
30 MeV the observed number of protons greatly exceeds that predicted by evapora¬ 
tion theory, and this high energy ‘tail’ is certainly even greater than is indicated, 
for the following reasons. Evidence has been given that the angular distribution 
of protons is isotropic. Hence if the frequency of proton tracks be plotted against 
the angle of dip we would expect cosine distributions. The histograms, figures 
6 a and 6 , indicate that practically no protons of energies less than 30 MeV escape 
observation, but a considerable proportion of steeply-dipping tracks of higher energy 
are not detected. Further, even under optimum conditions (tracks almost in the 
plane of the emulsion), we are unable to detect protons of energy greater than about 
100 MeV. It has been suggested by Heisenberg that the first stage in the production 

♦ For values of Hi < 4, the exact form of the random-walk distribution was used. 
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of a multiple disintegration consists of the transfer of a large amount of energy from 
the incident cosmic-ray particle to a few nucleons situated over a small volume 
(possibly on the "surface ’) of the nucleus. Some of these nucleons mil immediately 
escape, while the remainder will produce a general "warming up’, by inter-nuclear 
collisions, of the entire nucleus, which subsequently cools down by evaporation. 



Figure 6. Frequency distribution of angular resultant B of protons from 
stars with a, 16 to 22 tracks; 7 to 14 tracks. 



0 20 40 60 80 100 0 20 40 60 80 100’ 

angle of dip (^) angle of dip (^) 

a b 


Figure 6 . Dip distribution for proton tracks with energies 
G, below 30MeV; 6, above 30MeV. 

Gearly, the more nucleons knocked-on in the primary process by the incident 
cosmic-ray particle, the greater the ultimate excitation of the nucleus and the 
larger the star. Furthermore, the proportion of these nucleons which escape should 
be determined by the geometry of the nucleus alone, and should thus be more or less 
constant. Hence the number of ‘Heisenberg’ protons per star should go up roughly 
as the excitation energy, whereas, as shown in table 6, it increases more rapidly. 
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It seems highly probable, however, that a considerable proportion of the so-called 
fast protons in the Heisenberg tail are to be attributed to slow mesons. It is then 
natural to expect the rate of production of mesons to increase with the energy dis¬ 
sipated in the disintegration. Several examples of meson showers accompanied by 
heavy particles, i.e. nuclear fragments, have been observed in cloud chambers. The 
ejection of slow mesons from stars in photographic emulsions has been compre¬ 
hensively treated by Powell & Occhialini ( 1948 ). 

Table 6 

‘fast’ protons per star excitation energy 
(energy > 30 MeV) (MeV) 

0-075 ± 0*025 100 

0*175 ±0*06 200 

0*83 ±0*15 325 

1*42 ±0*14 650 

So far, from 55 stars with 10 to 22 tracks, we have observed two ejected mesons, 
of energies /'^2MeV, stopping in the emulsion. Thus although our statistics are 
extremely poor we have estimated, assuming isotropic ejection of mesons and a 
constant energy spectrum of production up to 10 MeV (maximum energy for a meson 
leaving a visible track in the emulsion), that between 10 and 30 incomplete meson 
tracks have been wrongly assigned as fast protons. This represents 15 to 45 % of the 
total number of particles in the tail of the proton distribution for these large stars. 

It would be expected that fast knock-on protons should be collimated downwards, 
whereas slow mesons generated in nuclear disintegrations should be ejected iso¬ 
tropically. Preliminary investigations indicate downward collimation of lightly 
ionized tracks in the very small stars (3 to 6 tracks)—^from 2000 of which we have so 
far observed only 1 ejected meson ending in the emulsion—^but an isotropic dis¬ 
tribution of these tracks in stars with more than 10 tracks (figure 7). 



20 40 60 80 100 120 140 160 180 

angle with vertical down 

FiGUitE 7. Zenith-angle distribution of lightly ionized tracks from stars with over ten tracks. 

It ■will be clear from the above disoiossioii that no very precise ioformailon is 
available r^arding the nature of the pjartides producing the very lightiy ionized 
fraeks; it seenm fedrty safe to say, however, that at least half of them aotuaHy are 
fast protons. 
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(e) Range of nuclear forces 

We interpret the protons in the high-energy ‘ tail ’ as those knocked out of a nucleus 
by direct impact of the energetic incident particle. Assuming this to be a nucleon, 
the energy distribution of the protons will be determined by the cross-section for 
neutron-proton (or proton-proton) scattering. Heisenberg ( 1938 ), Bagge ( 1944 ) and 
Rosenfeld ( 1948 ) have pointed out that this should lead to a rather precise deter¬ 
mination of the range of nuclear forces. Assuming a Gaussian potential, Rosenfeld 
finds that the number n{E) of protons with energies greater than E is approxi¬ 
mately given by 

where = nucleon ‘radius’, d — electron radius {d'^2rf), and x~'^ = range offeree. 

This equation holds only for the direct ‘knock-on’ protons, and hence will only 
apply to protons with energies in excess of about 30MeV, where the contribution 
from ‘evaporation’ protons is negligible. 


/2r„\n 

+ 0-0096^-^j J.®, 


logio»(J^) = const—' ' 


I 



Fioueb 8 . Determination of range of nuclear forces from the 
energy distribution of high-energy protons from stars. 


The observed distribution, obtained from the stars with over seven tracks, is 
indicated in figure 8 . A straight line drawn through the points has the equation 
logio»(^^) = const- (0-0244 ± 0-004) E. With d = 2-8 x 10-i3cm. we obtain 

. a:-i = (2-0 ± 0-3) x 10-“ cm. 

This value is in excellent agreement with those obtained by Bagge ( 1944 ) and 

Ortner ( 1940 ) by a similar method. It is also reasonably consistent with the range 
obj^ained by other methods. 
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Wc are, however, inclined to believe that this agreement is largely fortuitous, in 
view of the fact that the proportion of tracks escaping observation owing to their 
steep angles of dip increases with energy. On the other hand, the number of lightly 
ionized tracks may be overestimated at the higher velocities owing to presence of 
slow mesons in the so-called proton spectrum. Although these two effects will tend 
to cancel, we cannot attach much importance to the above figure for the range of 
the force. 

5. Discussion or results obtaineb for a-PARTioLEs 
(a) Energy spectrum 

It can be seen from the histograms in figures 2 and 3 that the energy spectrum is 
considerably broader than the corresponding one for protons. The curves drawn in 
these figures are those of the evaporation distributions for instantaneous tempera¬ 
tures of 7MeV and barrier heights of 3 and lOMeV. In each case we observe an 
excess of a-particles of high energy (the absolute excess is quite large when the 
numbers have been multiplied by the factor 1 //). Owing to the small nmnber of 
tracks observed it is not possible to fit a temperature very accurately, but if the 
nucleus ‘cools’ appreciably during the emission of a-particles, a mean temperature 
of 7 MeV implies an initial temperature greater than that of the protons (5 to 8 MeV). 

The most interesting feature of the energy distribution is that nearly half of the 
a-particles have energies below the potential barrier (about 12 MeV for the heavy 
nuclei in the emulsion). This would hardly appear conceivable if the a-particles are 
ejected according to an evaporation process. However, calculations by Bagge ( 1944 ) 
indicate that, at the excitation energies we are considering, the barrier might be 
reduced by as much as 40 or 50 % due to an increase in the effective nuclear radius 
caused by large amplitude surface waves. Such a reduction would at any rate partly 
explain the proportion of low energy alphas. The perturbations in the Coulomb 
barrier would be even greater if the a-particles are ejected as the result of intense 
localized heating which almost certainly occurs as a preliminary to the general 
‘ warming up ’ of the whole nucleus. The low-energy end of the proton spectrum will, 
however, stiU be determined by those protons evaporating at low temperature, 
when the nucleus has cooled considerably, and the reduction in the barrier is therefore 
negligible; hence the considerations above will leave the energy distributions of 
the protons almost unaffected. 

An alternative is to assume that when the excitation energy is of the same order 
of magnitude as the total binding energy, the possibility arises of fairly heavy 
‘splinters ’ breaking away from the parent nucleus. These ‘splinters ’ would be very 
unstable and disintegrate spontaneously; the a-particles emitted would thus have 
to cross a much lower Coulomb barrier. 

This phenomenon appears characteristic of strong nuclear excitation, for we have 
also made preliminary observations on the energy distribution of particles from the 
small stars (2 and 3 tracks). Here the average excitation energy is about 80MeV, 
i.e. small compared with the binding energy of a silver or bromine nucleus. In this 
case we find that the a-particles evaporate from the nucleus and come out above the 
orthodox potential barrier. 
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(6) ATigular distributicm of a-parficles 

In figures 9 a and h are given the fi^equency distributions of the angular resultants 
for the a-particles and heavier nuclei (e.g. Li®). For the stars with 7 to 14 tracks we 
obtain an isotropic distribution. This may indicate that at these excitation energies 
(i.e. up to half the total nuclear binding energy) the majority of the a-particles are 
emitted in an evaporation process. For those stars consisting of 15 to 22 tracks, 
however (figure 9 a), we observe a deviation from the random-walk curve. The 
test seems to show that this deviation is statistically significant; the probability 
that the observed distribution corresponds to spherical symmetry is less than 5 %. 
This asymmetry indicates that the a-particles ejected from heavy nuclei excited 
to energies (^700MeV) comparable with the binding energy, exhibit coUimation 
or ‘bunching’. 



Fioube 9. Frequency distribution of angular resultant B of a-partioles from stars of a, 16 to 
22 trac]^; 6, 7 to 14 tracks. Curves in all cases refer to random-walk distributions. 


We have farther investigated this coUimation by measurements on the distribu¬ 
tion in angle between the recoil fragment, or fragments, and the angular resultant 
of the protons or a-particles. We estimate that the time taken by the recoil 
nucleus to come to rest is at least 10~^^ sec. On the other hand, the time required 
for the nucleus to reach ‘thermal equihbrium’ and subsequently evaporate will 
clearly be several orders of magmtude greater than the time between intemuclear 
collisions (10”"^^ sec.). It seems fairly safe to say, however, that the evaporation 
process will be completed in less than 10”^^ sec. In this case, the momentum taken 
^7 ^ke recoil fragment will be simply the vector sum of the momenta of the 
protons, neutrons and a-particles in the star, and the momentum contributed by 
the particle producing the star. 

From the relative numbers of protons and a-particles, and their energy distribu¬ 
tions, we are able to calculate the most probable resultant momentum of the 
protons and neutrons (assuming equal numbers) and that of the a-particles 

Let Y be the angle between the fragment and angular resultant of a-particles or 
protons. 
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In the case of stars with 15 to 22 tracks, in which the alphas exhibit coUimation 
(figure 9a), is much greater than P^^, so that the direction of the ficagment will 
be determined largely by that of the a-particle resultant. This is clearly indicated 
in figure 10 a. On the other hand, the distribution for protons is more or less isotropic 
(sinT) (figure 106). 

Thus the two sets of measurements on the coUimation ejBfect are intemaUy con¬ 
sistent. However, it must be emphasized that our data are obtained froin only 
26 disintegrations, and we should require to observe a much larger number of 
stars in order to establish the effect with complete certainty. 

We can account for this asymmetry on either of the two hypotheses given to 
explain the number of low energy a-particles (§ 5 a). * 
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Figxjbb IQ. Distribution in angle Y between fragment and angular resultant of a, a-particles; 
and 6, protons. Stars with 16 to 22 tracks. Curves indicate the isotropic distribution sin Y. 


First, we may imagine the a-particles to be ejected as a result of intense local 
heating, near the surface of the nucleus. Those a-particles moving towards the 
surface wiU escape since their chance of colliding with other nuclear particles is smaU; 
on the other hand, those travelling away from the surface would have to traverse 
a large fraction of the nucleus and would therefore be stopped by collisions. One 
naturally expects the local heating to be more pronounced at the higher excitation 
energies, so that we are able to account for the transition from sjmmetry to 
asymmetry as the size of the star increases. 

Secondly, we have the fission hypothesis in which a large fragment breaks away 
from the heavily excited nucleus. By virtue of the electrostatic repulsion such a 
‘splinter’ would acquire considerable momentum. We must then postulate that 
the smaller fragment spontaneously disint^rates, preferentially into a-particles 
or heavier nuclei (e.g. Li*), which thereby exhibit a strong coUimation effect. The 
reason why a-particles, rather than protons and neutrons, should be mnitted is 
difficult to explain, but hardly more so than that far more protons and neutrons are 
emitted as components of a-particles in our stars, than as nucleons tiiemselves 
(table 1 ). 

Evidence in favour of ‘fission’ comes from two sources. In the first place, out of 
the 26 stars we are considering, we obtain 4 certain cases in which two recoil frag¬ 
ments instead of one, are obtained. Secondly, we sometimes observe, espe<^fly in 
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the very energetic disintegrations, examples of the concentration of a few nuclear 
particles in a very narrow cone, and of the emission of very heavy nuclear ^ splinters * 
of long range. 

According to these hypotheses, the rump nucleus should take up the momentum 
of the a-particles. The velocity component thus acquired by . the protons and 
neutrons which subsequently evaporate &om the rump will be negligible compared 
with their velocity of emission, so their angular distribution should be isotropic, as 
observed. When the rump nucleus has ‘cooled down’ completely, a recoiling frag¬ 
ment will be left behind. Prom the charge carried away by the protons and a- 
particles, we estimate the mass of the fragment at 26 to 45 units. The range of the 
recoil fragment is generally 3/^; we can thus get a rough idea of its momentum. 
It is of the order of magnitude of what we would expect from conservation of 
momentum of the a-particles; an exact calculation is not possible because of the 
unknown momentum contribution of the incident cosmic-ray particle (this may be 
of the same order of magnitude). 

Since about 45 % of charged particles emitted from the stars are a-particles 
(table 1) a complete disintegration of bromine should give rise to about 25 tracks 
and of silver to 34. We have observed only two cases of such energetic stars in this 
laboratory; one of 23, the other of 25. Neither showed any sign of a recoil fragment. 
At present, therefore, we have insufficient large stars to obtain information on the 
process of disintegration of a heavy nucleus when the excitation energy is large 
compared with the nuclear binding energy. 

CoNOLXrSIONS 

Our conclusions regarding the production of a multiple disintegration in a silver 
or bromine nucleus may therefore be summarized as follows. 

A high-energy cosmic-ray particle is incident on the nucleus, and, in its passage 
through it, collides with several nucleons. If the velocities of impact of these nucleons 
are directed suitably towards the nuclear surface they will escape immediately and 
produce a high-energy ‘tail’ in the energy distribution, as described by Heisenberg. 
If the momentum transfer between incident and scattered particle is sufficiently 
great, mesons may also be produced. Most of the recoiling nucleons pass further 
into the nucleus, and by collisions give rise to intense localized heating over a small 
volume of the nucleus, a-particles (and a few neutrons and protons) are ejected in 
the ensuing ‘ boiling off’ process, which may also possibly give rise to fission, in which 
fairly large fragments break away from the main nucleus and disintegrate spon¬ 
taneously into a-particles. The whole of the above process may be assumed to occur 
in a time of the order of magnitude of the nuclear transit time (^ sec.). The 
excitation energy is then distributed throughout the remaining nucleus by numerous 
collisions, and this recoiling nucleus proceeds to evaporate off neutrons and protons 
(and a few a-particles) more or less isotropically. As the nucleus cools down, neutrons 
are predominantly ejected owing to the potential barrier. The evaporation process 
is carried out under quasi-equilibrium and is relatively slow (several orders of 
magnitude greater than the transit time). Any nuclear remnant left over gives a 
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short recoil track. The last stage in the cooling consists of y-ray and probably also 
yff-transitions, neither of -which can be observed. 

We should like to express our sincere thanks to Professor L. Leprince-Riaguet for 
exposing our plates in his moimtain observatory at Chamonix; and to Professor 
A. von Muralt and Dr E. Stampfli for providing facilities at -the Jung&aujoch 
Scientific Station. We are also indebted to Sir George Thomson for valuable dis¬ 
cussions and advice during the course of the work. 
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The resonating-valence-bond theory of metals discussed in this paper differs from the older 
theory in making use of all nine stable outer orbitals of the transition metals, for occupancy 
by unshared electrons and for use in bond formation; the number of valency electrons is 
consequently considered to be much larger for these metals than has been hitherto accepted. 
The metallic orbital, an extra orbital necessary for unsynchronized resonance of valence 
bonds, is considered to be the characteristic structural feature of a metal. It has been found 
possible to develop a system of metallic radii that permits a detailed discussion to be given 
of the observed interatomic distances of a metal in tesaos of its electronic structure. Some 
peculiar metallic structures can be understood by use of the postulate that the most simple 
fmctional bond orders correspond to the most stable modes of resonance of bonds. The 
esdstence of BriUouin zones is compatible with the resonating-valence-bond theory, and the 
new metallic valencies for metals and alloys with Med-zone properties can be correlated 
with the electron numbra for important BriUouin polyhedra. 
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IlSTTRODirOTION 

The difficult problem of the electronic structure of metals has in recent years been 
tackled mainly by molecular-orbital (one-electron-orbital) methods. This attack 
has led to a reasonably satisfactory understanding of some metallic properties, such 
as electrical conductivity, but not of others, including interatomic distances 
(density), hardness and other mechanical properties, and the relative stability of 
alternative atomic arrangements. A decade ago (1938) I pointed out that the re- 
sonating-valence-bond concept of metals permits a straightforward explanation to 
be given not only of the hardness, melting-point, and related properties of the 
transition metals but also of their ferromagnetic saturation moments, which lead 
to the assignment of metallic valences such as 6*78 for iron and 6*44 for copper, in 
place of the numbers 0*2 to 0*6 for iron and 1 for copper assumed in the usual 
molecular-orbital treatment. It was suggested that these valence numbers result 
from the hybridization of the nine stable outer orbitals (five nd, one ( 9 ^-f 1 ) 5 , and 
three {n+l)p) of a transition atom into 6*78 good bond orbitals (resembling the 
six orbitals of the central atom in an octahedral complex), 2*44 stable atomic 

orbitals (largely d in character, and responsible for the magnetic moment), and 0*78 
‘unstable’ orbital, with no obvious use. 

In the course of the further investigation of resonating valence bonds in metals 
the nature and significance of this previously puzzling ‘unstable’ orbital have been 
discovered, and it has become possible to formulate a rational theory of metallic 
valence and of the structure of metals and intermetallic compounds. 

The FTTNUAMBlirTAL STRUCTURAL FEATURE OF A METALLIC 
SYSTEM: THE ‘METALLIC ORBITAL’ 

Let US consider lithium as an example. In the usual treatment of this metal a set 
of molecular orbitals is formulated, each of which is a Bloch function built from the 
2 s orbitals of the atoms, or, in the more refined cell treatment, from 2$ orbitals that 
are slightly perturbed to satisfy the boundary conditions for the cells. These molecular 
orbitals correspond to electron energies that constitute a BriUouin zone, and the 
normal state of the metal is that in which half of the orbitals, the more stable ones, 
are occupied by two electrons apiece, with opposed spins. 

A roughly equivalent valence-bond theory would result from allowing the 2^ 
electron of each lithium atom to be involved in the formation of a covalent bond with 
one of the neighbouring atoms. The wave function for the crystal would be 

M 

( 1 ) 

in whicht 

= 2-i^|;(-l)®[{(2JV)I}-*|:(-l)^Pa(l)/?(l)6(2)a(2)...J (2) 

. is the wave function representing one of the M ways of distributing the valence bonds 
among the interatomic positions in the metal such that each atom forms one bond, 
t See Slater ( 1931 ); for the meaning of the symbols see Pauling & Wilson ( 1935 ). 
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If the functions are equivalent and orthogonal % will equal and the energy 

of the normal state can be written as 


W — Resonance j (3) 

in which Pl^ond is the energy of any one of the valence-bond structures 


and 


M M 

Resonance “ S 


(4) 


is the resonance energy, being the resonance integral between two 

valence-bond structures i and 

It is this resonance energy that would be in the main responsible for the difference 
in energy of the crystal and the gas of diatomic molecules Li 2 . But the heat of 
formation of Lig molecules from atoms is only 6 - 6 kcal./g.-atom, whereas that of the 
metal is SOkcal./g.-atom. It seems unlikely, by comparison for example with the 
analogous case of Kekul 6 -like resonance in aromatic molecules, that the great 
difference, 32*4 kcal./g.-atom, could result from the synchronized resonance, of type 
fLi—Li Li Lil 

, requiring two or more bonds to shift simultaneously. A much 


iLi--Li Li LiJ 

greater amount of resonance stabilizationf can be achieved by resonance of the sort 
fLi—Li Li—Li“] 

\ I >, in which one bond resonates independently from one position 

[Li—^Li Li+ Li J 

to another, through the process of electron transfer (Pauling 1948 a). 

' However, this uninhibited resonance, involving the conversion of atoms into ions (or 
the transfer of ionic charges to atoms), requires that the atom receiving a bond have an 
orbital available for its reception. It is the possession of this extra orbital {the metallic 
S'bital), ip^ addition to the orbitals required on the average for occupancy by unshared 


t A simple calculation may serve to illustrate this point. Let the 2N atoms in a lithimn 
crystal containing N bonds (atomic arrangement A 2) be divided into classes A and B, at 000 
and 1/2 1/2 1 / 2 , respectively, in the unit cube. Let each atom be forming one bond. The total 
number of structures representing the eight bond positions for each atom A is 8 -^, But only the 
fraction (7/ 8 )^ of these are, on the average, acceptable to a given atom B (the chance of its 
receiving a bond in any one position and not in others being 8/8 (7/8)’); and hence the number 
of ways of placing bonds between adjacent atoms in the A 2 structure is 

8 ^( 7 / 8 )’^ = ( 778 ®) = 3 - 14 ^. 

The number 3*14 is a measure of the coefficient of the resonance integral for synchronous 
resonance. 

If Li*** and Li“ ions (the latter bicovalent) are also present, their apnoH probabilities in class 
A are 1 and 28, respectively, with geometrical mean 2*7* (the ions must be present in pairs), 
which corresponds to 8 for neutral atoms. A calculation similar to that above, on the assumption 
that there is no energy difference between Li Li and Li+ Li"”, leads to (7’/8®)‘”^ (1 + 7*/2)'^ for the 
number of ways of placing the bonds and hence to the number (7’/8®) (1 + 7*/2) = 3*14 x 2*32 
as the measure of the coefficient of the resonance integral for iminhibited resonance. This result, 
containing the factor 2*32, indicates the importance of uninhibited resonance. 

The relative weights 8 ; 2-7* for Li and Li+ (= Li”) correspond to 43 % neutral atoms and 
28*6 % each of anions and cations. Calculations based on minimizing the energy of the system 
also indicate similar values for the ratio of atoms to anions and cations. The rule of essential 
electrical neutrality (Pauling 1948 &) would require that only the singly-charged ions need be 
considered. 


23-2 
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electron pairs and bonding dectrons, by all or many of the aloms in a condensed phase 
that permits die uninhibited resonance of valence bonds dial gives rise to metallic 
properties. 


HYBEIDIZATIOir OS’ BOND OBBITALS IK THE ALKALI MBTAJCiS 

In tke molecule Lij the bond involves a hybrid atomic orbital as+bp formed from 
the 2 s orbital and one of the much less stable 2 p orbitals. It is shown below that the 
amount ofp character of this bond orbital (equal to 6®, with a®+ 6® — 1) is smaU, 
being about 8%. On the other hand, if each of the atoms in metallic lithium requires 
a bond orbital and a metallic orbital and the two are equivalent they will be 2~*(s +p) 
and 2 -*{s-p), with &Q%p character. The analysis of energy quantities supports 
this conclusion. 

It has been suggested (Pauling 1931; Pauling & Sherman 1937) that the bond¬ 
forming power of an orbital can be taken as proportional to its concentration in the 
bond direction, as measured by the value of its radial factor (normalized to 47r), 
The square of this quantity, the bond strength 8 , is approximately proportional to 
the bond energy. This postulate is equivalent to assuming that the off-diagonal matrix 
element H'gp for s—p hybridization is equal to 8 ^ 8 ^, the diagonal elements being 
H^—k 81 and -/o^, in which SJ and are the corresponding s and p atomic 
energies for the two bond electrons and k 81 and K 8 p are the bond energies. 8 g and 8 p 
have the values 1 and 3 *, respectively, and /c is a proportionality factor. The bond 
energy for formation of the most stable hybrid bond is then given by the lowest root 
(with changed sign) of the secular equation 


— X—W 3 */c 
3*x HI-Sk-W " ’ 


( 6 ) 


in wjhich has been taken as the origin for energy. Solution of this equation gives 




( 6 ) 


The quantities — W (the bond energy JD^ of the Lig molecule) and (twice the 
difference in energy of the states 2 p and 2s ^8 of Li) are known from spectroscopic 
data, and hence their ratio p = — W is known. It is found from equation (6) that 


TTf _ P(P "b I) nrO 


(7) 


The ratio bja is the ratio of matrix elements in one row of the secular equation: 


a _ K+ W 
b 3 *x 


( 8 ) 


The eneigy values and the derived quantities for the diatomic molecules of the 
alkali metals are given in table 1. It is seen that the amount ofp character is cal¬ 
culated to lie between 6 and 14 %. 
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Table 1. Bond enbbgies and hybbddization oe bond okbitals 

IN DIATOMIO MOLBODLES OB ALKALI METALS 


moleoiAe 

II 

1 

HI 

P 


hja 

amount of 
p character 
(%) 

Lia 

26-8t 

86*0t 

0-316 

16-6t 

0*41 

14*0 

ISTao 

17-9 

> 97-0 

0-186 

12*2 

0*27 

6*8 

Ka 

11-8 

74-6 

0*168 

8*4 

0*24 

6*6 

Bba 

11-2 

73-0 

0-163 

8-0 

0*23 

6*0 

Csa 

10-4 

67*1 

0*166 

7-4 

0*24 

6*6 

t The energy quantities in columns 2, 

3 and 6 are in kcal./mole of diatoxuic molecules* 


An independent estimate of the amoTUit oip character of these bonds can be made 
with use of the assumption that a linear extrapolation of the low-lying vibrational 
energy levels (as indicated by the Morse potential function) will lead to the energy 
level of the atomic state involved in the bond. The equation 




(ot 






(9) 


for the linearly extrapolated energy of dissociation leads with use of the spectro¬ 
scopic values for and to the values of Df given in column 4 of table 2. The 
ratio of the difference between this value and the actual energy of dissociation 
into atoms in the normal spectroscopic state and the f-s separation for two atoms 
(jH^, column 3 of table 1) is then the amount of jp character in the bond orbitals. The 
values found in this way lie between 7*2 and 8*6 %, and are thus in approximate 
agreement with those found by the first method. 


Table 2. Hybetdization oe bond obbitals as indicated by lInbab 

EXTRAPOLATION OE VIBBATIONAL ENBBGY LEVELS 

amouat of 
p ohaxaeter 


molecule 

^^6 

(O^X^ 



1 

(%) 

Lia 

361-4 

2*69 

33*6t 

26-3t 

7-3t 

8-6 

Naa 

159*2 

0-726 

24-7 

17-7 

7-0 

7*2 

K* 

92*64 

0*354 

17-1 

11-7 

6-4 

7*3 

Bba 

67*8 

0-14 

17-0 

11-1 

6-9 

8*1 

CSa 

41*99 

0*08 

16*0 

10-4 

6-6 

8*3 


t In kcal./mole. 


It is interesting to see, by comparison of the values in column 2 of table 1 (actual 
bond energy) and column 6 (calculated energy ofpuresbonds)that this small amount 
of p character increases the bond energy by as much as one-half. 

The results of the application of equations (7) and (8) to the metals themselves 
are given in table 3. The assumption is made that the bond-resonance energy 
depends on the bond strength 8 in the same way as the bond energy itself. The bond 
energy W is replaced by the heat of sublimation BJ. It is found that the calculated 
amount of p character is much greater than for the diatomic molecules. The cal¬ 
culated values, lying between 26 and 41 %, are, however, not so large as the 60 % 
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expected for the simple model discussed above. Itf seems likely that, whereas the 
two bond orbitals in the bicovalent anions M- have 60 % p character, the occupied 
bond orbital in the neutral atoms has less than 60 % p character and the metallic 
orbital more. This difference in hybridization would decrease the value of the 
resonance integral but increase the atomic energy, and would result in the usual 
compromise that minimizes the total energy of the systeiji. 


Table 3. Resostanoe energy and hybridization of 

BOND ORBITALS IN ALKALI METALS 


metal 


Pc 

fCc 

Li 

78-Ot 

0*918 

32-OJ 

Na 

61-8 

0-633 

25-3 

K 

39-6 

0-531 

19-5 

Bb 

37-8 

0-518 

18-7 

Cs 

37*6 

0-560 

18-1 



hja 

amount of 
p character 
(%) 

2-05 

0-83 

41 

2*07 

0-61 

27 

2-32 

0-60 

26 

2-34: 

0-59 

26 

2-45 

0-62 

28 


f Heat of sublimation in koal./mole of bonds (2 g.-atoms of metal), 
j Calculated energy of resonating a bonds in kcal./mole. 


The ratio kJk given in column 6 of table 3 is the ratio of the energy of resonating 
8 bonds to static s bonds. The values found, lying between 2-06 and 2-46, indicate 
that the energy of metallic resonance is indeed great, being as large as the bond 
energy (for fixed bonds). The increase by a factor of about 3 in the energy of the 
system accompanjing the condensation of diatomic molecules to the crystalline 
metal can be divided into two factors; one of these, approximately 2, is due to 
resonance energy, and the other, approximately f, is due to change m hybridization, 
which is itself, to be sure, the result of the resonance energy in causing the p-s 
separation to bear a smaller ratio to the (resonating) bond energy. 

The results of a simpler calculation for the alkaline-earth metals are given in 
table 4. The second column (— Pl^) contains the heats of sublimation to atoms in the 
normal state If the atoms are bicovalent, however, their hypothetical bond¬ 
forming state would be the configuration sp, with energy i{3(®P) -I- (^P)} (that is, 
the weighted mean of the triplet and singlet states for the configuration sp), in case 
that the occupied bonding orbitals had 50 % p character (the metallic orbital being 
a pure p orbital), or would be a state with somewhat higher energy, in case that the 
metallic orbital had some s character, as in the alkah metals. If it is assumed, by 
analogy with the alkali metals, that the p character of the occupied bond orbitals 
lies midway between the values 60 and 66| %, corresponding respectively to 
a pure p metallic orbital and a metallic orbital equivalent to the occupied bond 
orbitals, the bond-forming state has energy 7/6H®, and the bond energy relative to 
this state becomes TIOHp — W^. Values of this quantity are given in the fourth 
column of the table. 

It is interesting that the bond energy relative to the bond-forming state of the 
atoms shows the same monotonic trend for the alkaline-earth metals as for the alkali 
metals. The irregularity in the heats of sublimation at magnesium is due to the high 
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energy of the bond-forming state of the atom, and not to any extraordinary property 
of the bonds themselves. The much larger bond energies of the alkaline-eaxth metals 
(by a factor of 2 for Be/Li and about 3 for the other pairs) is due maioly to a difference 
in character of the hybrid bond orbitals. If the alkaline-earth bond energies are 
divided by 3-88, the value of 8^ for sp bond orbitals with 41-7 % s character, as 
assumed above, there are obtained the values for the energy of resonating s bonds 
given in column 6 of table 4. The next column contains values of the ratio of this 
quantity k'^ to the corresponding quantity for the alkali metals. These values are 
reasonable, in comparison with the ratio of single-bond radii—1-38 for Be/Li, but 
somewhat smaller for the other pairs. 


Table 4. Enbegibs ob RBSONATiNa bonds in alkaline-eaeth metals 



-w. 

Hi 


< 


Be 

75t 

79-4$ 

168t 

43J 

1-34 

Mg 

36-3 

83-6 

133-7 

34-5 

1-36 

Ca 

47-8 

58-0 

116-5 

30-0 

1-64 

Sr 

47 

56-2 

111 

28-6 

1-63 

Ba 

49 

48-1 

106 

27-3 

1-61 


t The heat of sublimation in kcal./mole. f In kcal./mole. 


Metallic ebsonanob and metallic valency 

The straightforward way in which metallic valency can now be discussed may be 
illustrated by the example tin, which is more versatile in its behaviour than its 
congeners germanium and lead). 

Tin has fourteen electrons outside of its krypton-hke core. These may occupy the 
nine orbitals in the following three most stable ways (atomic electrons are indicated 
by spin vectors, bonding electrons by dots, the metalhc orbitals by open circles): 

4d 5a 5p 

SnA V = 4s tl ti tl tl • • • • 

SnB 2 % ti tl tl • • O 

snc 0 t; t; ti % t; O O 

SnA has the maximum possible valency, 4. Because of their greater stability, 
it is essentially the d orbitals that are occupied by the five unshared electron pairs. 
The four bonding electrons occupy the four remaining orbitals, which may con¬ 
veniently be considered to be hybridized to tetrahedral bond orbitals. There is 
no extra orbital to serve as the metallic orbital, and so this quadrivalent tin would 
not, alone, form a metallic phase. Instead (Pauling 1947 ) it forms the essentially non- 
metallic variety of tin, grey tin, which has the diamond arrangement, each atom 
being surrounded tetrahedrally by four neighbours, to which it is attached by 
non-resonating single bonds. 

The metalhc form of tin, white tin, consists largely of the bivalent atoms SnB, 
which have a metalhc orbital. In white tin each atom has co-ordination number 6 , 
and the bonds resonate among the alternative positions. It is the energy of this 
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resonance which in the main compensates for the difference in bond energy between 
four bonds and two; some stabilization of bivalent tin also results from the fact that 
in it two electrons occupy essentially the 5s orbital, which has lower energy than 
the 'orbitals. 

White tin, to which the valency 2-44 has been assigned (Pauhng 1938 ), does not 
contain bivalent SnB alone, but also some SnA. It seems likely that these two kinds 
of tin atoms occur in the ratio 3: 1 , leading to the average valency 2 - 6 , a value in 
essential agreement with that suggested before. 

Thus in general the non-integral metallic valencies shown by the transition ele¬ 
ments are to be interpreted as averages, corresponding to resonance of each atom 
among two or more electronic structures with integral valencies. The relative weights 
of the different structures would be for a given metallic phase such as to minim ize 
the energy of the system. A simple treatment involving consideration of the energy 
quantities involved, and especially of the resonance energy as affected by the ratio 
of metallio orbitals to atoms, permits the conclusion to be drawn that a 3 :1 ratio 
of a lower-valent form with a metallic orbital and the higher-valent form without 
this orbital is reasonable; but deviations from this ratio are to be expected, and tin 
in its various alloys might show any valencies from 2 to 4. The zero-valent form 
Sn 0 has no virtues, and presumably does not make a contribution in any alloy of 
tin, but the analogous forms of certain other metals, with valency 4 less than the 
maximum, are important. 

Similar valence structures A, B, etc., may be written for gallium, zinc, and copper 
and their congeners: 


3(2 4 k 9 4 p 


GaA 

5 

ti 

ti 

ti 

ti 

• 

• 

• 

• 

• 

GaB 

3 

n 

% 

ti 

ti 

ti 


• 

• 

0 

GaC 

1 

ti 

ti 

ti 

ti 

ti 

ti 

• 

0 

0 

ZnA 

?; = 6 

n 

n 

ti 

• 

• 

• 

• 

• 

• 

ZnB 

4 

ti 

ti 

ti 

ti 

• 

• 

• 

# 

0 

ZnC 

2 

ti- 

n 

ti 

ti 

ti 

• 

• 

0 

0 

ZnB 

0 

ti 

ft 

ti 

ti 

ti 

ti 

0 

0 

0 

CuA 

II 

n 

ti 
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• 

• 

• 

• 

• 

• 

OuB 

5 

ti 

ti 

ti 

• 

• 

• 

• 

• 

0 

CuC 

3 

ti 

ti 

ti 

ti 

• 

• 

• 

0 

0 

CuD 

1 

t; 

ti 

ti 

ti 

ti 

• 

0 

0 

0 


These tend to be combined to produce effective metallic valencies of 3*6 for gallium, 
4*5 for zinc, and 5*6 for copper (and their congeners), but other valencies are also 
shown by these versatile metals. 

Pivoting valence-bond resonance 

In ordinary (jovalent molecules and crystals the co-ordination number of an atom 
is equal to its covalency, because the resonance tenergy of synchronized resonance is 
not great enough to overcome the additional repulsive energy between non-bonded 
atoms. However, in an electron-deficient substance, .with extra orbitals peimitting 
u n i nhib ited resonance, the resonance energy often becomes great enough to stabilize 
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a structure with increased ligancy (co-ordination number)—^the ligancy then usually 
increasing to a value greater than the number of orbitals.f 

It is of interest to note that in order for a given atom to increase its ligancy beyond 
its covalency it is notnecessary that this atom have an extra orbital: it is instead sufficient 
for, the atoms that surround it to have extra orbitals. The valence bonds of the central 
atom may then resonate among their alternative positions by pivoting about the 
central atom. 

It is this sort of pivoting resonance that permits the 25 % contribution of Sn A 
to white tin, in which each atom has ligancy 6. Other examples are AuSn (Pauling 
1947), in which each tin atom is surrounded by a trigonal prism of gold atoms, and 
Mg 2 Sn, with the fluorite structure (Pauling 1923), in which each tin atom is sur¬ 
rounded by a cube of magnesium atoms. The interatomic distances show that in 
each case the tin is quadrivalent, and its four bonds are permitted to resonate among 
the six or eight positions by use of the metallic orbitals of the gold or magnesium 
atoms. Resonance of this sort also characterizes many carbides, such as cementite, 
in which each carbon atom is surrounded by six iron atoms. 

The stable atomic orbitals 

We now interpret the ferromagnetic saturation moments as indicating that as 
many as seven hybrid orbitals have such a nature (concentration in bond directions, 
permitting large overlapping with orbitals of adjacent atoms) as to make them useful 
as bond orbitals (including the metallic orbital), and that the remaining two orbitals, 
essentially d in character, are available for occupancy by unshared electrons. 
These orbitals are of suchanature as to leadtopositiverather thannegative exchange 
integrals (small in magnitude, however), thus causing the parallel orientation of 
spins of adjacent atoms that leads to ferromagnetism. 

Often, however, one or more additional d orbitals are used as atomic orbitals. This 
occurs as the result of the stabilizing influence of certain configurations of the atomic 
electrons and of certain molecular or crystal structures requiring only a smaller 
valency (smaller number of bond orbitals than seven). Thus chromium, with six 
outer electrons, might have any valency from 6 to 1, the non-valence electrons 
occupying the atomic orbitals. By Hund’s rule of maximum multiplicity for a 
partially filled subgroup these 6 —v atomic electrons would remain unpaired, and 
would require one 3d! orbital apiece. If conditions were such as to favour a large 
valency the element would have its maximum valency 6. If they were to favour a 
small valency we might at first expect two electrons to occupy the two stable atomic 
orbitals, leading to ^ = 4. However, if three d orbitals cpmbine with sp^ to produce 
seven most satisfactory bond orbitals, only 2-14d! orbitals would be required to 
produce five bond orbitals (for v =? 4 and the metaUic orbital) with the same hybrid 
character, or 1-71 to produce four. Hence by the change to a lower valency another 
d orbital is released for use as a stable atomic orbital, and a third electron might weU 
occupy it. Indeed, the energy stabilizing the atomic state of maxunum multiplicity 
is three times as great for the quartet configuration d^ as for the triplet configuration 

t V. Schomaker, private ooirnnunication; also Conference on the Chemical Bond, Paris, 
16 April 1948. 
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and hence there is good reason to expect the lower-valent state of chromium to 
have three atomic electrons and valency 3. Both sexivalent and tervalent chromium 
exist, as forms of the elementary metal, with the structures A 2 and A3, respec¬ 
tively. In addition to the evidence of the interatomic distances (Pauling 1947 )? the 
value 3 for the valency of the low-valent state is supported by the value 3 magnetons 
found for the magnetic moment of chromium alloyed with goldf (so far as I know, 
the saturation moment of A3 chromium has not been reported). 

Manganese by a similar argument would be expected to have the metallic valencies 
6 and 4 , as observed (Pauling 1947 ). The corresponding valencies 6 and 6 for iron do 
not occur as distinct modifications of the elementary substance, but instead both 
contribute, in ratio 78:22, to the average valency 6*78 shown for a-iron by the ferro¬ 
magnetic saturation moment 2 * 22 . It may be pointed out that the quinquevalent 
state of iron is not expected to be so stable as the lower-valent states of chromium 
and manganese because the decrease in valence by 1 would liberate only 0*43 of a 
d orbital, and the introduction of an additional atomic electron would hence weaken 
the bond orbitals by decreasing their d character. $ 

Cobalt in its normal metallic form involves resonance between the two following 
sexivalent structures, in the ratio 36:66, as indicated by the saturation moment 
1*71 magnetons: 

Zd 4a 4p 

CoAv=6 T'tt** • ••• 

CoB 6 • **0 

The contribution of Co A is presumably limited to 36 % by the destabilizing effects 
of absence of a metallic orbital and decreased d character of the bond orbitals, which 
oppose the stabilizing effect of the quartet atomic state. In the same way nickel 
involves resonance between the two following structures, in the ratio 30:70 (satura- 


tion moment 0*61): 

Zd 4e8 

4p 


[NTiA ^; = 6 

t t • • • 

• • 

• 

MB 6 

tl' • • • • 

• • 

0 

The decrease in the 

contribution of A from 35 % (for cobalt) to 30 % is 

presumably 


due in the main to the smaller amount of resonance stabilization for the triplet state 
than for the quartet state. 

We have thus concluded from the foregoing arguments that the high-valent states 
of metallic chromium, manganese, cobalt, and nickel are all sexivalent states, with 
only iron having the slightly lower valency 6*78, in contradiction to the assumption 
previously made (Pauhng 1938 ), in ignorance of a sound theory of the nature of 
metals, that the valency 6*78 applies to all the transition elements. The ferro¬ 
magnetic data indicate that in alloys of iron and cobalt the average valency remains 
about 6*78 from 0 to 25 % cobalt (the moment increasing linearly from 2*22 to 2*48), 
and then increases to 6 at about 60 % Co (the moment remaining roughly constant 
t Personal connnuoication from Professor P. N6el. 

J The quinquevalent state with a pure p metallic orbital would have somewhat more d 
character in the bond orbitals. 



353 


A resonating-valence-bond theory 

at 2*48), and thereafter remains 6 (the moment decreasing rapidly). The detailed 
discussion of the electronic structure of these alloys in terms of Fe A, FeB, Co A 
and Co B is complicated, and requires consideration also of the ions Fe"^ A, Fe” A, etc. 

The stability of struottjbbs in relation to bond number 

The factors that determine the choice of one from among alternative crystal 
structures of a metal or intermetallic compound have not been well understood. 
In the resonating-valence-bond theory of metals a very important energy quantity 
contributing to the stability of the systems is the energy of resonance of bonds among 
interatomic positions. It is clear that some modes of resonance would make larger 
contributions to the energy than others, and that in particular a simple ratio of 
number of bonds to number of positions would be exceptional. The simplest ratios, 
in order, are J, f, J, J, etc. We are thus led to the principle that a special stability 
is associated with bond numbers f, J, f, etc.f 

For example, tin, with v = 2-5, crystallizes with a unique atomic arrangement, 
in which each atom has six ligates, four at 3*016 A and two at 3* 175 A. These distances 
have been used (1947) in assigning the bond numbers 0-48 and 0-26 to these bonds. 
It is clear that these bond numbers can be taken as \ and J, and that the choice of 
the structure and the value of its axial ratio (which determines the relative lengths 
of the two kinds of bonds) are the result of the effort of the tin atom to use its valency 
2-5 in the formation of stable bonds with simple fractional bond numbers. 

Zinc and cadmium have the A 3 structure, but with abnormally large axial ratio 
(1*866 for zinc) instead of the value 1*633 corresponding to close packing. From the 
distances 2*660 A (for six bonds) and 2*907 A (for the other six) the bond numbers 
0*54 and 0*21 have been deduced. If the axial ratio were normal each of the twelve 
bonds formed by a zinc atom with t; == 4* 6 would have bond number f. The assumption 
of the distorted structure permits a split into two classes with the more stable bond 
numbers J and J (or, probably, J, with the average valency of zinc equal to 4). 

A similar explanation can be given of the occurrence of other unusual structures, 
shown by mercury, gallium, indium, ^-tungsten, yff-uranium, ot-manganese, and 
/?-manganese. There is, of course, a close relation between the principle of the 
stability of simple fractional bond numbers and the filling of the BriUouin polyhedra 
corresponding to strong perturbations of the wave functions for the resonating 
valence bonds, discussed below. 

Because of the occasional occurrence of a difference in hybridization of the bond 
orbitals involved in bonds of different classes, leading to a difference in single-bond 
radius, the determination of the bond numbers from experimental values of the 
bond lengths involves some uncertainty* 

A NEW SYSTEM OF METALLIC RADII 

The interpretation of experimental values of interatomic distances for metals in 
terms of bond numbers, with use of the equation 

- 0*300 logio n, (9a) 

t The importance of half bonds (with n — \) has been emphasized by Bundle (1947)* 



364 


L. Pauling 

has permitted considerable progress to be made, but has been hampered by uncer¬ 
tainty as to whether or not a significant change in the single-bond metallic radius of 
an element accompanies a change in its valence. The system described here is designed 
to eliminate this difi&culty by permitting the prediction of the metallic radius for 
any element in any valence state. 

This system is based on the observations (Pauling 1947 ) that a linear relation 
between single-bond radius and atomic number holds for bonds of constant hybrid 
character, and that for an element the single-bond radius is (at least approximately) 
linearly dependent on the d character of the dsp hybrid bond orbitals. 

The values of the single-bond radius for sp® bonds, for the iron-transition 

elements are given by the equation 

iJi(sp3) = 1-825 - 0-0432, (10a) 

in which 2 = 2 i —18 is the number of outer electrons in the neutral atom (outside of 
the argon shell). This equation represents the straight hne in figure 3 of Pauling 

( 1947 )- 

The value 1-166 A for iron with valence 5-78 is an average for 78 % of sexivalent 
iron, with seven d^sp^ orbitals, and 22 % of quinquevalent iron, with orbitals 
(in. each case includirg one metallic orbital); this value hence corresponds to 39-7 % d 
character, and with the assumed linear relation leads to 1-138 A for d®ap® orbitals 
(42-9 % d character). Similarly the value 1-162 A for sexivalent cobalt with 39-6 % 
d character (average of 66 % d®sp® and 36 % d® 5 p®, calculated from the magnetic 
moment) leads to 1*138 A for the i®^® radius, and the value 1-137 A is found for 
nickel from the sexivalent single-bond radius 1-164 A for 40-0 % d character (70 % 
(i!® 5 p® and 30 % dhp^). 

The essential equality of these three values suggestsf that 1-138 A may be taken 
as for d®^® orbitals for all the elements of the first long period: 

i2i(d®«p®) = 1-138. (106) 

Equations ( 10 a) and (106) and the assumed linear relation between and the 
amount of d character (S) lead to the equation 

iJi(5,2) = l-826-0-0432-(l-600-0-1002)d. (10c) 

The radii for pure p bonds are about 0-030 A larger than for bonds; 

JSi(p) = Ei(sp3) -h 0-030. (lOd) 

t The treatment adopted here must be considered as an approximation, inasmuch as it 
involves neglect of factors that without doubt have some effect on the interatomic distances. 
Among these factors is the difference in the ability of single unshared electrons and electron 
pairs to compete with bonding electrons for the stable orbitals. It is not unlikely that the radius 
1-166 for iron corresponds to an amount of d character larger than the assumed 39-7 %, because 
of the promotion of the atomic electrons to orbitals with less than 100 % d character. Moreover, 
it is likely, from the results of the analysis of the energy quantities for the alkali metals, that the 
metalho orbital has less d character than the bond orbitals, instead of the same amount as 
assumed. The contribution of the ionic aspects of the atoms, wdth one bond more or less than 
normal, has also not been considered explicitly. Incorporation of these effects in the treatment 
of interatomic distances would make the system much more complicated, without greatly 
ch a ngin g the conclusions derived from its application. 
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Application of equation (10c) to the observed single-bond radii of scandium, 
titanium aod vanadium 1'324,1*224 A) leads to 20,27 and 36 % of d character, 

respectively (table 6). The gradual increase presumably results from the inrirftn.aiTi g 
stability of the 3d orbitals relative to 4s and 4^. 

Table 6. Shtgle-bond badh and amotont of d chabactee 

FOB TBANSmON ELEMENTS 


Sc 

Ti 

V 

Cr 

Mn 

Fe 

Co 

Ni 

1-439 (3) 
20 

1-324 (4) 
27 

1-224 (5) 
36 

1-176 (6,3) 
39 

1-171 (6,4) 
40-1 

1-165 (5-78) 
39-7 

1-162 (6) 
39-5 

1-154 (6) 
40-0 

Y 

Zr 

Cb 

Mo 

To 

Ru 

Rb 

Pd 

1-616 (3) 
19 

1-464 (4) 
31 

1-342 (6) 
39 

1-296 (6) 

43 

1-271 (6) 

46 

1-246 (6) 

60 

1-252 (6) 
60 

1-283 (6) 
46 

Lti 

Hf 

Ta 

W 

Re 

Os 

Ir 

Pt 

1-657 (3) 
19 

1-442 (4) 
29 

1-343 (6) 
39 

1-304 (6) 

43 

1-283 (6) 

46 

1-260 (6) 

49 

1-266 (6) 
49 

1-296 (6) 
44 


The observed single-bond radius for both sexivalent and tervalent chromium is 
1*177 A, -which corresponds -to 39*0 % d character. This might result for sexivalent 
chromium firom a large (42 %) contribution of the set of orbitals (without a 
metallic orbital), or for a disproportion in the d®Bjp® set, with the metallic orbital 
having more than the average amount of d character. In tervalent chromium three 
of the orbitals (presumably largely d) are occupied by the three atomic electrons, 
and the d®sp® set remaining for the three bonds and the metallic orbital may produce 
the hybrid character that is most stable. 

For manganese the quadrivalent single-bond radius 1*163 A corresponds to 
40*1 % d character. The sexivalent single-bond radius is the same, to within the 
accuracy (about 0*010 A) of its determination from the interatomic distances in the 
crystals (/?-manganese and a-manganese) in which sexivalent and quadrivalent 
manganese occur together. 

The metals of the first ascendmg branch 

If the assumption is made that the bond orbitals and one metallic orbital (except 
for the state -with maximum valence, which has no metallio orbital) have the same 
hybrid character, values of the radii for the various pure valence states of the metals 
of the first ascending branch, from copper to germanium, can be calculated by use 
of equations (10c) and (lOd). These values are given in table 6. There are also given 
the values interpolated for resonance between the state of maximum valency (-with 
no metallic orbital) and the next state (-with valency two less, and with a metallic 
orbital) m the ratio 25:76, the number of orbitals being included iu the calculation 
as a weight factor. 

For copper the predicted value of for the hybrid state -with valency 6*6 is 
1 * 172 A. This is in nearly exact agreement -with the observed value, i?( 0 Ni 2 ) = 1*276 A, 
which corresponds to = 1*174 for v = 6*60, and hence supports this value for the 
valency of copper in the elementary metal. 
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Zinc in the elementary metal has six ligates at 2-660 A and six at 2-907 A. If the 
strong bonds are assumed to have bond number n = \, the value of is 1-240 A. 
This is close to the value 1-229 A predicted for Zn B, with v = 4. If this quadrivalent 
zinc alone is represented, the weak bonds have n = \, and the value of calculated 
with the correction — 0.-300 log | = 0-234 is 1-220 A, agaiu in good agreement with 
the predicted value. On the other hand, if there were 25 % contribution of ZnA, 
m aking » = J for the long bonds, the value of would be 1-273 A, which is much 
larger than the predicted radius for v = 4-6, 1-214A. We hence conclude that 
elementary zinc is pure quadrivalent ZnB, and that the six strong and six weak 
bonds have bond numbers J and respectively. The strong bonds formed by each 
atom involve resonance of three valencies among six positions, and the weak bonds 
involve resonance of one valency among six positions. 

Table 6. Met alli c eadh of elements op the ascending beanohbs. 



Cu 

Zn 

Ga 

Ge 

A 

1-138 (7) 

1-176 (6) 

1-206 (6) 

1-223 (4) 

B 

1-185 (6) 

1-229 (4) 

1-266 (3) 

1*253 (2) 

C 

1-227 (3) 

1-309 (2) 

1-296 (1) 


D 

1-352 (1) 

M72 (5J) 

1-214 (4i) 

1-248 (3i) 

1-244 (2i) 


Ag 

Cd 

In 

Sn 

A 

1-303 (7) 

1-343 (6) 

1-377 (5) 

1-399 (4) 

B 

1-353 (5) 

1-400 (4) 

1-442 (3) 

1-434 (2) 

C 

1-396 (3) 

1-485 (2) 

1-477 (1) 


D 

1-528 (1) 

1*340 (5i) 

1*384 m) 

1-423 (3i) 
1-456 (2i) 

1*423 (2i) 


Au 

Hg 

T1 

Pb 

A 

1-303 (7) 

1-345 (6) 

1-387 (5) 

1-430 (4) 

B 

1-351 (5) 

1-403 (4) 

1-460 (3) 

1-540 (2) 

C 

1-393 (3) 

1-490 (2) 

1-540 (1) 


D 

1-520 (1) 




1-338 (5i) 

1*388 (4i) 

1-419 (4) 

1-506 (2J) 



1*418 (3i) 

1-439 (3i) 
1-477 (2i) 
1-497 (2) 



In the complex structure of gallium each atom has seven neighbours, at four 
different distances, 2-437(1), 2-706(2), 2-736(2) and 2-796 A (2). These were pre¬ 
viously interpreted, with the assumed valency 3-44, as corresponding to bond 
numbers 1-21, 0-43, 0-38 and 0-31, respectively, leading to the single-bond radius 
1-246A, and the value 1-261A would have been obtained if the valency had been 
taken as 3-50. The close agreement of this value with the predicted value 1-248 for 
valency 3-60 (table 6 ) thus supports this valency for elementary gallium. 

If it is assumed that the valency 3-J- is divided among one single bond, four |-bonds, 
and two J-bonds the corresponding values of are 1-219,1-263,1-278 and 1-217 A. 
The first and last values correspond to orbitals with 16 % d character, and the others 
to orbitals. This suggests that the 0-26 d orbital provided by the 26 % contribution 
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of Ga A is divided among the 1 ^ orbitals of the single bond and two J-bonds, giving 
16-7 % d character to them. 

The observed interatomic distance 2-446 A for germanium, with the diamond 
structure, was used as a fixed point in formulating equation (9a), the valency 4 being 
assumed. Germanium seems to be quadrivalent in all of its intermetallic com¬ 
pounds. A representative one is MgjGe, with the MgaSn (fluorite) structure. The 
germanium atom is surrounded by eight magnesium atoms, and its four valences 
undergo pivoting resonance among the eight positions, leading to half bonds. 


The radii of the heavier transition metals 
For the palladium-transition metals we write the equations 

J?j^(sjj3) _ 2-001 — 0-043z, (11a) 

B^idhp^) = 1-303, (11b) 

J?i(^,a) = 2-001-0-043Z-(1-627-O-lOOz)^, (11c) 

IkiP) = ^i(sp®)-l-0-035. (lid) 

The corresponding equations for the platmum-transition metals are 

JJi(sp8) = 1-860-0-030Z, (12a) 

Ri ( dhp ^) = 1-303, (126) 

= l-860-0-030z-(l-276-0-070z)5, (12c) 

Blip) = i?i(5p®)-t-0-110. (12d) 


Equations (Ha) and ( 12 a) are based upon the values 1-399 and 1-430 for i^(^®) 
for tin and lead, respectively, with slopes as indicated by the tetrahedral radii for 
the heavier elements. The value 1-430 for quadrivalent lead was obtained by adding 
to the radius for quadrivalent tin the difference 0-031A between the Mg-Pb distance 
in MgjPb and the Mg-Sn distance in MgjSn. The simple form of equations (116) 
and (126) was assumed in analogy with (106), and the equal values of the constant 
were obtained from the observed distances for silver and gold, both assumed to 
have valence 6 J. 

Revised valuesf of the single-bond radii for the elements molybdenum to pal¬ 
ladium and tungsten to platinum are given in table 6 . These differ from those pre¬ 
viously published (Pauling 1947 ) in that the valency is assumed^ to be 6 instead of 
6-78. The course of the radii for these sequences differs from that in the sequence 
chromium to nickel in that the contraction shown in the preceding sequences con¬ 
tinues, a minimum being reached at ruthenium and osmium. It is likely that this 
further contraction beyond molybdenum and tungsten is due to the appropriation 
of an amount of d character greater than 42-9 % (for d^sp^ orbitals) by the bond 

t The value for teohnetium is from Mooney ( 1948 ): 

To-To = 2-706(6), 2-738(6); i?i(0]Sri2) = 1-361 A. 

t Possibly slightly different valencies should be assumed, especially for mthenium and 
osmium, and a small change may be required when reliable magnetic data become available. 
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orbitals, probably at tbe expense of both the atomic orbitals (occupied by unpaired 
electrons) and the metallic orbital. The effect decreases at palladium and platinum., 
■with atomic orbitals maioly occupied by pairs of electrons, -which tend to cause them 
to retain 100 % d character. It is seen from table 6 that the amounts of d character 
calculated by application of equations ( 11 c) and ( 12 c) show a reasonable trend, and 
are almost exactly the same for the two series of elements. The d character is equal 
to that for bonds at molybdenum and tungsten, and reaches its maxiinum of 
50 % at ruthenium, rhodium, osmium, and iridium. 

The metals of the silver and gold ascending branches 
Values of the smgle-bond radii for the metals of the series silver to tin and gold to 
lead are also given in table 6 , as calculated by equations (10c) and (He) for the pure 
valence states A, B, C and D and for certain intermediate valencies, corresponding 
to resonance amiong these states. 

The values for silve/r and gold -with ® = 5| agree closely with the experimental 
values, 1-340 and 1-337 A, respectively, upon which the equations were in part 
based. 

Bor cadmiv/m the observed intwatomic distances 2-973 ( 6 ) and 3-287 A ( 6 ) indicate 
bond numbers J and respectively, as for zinc, and lead to the values 1-397 and 
1-410 A for in good agreement -with the value 1-400 A given in the table for ® = 4, 
Bond number J for the longer bonds would lead to — 1-463, in disagreement -with 
the value l-384for® = 4^. Hencewe conclude that in the elementary metal cadmium, 
like zinc, is quadrivalent. 

Meraary, with interatomic distances 2-999(6) and 3-463(6), appears to have 
valency 3^. With bond numbers i and respectively, these distances lead -to 
= l-410and 1-498, the latter being much too large for w = 4(JSi = 1-403), whereas 
bond numbers ^ and ^ lead to = 1-410 and 1-408, in approximate agreement 
with the value 1-418 for v = 3^. The decrease in valency from cadmium to mercury 
conforms -to a general trend toward smaller metaUic valencies -with increasing 
atomic number in a group of elements. 

In indium each atom has four ligates at 3-242 and eight at 3-370 A. The first of 
these distances leads with n = \\x) 1-440, a reasonable value in comparison 

with — 1-442 for v = 3 (table 6 ). However, the eight longer bonds must have 
n< J, so that the valency is less than 3. With n = ^ for these bonds their value of 
is 1-446, the weighted average of this value and that for the shorter bonds, 1-466, 
agreeing exactly with the value for«? = 2 ^ in table 6 ; the valency of indium in the 
elementary metal is hence indicated to be 2 ^. 

In grey tin the distances 3-016 (4) and 3-176 ( 2 ) lead with n = \ and J to 22i = 1-418 
and 1-407, respectively, in approximate agreement with the interpolated value 
1-423 for V = 2 J. The distances 2-980 ( 2 ) and 3-198 ( 6 ) for y-tin (containing a small 
amount of mercury), with » = ^ and J, similarly give = 1-400 and 1-418. 

ThaMum, ■with B(CN12) = 1-712A, seems to be approximately bivalent. With 
n = ^ the value 1 -478 is found for B^, slightly smaller than that in table 6 for v = 2, 
1-497. The value .R(CN12) = 1-746A for lead gives Bi = 1-512 for v = 2, and 
Bi = 1-642 for v =? 2J; comparison with the values in 'table 6 suggests that the 
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valency lies between these limits. The conclusions for thallium and lead are un¬ 
certain because of uncertainty in the radii for pure p bonds. The value of the constant 
in equation (lid) is indicated not only by the single-bond radius for bismuth but 
also by the distances in the diatomic hydrides (M-H distance minus 0*300 = 1*670 
for HE, 1*639 for PbH, 1*609 for BiH; table III of Pauling 1947 ). By decreasing 
these radii by 0*03 A exact agreement would be obtained for both thallium and lead 
with valency 2 . 

Intekatomio distances in intbrmetallio oompottnds 

The discussion of interatomic distances is less simple for intermetaUic compounds 
than for pure metals; among the complicating factors are the partial ionic character 
of bonds, the transfer of electrons, with consequent changes in valency, and the 
preferential use of the valencies of an atom in the formation of strong bonds rather 
than weaker ones. These factors, which of course participate in minimizing the 
energy of the system, usually operate to decrease the interatomic distances. Their 
effects may be illustrated by some examples. 

In a discussion of cementite, PcsC, it was pointed out (Pauling 1947 ) that the 
observed interatomic distances, Fe-C = 2*0lA and Fe-Pe = 2*62A (average), 
differ ffom those predicted from the valencies and radii of iron and carbon, 
Fe-C = 2*04 A and Fe-Fe = 2*69 A, by +0*03 A, and that the lack of agreement 
might indicate that the structure is imder some strain, compressing the Fe-C bonds 
and stretching the Fe-Fe bonds. An alternative and in some ways preferable ex¬ 
planation is that, in order to form as strong bonds as possible with the carbon atoms, 
the two corresponding orbitals of the iron atoms imdergo a change in hybridization 
with increase in the amount of d character and decrease of the iron radius by 0*03 A, 
and that a compensating decrease in the amount of d character (by one-half as much) 
occurs in the four orbitals involved in forming Fe-Fe bonds, accompanied by an 
increase in radius by 0*016 A. The same explanation has been advanced (Pauling 
& Soldate 1948 ) for the observed shortening of the Fe-Si distances in the cubic crystal 
FeSi; and in addition it has been suggested that in this crystal the valency of silicon 
is used entirely in forming bonds with iron, the Si-Si separation of 2*76 A, which 
indicates bond number 0*20, being assumed rather to be a non-bonded contact 
required by the geometry of the atomic arrangement. 

The substance FeB, which may serve as another example, forms orthorhombic 
crystals (Bjurstrom 1933 ) in which each boron atom has two boron ligates at 1*77 A 
and six iron ligates at 2*16 + 0*03 A. These distances correspond to half bonds, for 
which the calculated distances are 1*78 and 2*16 A, respectively, and the coyalency 
of boron is hence indicated to be 4. We might thus be led to assume that, in order 
to allow the formation of the maximum number of strong bonds (involving boron) 
permitted by the number of bonding orbitals of the boron atom, an electron is 
transferred from iron to boron. An alternative explanation is that the B-Fe bonds 
have bond number J, the iron radius being decreased by 0 * 11 A by an increase in d 
character of the two iron orbitals involved in these bonds, and the boron atom 
remaining tervalent. Such a large decrease in the iron radius seems unlikely, how- 
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ever, and it is instead probable that both effects operate, there being a smaller change 
in hybridization and also some electron transfer in this crystal. 

Eiach iron atom in FeB has six boron ligates, six iron ligates at 2-64 A, and four 
iron ligates at 2-94 A, corresponding to valency about 5-5. 

The interpretation of simple structures of intermetalMc compounds is made 
difficult by the metrical relations between non-equivalent interatomic distances 
that prevent them from independently assuming the values corresponding to their 
bond type. The B 32 structure, shown by LiGa and several other compounds of 
elements of groups I and III b of the periodic table, consists of two interpenetrating 
diamond arrangements: each atom is surrounded by four atoms of the same kind 
and four of the other kind, at the tetrahedral corners of a cube, and there is thus only 
one bond distance (2*68 A in LiGa) for three kinds of bonds (Li-Li, Li-Ga and Ga-Ga), 
which hence are expected to be strained. Nevertheless the bond number calculated 
from this distance for the strongest bonds (Ga-Ga) should be approximately correct. 

Several investigators have suggested that in the B 32 substances the alkali metal 
loses its valence, electron to the 1116 metalloid, which then acts as a fourth-group 
element, and forms four single bonds with its four sunilar neighbours. However, this 
structxue would lead to interatomic distances much smaller than those observed— 
to 2-63 A for LiGa, for example, instead of 2 * 68 A. The corresponding Ga-Ga bond 
number, 0-57, calculated by equation (9), suggests instead that the bonds are half 
bonds, or perhaps |-bonds. Presumably the lithium atom uses its valence electron 
in forming bonds with gaUimn atoms (four Li-Ga J-bonds), the Li-Li contacts being 
essentially non-bonded. The valency of gallium is 3 (for Ga-Ga half bonds) or 3| 
(for |-bonds). 

The compound PtTl (Zintl & Harder 1935 ) illustrates the phenomenon of the 
increase in valency of an element (thalMum) in response to a change in its environ¬ 
ment. This substance forms hexagonal crystals, the unit containing 3 Pt, 1 Til, 
and 2 T 1 II, with ligation as follows: Pt, 4 Pt at 2 - 803 A, 2 T 11 at 2-803 A, and 4 T1II 
at 2-83 A; TII, 6 Pt at 2-803A; Till, 6 Ptat 2-83 A. The Pt-Pt distance corresponds 
ton = 0-44, calculated by equation (9) with jRj = 1'296. Presumably platinum has 
its normal valency 6 , which is used in forming Pt-Tl bonds except for the amount 
used in the Pt-Pt bonds. The bond number n = 0-44 would lead to 4-24 as the average 
valendy of thalKum in this compound; it is likely, however, that the Pt-Pt bonds 
are half bonds, and that the valency of thallium is 4—^twice that for the elementary 
substance. The predicted value of for quadrivalent thallium is 1'419 A, and the 
calculated bond numbers for Pt-Tl I and Pt-Tl 11 are 0-71 and 0-64, respectively. 
The small differences between these values and the value corresponding to the 
assumed valencies and between 0-44 and for the Pt-Pt bonds may be attributed 
to a change in hybridization of the orbitals of platinum, in response partially to the 
requirement of the structure that the Pt-Pt and Pt-Tl I distances be equal and 
partially to the effort to use better bond orbitals (with more d character) for the 
stronger Pt-Pt bonds than for the weaker Pt-Tl bonds. 

There are many interesting problems involving solid solutions that might be dis¬ 
cussed by use of the new system of radii. Of these I select one pointed out to me by 
Mir E. 0. EHwood, of Bong’s College, Newcastle-upon-Tyne. The sohd solution of 
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zinc in aluminium, with the A1 structure, extends from 0 to 66 atomic % zinc. On 
cooling below 365° C the phase containing approximately 40 at. % zinc separates 
into two phases, both of which are solid solutions with the A1 structure; at 275° C 
one phase (a) contains only 17 at, % zinc, and the other (a') contains 59 at. % zinc. 
The values of the lattice constants indicate that the effective radius of zinc is smaller 
in the cc' phase than in the a phase. 

An explanation that may be suggested of these facts is that solid solutions of a 
quadrivalent metal (zinc) in a tervalent metal (aluminium) tend to be unstable 
because of the difficulty of saturating the valency of isolated quadrivalent atoms by 
bonds to its lower-valent ligates. With zinc as the solute an increase in free energy 
at the lower temperatures would accompany the separation into the zinc-poor 
a phase, in which the versatile zinc atoms tend to assume the valency 3 (less stable, 
however, for them than their normal valency) in order to fit into the aluminium 
structure, and the zinc-rich cxf phase, in which the concentration of zinc atoms is 
great enough to permit the extra valency of zinc to be satisfied through the formation 
of Zn-Zn bonds. 


Brilloxjin zones and the resonating-valence-bond theory 

In the customary treatment of metals it is shown that the interaction of the 
metallic electrons with the atomic nuclei (and their strongly bound electrons) 
arranged in a crystallographic array leads to perturbations of the energy that csCn 
be described as the concentration of the one-electron energy levels into Brillouin 
zones. It is interesting that the same concentration into Brillouin zones results from 
the resonating-valence-bond theory, and, moreover, the successive zones (Brillouin 
polyhedra) contain the same numbers of electrons as given by the one-electron 
molecular-orbital theory. 

Instead of formulating the wave function for a crystal as a sum of functions 
describing various ways of distributing the electron-pair bonds among the inter¬ 
atomic positions, as was done in the first section of this paper, let us formulatte it in 
terms of two-electron functions describing a single resonating valence bond. A bond 
between two adjacent atoms and may be described by a function ^^^( 1 , 2 ) in 
which 1 and 2 represent two electrons and the function may have the simple 
Heitler-London form 

^6,,(1.2) = (7{,6i(l)54^(2)+55,(l)56^(2)}{a(l)A2)-A(l)a(2)}, (13) 

with and the appropriately hybridized bonding orbitals of atoms and a, 
and a and ^ the one-electron spin fonotions, or it may include ionic terms or have 
a still more complex form. The could then be used in building antisymmetrized 
functions corresponding to the various possible valence-bond structures for the 
crystal. This procedure would lead to essentially the same results as those given by 
equations ( 1 ) and ( 2 ). However, a convenient approximation is made by neglecting 
the resonance energy of the bonding pairs of electrons with one another, and con¬ 
sidering only the bond energy and the resonance energy of each bond among its 
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alternative positions, •without correlating its resonance ■with that of other bonds. 
The wave function for the crystal (not antisymmetrizsed) may then he ■written as 

^( 1 , 2 ,2JV) = 4>i(l. 2)<&2(3.4), (14) 

in which each of the functions O*. is a two-electron function representing a valence 
bond resonating through the crystal. The total energy, in this approximation, is 
the sum of the resonating-bond energies: 

= (15) 

The form of the functions O* may be closely similar to that of the molecular 
orbitals used in the simple theory of metals. If there are M interatomic positions in 
the crys^tal which might be occupied by any one of the N electron-pair bonds, then 
the M functions may be combined into the M mutually orthogonal linear 
aggregates that approximate the solutions of the wave equation ■with inclusion of 
the interaction terms representing resonance. This combination can be effected ■with 
use of Bloch factors: 

Oft(l, 2 ) = (755,(1, 2 ) (16) 

Here r is the radius vector from the origin to a point E in the crystal, ^5, is the 
electron-pair-bond function in the region near B, P*. is the momentum vector corre¬ 
sponding to the three quantum' numbers h (the density of states being calculated in 
the usual way), h is Planck’s constant, and G is the normahTong factor. 

When the momentum vector P;;, has such magnitude and orientation as to corre¬ 
spond to Bra^ reflexion from an important crystallographic plane (■with large 
structure factor for slow electrons) strong interaction between the resonating bond 
and the rest of the crystal ■will occur, leading to the displacement of energy levels 
and the formation of Brillo^uin zones. The striking agreement between the number 
of bonding electrons given by the new system of metallic valencies and the number 
of electrons contained in an important BriHouin polyhedron for the y-alloys, 
a-manganese, yff-manganese, and some other metallic substances with properties 
indicating flUed zones (brittleness, low electrical conductmty) has been discussed 
in an earlier paper (Pauling & Ewing 1948 ). 
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The polymerization of acetaldehyde at low temperatures 
By J. C. Bbvington astd R. G. W. Noerish, F,R.S. 
Departmerd; of Physical Chemistry, University of Cambridge 


{Received 21 Avgust 1948) 


An account m presented of a study of the production of a high polymer during the solidifica¬ 
tion of acetaldehyde. Details are given of an experimental technique which leads to repro¬ 
ducible results. It is shown that the kinetics of the reaction indicate that the active centres 
have long lives- Although various substances are strong inhibitors of the polymerization, 
there is no evidence that a catalyst is needed to initiate the reaction. Traces of acetic acid 
have profound effects upon the properties of the polymer, and it is considered that the acid 
causes multiplication of centres by inducing rupture of carbon-oxygen bonds in the polymer. 
The polymer is unstable at room temperature and the course of depolymerization has been 
followed using both the solid polymer and solutions of it. The depolymerization is catalyzed 
by acetic acid, and it is suggested that the differences between the stabilities of various 
samples of polymer are to be explained by differences in their acetic acid contents. Possible 
mechanisms for the polymerization are discussed. 


Introduction 

Although high polymers of formaldehyde and cyclic trimers of certaia other alde¬ 
hydes have been known for many years, the first reports of high polymers of aldehydes 
other than formaldehyde were issued comparatively recently. These aldehydic 
polymers are substituted polyoxymethylenes of formula 

_0H—0—OH—0— 

1 I 

derived by the opening of the carbon-oxygen double bond of the compound B. OHO. 
It was shown (Bridgman & Conant 1929) that »-butyraldehyde {B = O4H9) and 
certain other aldehydes were converted to high polymers when subjected to pressures 
of several thousand atmospheres, and that the materials gradually reverted to 
their monomers on releasing the applied pressure. The high polymer of acetaldehyde 
was discovered by Travers (1936) and Letort (1936) when purifying the aldehyde 
in vacuo. It was found that when the vapour was condensed on a surface at a tem¬ 
perature below the melting-poiat of the aldehyde ( — 123'6° 0) or when the liquid 
was jfrozen, part of the aldehyde became polymerized; the aldehyde melted to a 
viscous liquid from which a solid polymer could be separated. The polymer slowly 
changed back to the monomeric aldehyde on standilig at room temperature. 

Since the first descriptions of the polymer appeared, further accounts of the 
reaction have been given (Letort & Duval 1943 o, b and Letort, Duval & RoUin 1947). 
It appears that the French workers performed only experiments of a qualitative 
nature, the degree of polymerization in a sample of aldehyde being estimated from 
the appearance. Certain of their results are conflicting; for example a statement 
that occurrence of polymerization depends upon the aldehyde being very pure, was 
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later revised and it was said that the reaction is not affected by the source or the 
purity of the aldehyde, and is independent quahtatively of aU catalytic influences. 
It was shown that polymerization does not occur if the aldehyde is at all times at 
temperatures above its melting-point, and that polymerization probably occurs 
while the aldehyde is being frozen. 

Rigby, Danby & Hinshelwood (1948) attempted a more detailed study of the 
reaction. They cooled samples of liquid acetaldehyde to various temperatures and 
afterwards estimated the extent of polymerization by determining the viscosities 
of the samples under standard conditions; great irreproducibility was observed. It 
seems that no attempt was made to control the conditions very precisely, in particular 
no mention is made of excluding air from the aldehyde undergoing treatment. The 
marked inhibiting effects of certain substances were described, and the observation 
that solidification is essential for polymerization, was confirmed. 

Staudinger (1936) first suggested that the high polymer of acetaldehyde is a sub¬ 
stituted polyoxymethylene; this structure has been confirmed by consideration of 
the physical properties of the polymer, and further evidence for it has been provided 
by X-ray studies (Powell 1948) and by examination of the infra-red spectrum 
(Sutherland, Philpotts & Twigg 1946). 

The object of the present work was to devise a technique which would afford 
accurate and reproducible results, and to apply it to a study of the kinetics of the 
pol3merization. 


Experimental 

The apparalm and the method of working 

The apparatus is shown in figure 1; the pumping unit was of conventional design 
and is omitted from the diagram. The essential feature of the apparatus is that 
purified liquid acetaldehyde could be stored in vacuo in the tube 0 , and that measured 
amounts of it could be iutroduced into the tube F by filling the bulb D with vapour 
to a measured pressure and then condensing the vapour in F cooled to — 78 ° 0 . 
The liquid iu F was then allowed to warm to 0° 0 . Meanwhile the tube Q was evaou- 



Figubb 1 . Apparatus. 
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ated to a pressure of 3 x lO-Smm. Hg and flamed to rid it of adsorbed materials; 
this precaution was essential for reproducible results to be obtained. Tube Q was 
then cooled in liquid nitrogen and aldehyde was distilled into it from tube F through 
the capillary I, the rate being kept constant by adjusting tap H to give a constant 
difference in the levels of mercury in J. The distillate was afterwards allowed to 
melt, and any polymer in it was precipitated by water; the polymer was dried m 
vacuo and weighed. 

When volatile impurities were to be added to the aldehyde, bulb D was filled with 
the vapour from the reservoir M, the pressure being measured by the g1 fl.p e spoon 
gauge N. The vapour was condensed in F which was cooled in liquid nitrogen, this 
cooling agent could not be used for the subsequent condensation of the aldehyde 
because poljnnerization would have occurred during the solidification, and the 
monomer was condensed at — 78° C as before. 

Estimation of the moUcvlar weights of the products 

The molecular weights of certain of the products were compared by the viscosi- 
metric method. For this purpose 0-4% weight-to-volume solutions in n-butyl 
acetate were made, the solvent having been twice redistilled. The specific viscosities 
were determined at 20° C using an Ostwald viscometer. No assumptions were made 
concerning the exact form of the relationship between specific viscosity and average 
molecular weight. 

Purification of materials 

Acetaldehyde was twice fractionated through a long-column packed with Fenske 
rings. The final distillate was transferred to tube 0 (figure 1); approximately the 
first fifth was distilled away to the traps guarding the vacuum pumps, and in so 
doing dissolved air was removed. The tube was then oomiected to a aimilar one 
cooled to — 78° C and the aldehyde was distilled into it; the last fifth was rejected. 
Tube G was cleaned and evacuated, and then cooled to —78° 0; the aldehyde was 
distilled back to it, the first and last fractions being rejected as before. It was not 
possible to prepare hatches of acetaldehyde with exactly the same reactivity, but 
the behaviour of separate batches was nearly the same and could be related by 
performing a standardizing experiment. 

When foreign substances were required, the purest available material was chosen, 
and was further purified by vacuqm distillation on the apparatus. The liquids were 
stored in tubes such as M (figure 1). 

In early experiments, acetaldehyde was distilled directly into tube F through a 
fractionation column attached to the ground-j oint 0. This procedure was unreliable 
because (i) the reaction is very considerably affected by traces of impurities, and 
there is no guarantee of the column producing saihples of aldehyde of identical purity 
in successive distillations; (ii) the aldehyde collected in F contains air (or nitrogen if 
the distillation is carried out in a stream of that gas). 

The air could be removed by freezing the aldehyde and evacuating the tube, but 
it was found that satisfactory results could not be obtained. The technique was 
abandoned in favour of the one involving the use of a reservoir of liquid acetaldehyde 
and the measuring bulb. 
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Expebimbittal bbstots 

The effects of foreign svhstances on the polymerization 

Mixtures of acetaldehyde and volatile impurities were distilled from 0° 0 to liquid 
nitrogen. In each case 1*6 g. of aldehyde were distilled at the rate of 0-080g./min. 
The results are presented in table 1; in this and other tables of results the experi¬ 
ments are arranged in the order in which they were performed. In the case of the 
run with 0-37 mole % acetone, the specific viscosity of a solution of the polymer was 
1-13 compared with a value of 1'98 for the material produced in the succeeding 
blank experiment. It is evident that acetone reduced the average molecular weight 
of the product. 

Table 1 . 



mole % 

% yield 

added material 

added material 

of polymer 

— 

— 

22-5 

water 

1*67 

0 

water 

0-62 

2‘5 

water 

1-05 

1-2 

— 

— 

21*9 

ethyl alcohol 

1-05 

0 

ethyl alcohol 

0-62 

very small 

— 

— 

23-7 

acetone 

1*06 

1*2 

acetone 

0*62 

6-2 

acetone 

0-37 

11*3 

— 

— 

23*7 

paraldehyde 

1-05 

6*2 

— 

— 

21*3 


Ethyl alcohol also exerted its inhibiting effect when it was distilled into the receiver 
at the same time as the aldehyde but from a separate vessel. This suggests that the 
reduction in yield is due to some action of the inhibitor on t}ie growing centre. In 
one experiment, pure acetaldehyde was distilled into the receiver cooled in liquid 
nitrogen and then a layer of alcohol was condensed on top of it; there was no reduction 
in the yield of polymer. 

A study was made of the effect of adding acetic acid to the aldehyde prior to the 
polymeriziag distillation. Table 2 shows that traces of acid increased the yield of 
polymer; in each case l-6g. of aldehyde were distilled at the rate of 0-080 g./min. 


Table 2 


^ acetic acid 

% yield of polymer 

0 

18*1 

0*62 

27*5 

1*06 

38*1 

0 

17*3 

0*26 

26*9 

1*67 

39-0 

0 

21*3 
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Acetic acid has a striking effect upon the physical properties of the polymer. 
Polymers made from aldehyde known to contain acetic acid were softer and less 
rubbery than those prepared from pure aldehyde; they dissolved more quickly in 
various solvents to give solutions less viscous than those made from polymers derived 
from pure aldehyde. It is clear that in increasing the yield of pol 3 mier, acetic acid 
reduced its average molecular weight considerably. Polymers prepared from 
monomer known to contain acetic acid were less stable than those from aldehyde 
substantially free from acid. 



Fioubi! 2 . The effect of nitrogen on the yield and moleculai weight of the polymer. 

In one set of experiments, pure nitrogen was admitted to the tube F after the 
aldehyde had been condensed in it, and distiHatidn to the tube 0 was performed in 
the presence of the added gas. The pressure of nitrogen was measured on the mano¬ 
meter E, and in each case 1-6 g. of aldehyde were distilled in 20 min. The iresults are 
shown in figure 2, and it can be seen that the molecular weight of the polymer (as 
indicated by the specific viscosity of the solution) was increased considerably by 
quite small amounts of added gas, although further increases in the quantity of 
nitrogen affected the molecular weight only shghtly. The yield of polymer was 
depressed by the addition of nitrogen. When dry air was used instead of nitrogen, 
similar effects were observe . If, however, the aldehyde and air were allowed to 
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stand at 0° C for 16 hr. before being distilled, the polymer had low molecular weight 
(for 200 mm. of air, the specific viscosity of the solution in 7i-butyl acetate was 1*17), 
This effect could be attributed to acetic acid formed by the oxidation of the liquid 
aldehyde. 



The weight of polymer produced was determined as a function of the rate of dis¬ 
tillation of the acetaldehyde, and of the total weight of monomer used. In all cases 
the tube F (figure 1) was kept at 0° C and the tube O was cooled in liquid nitrogen. 
The results are shown graphically in figure 3; the experiment in which 1*6 g. of 
aldehyde distilled at O'OSg./min., was treated as a blank, and was performed at the 
beginning and at the end of the series. The percentage of the monomer which 
polymerized, was low when small weights were used, but after the initial period there 
was a linear relationship between the weight of polymer produced and the time for 
which distillation was carried out. 



Figure 3. The weight of polymer produced as a function of the rate and of the time of distilla¬ 
tion. O rate of distillation = 0*050 g./mm.; ® rate of distillation = 0*080 g./min.; © rate 
of distillation = 0*114g./min. ^ 

A curve of the same form was obtained when acetaldehyde vapour was condensed 
directly jfrom the bulb into the tube cooled in liquid nitrogen. The rate of con¬ 
densation was fixed at about 0-080 g./min., by adjusting the taps so that the mercury 
level in the manometer rose at a constant rate. Figure 4 shows that there was little 
difference between these experiments and those in which the aldehyde was distilled 
into the receiver at the same rate. 

Using the distillation technique, the dependence of the average molecular weight 
of the polymer upon the weight of acetaldehyde used was investigated. The specific 
viscosities of 0-4 % solutions of the polymer in n-butyl acetate were measured at 
20 ° 0. The results are shown in figure 5; it can be seen that the specific viscosity and 
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therefore the average molecular weight of the polymer increased with the weight of 
aldehyde used, but tended to limiting values. In table 3 are shown the specific 
viscosities of solutions of polymers prepared by distilling 1-6 g. of acetaldehyde from 
0 ° 0 to liquid nitrogen at various rates. They indicate that the limiting value of the 
average molecular weight of the polymer was independent of the rate of distillation. 



0 0*5 1*0 1*5 20 
wt. of aldehyde (g.) 


Figxjrb 4 . A comparison of results obtained by direct condensation of vapour, 
and by distillation. □ distillation; O condensation. 



0 0*5 10 1*5 2-0 2-5 30 


wt. of aldehyde distilled (g.) 

Figxtre 6 . The variation in the molecular weight during the course of a distillation. 
Rate of distillation = 0*080 g./min. 
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l-6g. of acetaldehyde were distilled from 0° 0 to liquid nitrogen at 0-080g./min. 
in batches of 0-4 g. with an interval between ^ch; both the yield of polymer and its 
molecular weight depended upon the length of the intervals (see figure 6). The 
broken fines on the graphs correspond to results obtained in the same series of 
experiments, for the distillation of a single batch of 0-4 g. of aldehyde in 6 min. It 
can be seen that as the interval between the batches of aldehyde was increased, both 
the yield and the molecular weight of the polymer tended to the values obtained 
with a single batch of 0-4 g. 

Table 3 


rate of 

specific 

distillation 

viscosity of 

(g./min.) 

polymer solution 

0-080 

1*93 

0-060 

2-07 

0-114 

1-99 

0-080 

2-12 



Eiotjbb 6. The effects of distilling the aldehyde in batches with intervals between them. 

The, effects of varymg the m^e of the surface of the receiver 
Quafitatiye experiments were performed to test the effect upon the polymerization, 
of the temperature of the vessel in which the aldehyde was condensed. When the 
receiver was at -119° 0 which is just higher than the melting-point of the aldehyde, 
no polymerization was observed; when the receiver was at -139° 0, polymer was 
formed. These observations confirm that solidification is essential for polymerization. 
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In certain experiments the inner surface of the receiver was coated with Cetavlon 
(Norrish & Russell 1947 ) to see if the nature of the surface had a profound effect upon 
the reaction. The results quoted in table 4 indicate that substitution of what is 
effectively a hydrocarbon surface, for one of glass, did not affect the polymerization. 

If the receiver contained adsorbed water, the yield of polymer was depressed from 
about 26 to about 16 %; the presence of adsorbed water may account for the irre- 
producibility observed in those experiments in which careful attention was not paid 
to the evacuation and flaming of the receiver. The presence of adsorbed air in the 
receiver hardly affected the polsmerization. 

Table 4 


sijjface 

% yield of polymer 

glass 

29°4 

Cetavlon 

30-0 

glass 

31-6 

Cetavlon 

31*9 

glass 

30-6 


The properties of the pohpner 

The high polymer of acetaldehyde is readily soluble in a number of solvents 
including diethyl ether, butyl acetate, acetone and acetic acid; it is soluble in carbon 
tetrachloride and ethyl alcohol. It is insoluble in water and petro-ether, and it swells 
but appears not to dissolve in benzene. The polymer is rubbery but is without great 
mechanical strength; materials prepared from monomer containing acetic acid are, 
however, soft and tacky. , 

The stabiUty of the polymer 

At room temperature the polymer gradually reverts to monomeric acetaldehyde; 
its stability seems to be intermediate between that of the linear formaldehyde 
polymers and that of the linear polymers of higher aldehydes, formed at high pres¬ 
sures. The depolymerization in air was followed by weighing a sample of polymer 
.kept in a thermostat. The experiments are not exact, since the recorded weights 
include any monomeric aldehyde retained in the polymer, and acetic acid might 
well have been formed by atmospheric oxidation of this monomer. In figure 7, the 
percentage of the original weight remaining at a particular time is shown as a function 
of the time, for two separate experiments. The reactions had the characteristics of 
an autocatalytic process; curve A shows that the rate of decomposition reached a 
maximum at about 60 % decomposition. As reported by Rigby et al. ( 1948 ), the 
stabilities of various samples of polymer were different; for example, curve A refers 
to an experiment at 26° C, and B to one at 36° C with a different sample of polymer. 
The tendency for decomposition must increase with rising temperat-ure, yet the rate 
at 36° C was less than that at 26° C. An explanation of the vaiiations in the stabilities 
of the samples is advanced below. 

It was found that polymers made from samples of aldehyde known to contain 
acetic acid, and poljmers to which a little acid had been added, decomposed more 
quickly than others. This fact is shown clearly by experiments on depolymerization 
in solution. A solution of 0*4 g. of polymer in 100 ml. of w-butyl acetate was made; 
to one portion of 26 ml., O’l ml. of acetic acid were added. The specific viscosities of 
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the acidified solution and the pure solution were measured at 20° C, and their varia¬ 
tion with rimA is shown in figure 8. It can be seen that acetic acid catalyzed the 
process of depolymerization. 



Figtjbjs 7. DepoljnDaerization of soKd polymer. A at 25® C; B different sample at 35® C. 



The antoeatalysis of the depolymerization in air may well have been (^nsed by 
acetic acid formed by the oxidation of some of the monomer produced. The differ¬ 
ences in the stabilities of various samples of polymer are attributed to variations in 
their acetic acid content. 

Discussion 

Letort et aZ. (1947) and Rigby et aL {1948) showed that the formation of the high 
polymer was associated with the freezmg of the aldehyde. This result was fully 
oonjBrmed by the experiments described here, in which the aldehyde vapour was 
condensed on surfaces at various temperatures. Rigby et aL (1948) showed that the 
yield of polymer was independent of the time for which the aldehyde remained 
frozen, indicating that reaction occurs during the act of freezing; this conclusion is 
conjSrmed by our observation that the addition of alcohol to a sample of frozen 
aldehyde do^ not alter the yield of polymer. 
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The existence of a ceiling temperature above which reaction does not occur, has 
been demonstrated in the polymerization of formaldehyde (Carruthers & Norrish 
1936) and in the co-polymerization of sulphur dioxide and certain olefines, and 
it is believed that the phenomenon is quite general in polymerizations (Dainton 
& Ivin 1948). It is necessary to consider the possibility that in the case of acetalde¬ 
hyde, the melting-point happens to be a ceiling temperature of the type encountered 
in the formation of polysulphones. This possibility can be eliminated by considering 
the following results of Rigby et al. (1948): (i) supercooled acetaldehyde does not 
polymerize; (ii) the yield of polymer depends upon the rate at which the liquid is 
frozen. 

It is clear that the actual solidification of the aldehyde, rather than the low 
temperature, is the governing factor in the polymerization. 

Catalysis of the polymerization 

It is considered that no catalyst is required for the reaction. The differences in 
the behaviour of separate samples of acetaldehyde can be attributed to variations 
in the concentrations of inhibitors, quite as readily as to variations in the concentra¬ 
tion of some unknown catalyst. Among the powerful inh i bitors for the reaction are 
Tfater and alcohol, both of which are possible impurities in the aldehyde. It was 
thought that peroxides might be catalysts for the polymerization, as had been 
suggested in the polymerization of certain aldehydes at high pressures (Conant & 
Peterson 1932). Acetaldehyde certainly forms a peroxide with great readiness 
(Hatcher, Steacie & Howland 1931) but there is no evidence for it being effective as 
a catalyst in the polymerization. The effect of phenyl-a-naphthylamine in reducing 
the tendency for polymerization may be due to the introduction of small amounts of 
an inhibitor, rather than to the removal of catalytic peroxides. 

Acetic acid certainly increases the amount of polymer formed from a sample of 
acetaldehyde, but it reduces the molecular weight very considerably. The yield of 
polymer from a sample of acetaldehyde with a small tendency for polymerization, 
can be raised by the addition of traces of acetic acid, to the same level as for a second, 
more active, sample of aldehyde with no added acid. The molecular weight of the 
product from the aldehyde with no added acid, is considerably higher than that of 
the polymer derived from the acidified monomer. It appears therefore that the 
different activities of various samples of aldehyde cannot be attributed entirely to 
differences in their acid content. It will be shown later that the effect of acetic acid 
can be explained on the assumption that the acid can cause polymer chaios to break, 
there is independent evidence for the occurrence of this process. 

The kinetics of the reaction 

A summary has already been given of the evidence that the high polymer is a 
methyl-substituted polyoxymethylene 

—OH—0—CH—0— 
dsH, CH. 

This structure will be assumed m the discussion which follows. 
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It is considered that the active centres for polymerization are formed as acetalde¬ 
hyde is condensed on the cold surface, and that the polymer grows by the addition 
of monomer molecules from the gas phase. The reaction is similar to the polymeriza¬ 
tion of gaseous formaldehyde (Carruthers & Norrish 1936) in that it is heterogeneous, 
involving active centres on the cold surface of the vessel and monomer molecules in 
the gas phase. The main differences between the two cases are these: (i) for form¬ 
aldehyde, the surface needs to be at a temperature below about 90 ° 0 , but for 
acetaldehyde it must be below — 123 - 5 ° C; (ii) in the case of acetaldehyde, if a mono¬ 
mer molecule fails to react at its first collision with the cold surface it is hkely to be 
condensed, and yields considerably less than 100 % are therefore to be expected; 
with formaldehyde, however, it is possible to observe complete polymerization, since 
the temperature is above that at which the monomer condenses. 

The fractional yield of polymer can be expressed as 

_ rate of polymerization _ hna _ 

rate of supply of aldehyde to receiver ~ a ~ ’ 

where A is a constant and n is the number of centres capable of growth. Any factor 
which alters tibe magnitude of n must affect the yield of polymer. 

The phenomenon of small weights of aldehyde producing smaller percentages ef 
polymer than large weights, is explained by supposing that the active centres are 
long-lived and that as the aldehyde condenses on the cold surface, theic number 
increase from zero to a stationary value when the rates of formation and destruc¬ 
tion are equal. If 


= rate of production of centres (a being the rate of distillation of aldehyde), 
k^Tui^ rate of growth of centres, 

rate of termination by a reaction between a centre and an aldehyde 
molecule, of a type different from that leading to growth of the polymer, 

the number of centres is governed by the equation 


dn 

dt 




Solution of this differential equation and application of the condition that at ^ = 0, 
n = 0 leads to 

^ ~ [1 —e“*»^. 

N^lecting consumption of aldehyde in processes other than growth of the polymer, 
the amount of polymer produced between starting a distillation and stopping it at 
time r, is given by 

rT i^T 

{rate of growth) = J k^nadt. 

Substituting for n, and mtegrating between the limits shown, leads to 


1 
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This equation indicates that (i) when T = 0 the weight of polymer is zero; (ii) the 
weight increases non-linearly with time until T is large enough for 


negligible, when 


Q—k^aT 

h^a 


to be 


m — ^ 1 ^ 2 ^ rp _ ^ 1^2 
*3 *^1 ’ 


or 


w = KaT—E'. 


If graphs are plotted with (weight) as ordinate and (time) as abscissa, straight Hnes 
should be obtained for large values of the time, and they should have slopes pro¬ 
portional to the rate of distiQation; the straight lines should not pass through the 
origin but through the point (0, —K'). Figure 3 shows that the straight lines could 
be drawn to pass through the point (0, — 0-14) and that the gradients for rates of 
0*050, 0*080 and 0*114g./min. were 0*016, 0*029 and 0*043. The ratios of rate of 
distillation to gradient of the line are 3*1, 3*6 and 2*7, showing that the gradient is 
approximately proportional to the rate of distillation. 

The low yields of polymer obtained from small weights of monomer might be 
explained if an essential catalyst less volatile than the aldehyde, tended to be absent 
from the first fractions, or alternatively if an inhibitor tended to be concentrated in 
the first fractions. These possibilities are eliminated by the results obtained by 
condensing aldehyde vapour directly into a vessel cooled in liquid nitrogen (see 
figure 4); ?\ y catalyst or inhibitor in the monomer would have been condensed at 
a unifomr ate. Exactly the same results were obtained as by the distillation 
techniqui 

The if advanced above, are confirmed by work on the molecular weights of 
the pob .8. In the early stages of the reactions when the number of centres was 
increa? here must have been a preponderance of chains which had been growing 

for OD^ y»rt periods; under these conditions the average molecular weight must 
have ^ rw. As the time of distillation was increased, the polymer contained more 
and j lolecules which had attained their maximum size, and so the average 

mol^' j 'eight should have approached a limiting value. Figure 5 shows that this 

was, |ly observed. When the stationary state was reached the average chain 
lerg^ I >uld have been defimed by the fraction 



rate of propagation ^h^na 
rate of termination h^na' 

^ -ing value of the molecular weight should therefore have been unaffected 
^ .ate of distillation. Results presented in table 3 show that this was so 
^ ately. 

The action of inhibitors 

c duction in the yield of polymer caused by the presence in the aldehyde of 
3es such as water and alcohol, is explained by the occurrence of a second 
iition process. It is supposed to involve a centre and a foreign molecule and 
or at a rate h^nf^ where/is the rate at which the foreign substances enters the 
er. 


VoL 196. A. 


25 
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The nimaber of centres at the stationary state becomes 

a quantity which diminishes as / increases. The yield of polymer will be smailarly 
decreased by the presence of the foreign substance. 

The limitiog value of the average chain length is 

k^na 

k^fhCb “ 1 “ k^i^jf 

and this quantity becomes smaller as/is increased. The effect of acetone in reducing 
the molecular weight of the polymer is therefore explicable. 

Spontaneous deactivation of centres 

If the centres retained their activity indefinitely on standing in vacuum at the 
temperature of liquid nitrogen, there should be no differences between the yield 
and molecular weight of a polymer formed in an experiment in which a given weight 
of aldehyde was distilled in a single process, and the corresponding quantities for 
a polymer produced in a distillation which was interrupted periodically. If, however, 
the centres tended to lose their activity on standing, the percentage 3deld and the 
molecular weight of the polymer should have fallen off as the interval between the 
batches of 0-4g. was lengthened; these quantities should have tended towards the 
values obtained ha an experiment with a single batch of 0*4 g. Figure 6 shows that 
th^ decreases actually occur. 

The effect of acetic acid 

It has been shown that acidic substances can catalyze the rupture carbon- 
oxygen bonds in formaldehyde polymers (Walker 1944), and experim on the 
decomposition of polyacetaldehyde showed that acetic acid can cans e same 
effect with this polymer. The effect of acetic acid increasing the yield >lymei 

{me table 2) may be due to its attackmg polymer molecules and spUtting tl 0 that 

each part can act as a nucleus for further polymerization. This would e the 
number of centres to increase, and would affect similarly the yield of pol The 

average molecular weight of the polymer would be reduced by acetic acid 3 the 

acid tends to split the pol3nner molecules into smaller firagments. 

If allowance is made for spontaneous deactivation of centres and also for va- 

lion by traces of inhibitors in the monomer as well as for destruction of c at 

a rate h^na^ the kinetic treatment given previously must be modified. The is 

not serious if the additional methods of termination are relatively unim 't 
compared with the method postulated originally. The decrease in the nu f 

centres brought about by th^e methods of termination might be eanceUec 
increase caused by traces of acetic acid left in the aldehyde after purificatio. 

The effect of nitrogen 

The effects of nitrogen upon the yield and molecular weight of the polym 
only paartdally explained. The decrease in jdeld might be accounted for if nit 
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reduces ^2^ which is the rate of growth of polymer; this would be the case if the 
effective concentration (a) of aldehyde near the cold surface is reduced by the layer 
of nitrogen through which the monomer must diffuse. The striking incresbse in the 
molecular weight caused by small amounts of nitrogen is, however, unexplained. 

Nitrogen probably has no effect on the kinetic branching introduced by traces of 
acetic acid left in the aldehyde after purification. Using air instead of nitrogen under 
conditions which allowed acetic acid to b^ formed, it was shown that the decrease 
in molecular weight usually found with acetic acid was actually observed. 


The mechaotsm oe the e-eactioh 

It is possible to construct a mechanism for the polymerization, in which the 
reactivity of a centre is attributed to a terminal hydroxyl group. Such a mechanism 
would be similar to that proposed by Carruthers & Norrish (1936) for the gas-phase 
poljunerization of formaldehyde with formic acid as catalyst. The propagation step 
can be written as 

E-^H—OH + CHg.CHO J5—CH—0—OH—OH 

CH* OHs CH3 

while the alternative reaction of a centre and an aldehyde molecule leading to 
termination, can be formulated as 


iZ—CH—OH + H. E—CH—0=0 + H,0 

I • >=0-> 1 1 

CH 3 CHs/ CH 3 CH 3 

The multiplication of centres caused by acetic acid, can be represented thus 
-CH—0—OH—0-- + OH 3 .OOOH-.“OH—OH + OHs'.COO.OH—0— 

II I I . 

OH3 OH3 OH3 OH3 

It is di f ficult to explain the powerful inhibiting action of water on this mechanism. 

It might be possible that during the solidification of acetaldehyde, two types of 
nucleus can be formed, the one leading only to crystallization, and the other being 
capable of acting as a centre of polymerization. Only speculations can be made 
concerning the nature of such reactive nuclei; they might be polarized molecules 
which can take part in an ionic polymerization 


CH 

H 


0 


CH 


- + 


''yj=o 

H/ 


CH 


CH3 

‘\c+_o—C—0 - 
h/ I 
H 


or alternatively they might be molecules rich in energy which can enter into energy- 
chain reactions. The latent heat of fusion of acetaldehyde has been given as 
0*77kcal./mole (Cooper 1927) and it is difficult to imagine that the carbonyl bond 
could be activated by such a small amount of energy. 

Evidence for some type of ionic polymerization is provided by the fact that boron 
trifluoride and acids catalyze the formation of cyclic polymers from liquid acetalde¬ 
hyde at low temperatures. Reactions induced by these reagents certainly involve 
polar intermediates and it is quite probable that the formation of the high polymer 
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occtixs by a related mechanism. The need for solidification in the production of the 
high polymer, may be due to the necessity of holding the growing centres fixed in 
Older to prevent premature termination by ring closure. Low yields of polymer were 
obtained in experiments in which the liquid aldehyde was frozen very rapidly and in 
experiment in which the monomer was distilled very quickly. These low yields may 
have been due to the formation of clusters of aldehyde molecules around the active 
ends of growing centres, preventing them from engaging in further reaction. 

Depolymerization is visualized as occurring by the loss of monomer molecules 
from the ends of polymer chains. Acetic acid catalyzes the decomposition by splittiag 
the polymer molecules into smaller units, so increasing the number of points from 
which monomer molecules can be shed. 

The authors wish to acknowledge a grant from the Research Fund of the Chemical 
Society. The work was performed while the junior author held a Research Fellowship 
at Queens’ College. 
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Splashes from underwater explosions 
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Revised 27 August 1948— Read 3 March, 1949) 

[Plates 8 to 11] 

The splashes from the miderwater explosions of 1 and 10 lb. charges of P.E, no. 2 and Nobel’s 
Explosive ‘808’ at various depths have been photographed with cine-cameras. The esperi- 
ments were carried out in a sheltered pond which enabled the surface phenomena to be 
studied in greater detail than has been done hitherto, and a number of new phenomena have 
been observed. 

Measurements of the initial velocity of rise of the water were carried out with the use of 
a high-speed cine-camera, and it is shown that for the range of depths 

0*3 <Tri/i>< 4 

(where W is the weight of the charge in lb. and D is the depth in metres) the initial velocity 
of rise of the water in m./sec, was given to an accuracy of about 10 % by the relation 

F = 66(TFi/D-0*l). 

From this relation the peak pressure P of the shock wave sent out by the explosion was 
evaluated in terms of the distance from the charge, i.e. a value was obtained for O in the 
theoretical relation P = GW^jD, This was found to be somewhat higher than that obtained 
by other workers using pressure gauges. 

Away from the centre of the dome, the water rose with decreasing initial velocity, and it 
was foimd that in calm water the contour of the dome was a cubic of the form 

Li>*+-R’' J 

where H is the height of a point at a distance B from the centre of the splash and D the 
depth of the charge, B and G being constants depending on the nature of the charge. 

High-speed photography showed a new phenomenon* during the first few milliseconds 
after detonation, which was provisionally termed the ‘crack’. It is seen as a whitening below 
the surface of the water, which grows at a rate closely corresponding to the arrival at the 
surface of the shock wave. 

The ‘black ring’ observed around the domes obtained from deep charges was photo¬ 
graphed with telephoto lenses and shown to consist of a roughening of the water, renting 
from the intensification of ripples already present when the water was at all rough, and from 
the formation of individual ‘spikes’, in water which was originally very cahn. 

Several theories of the formation of domes and black rings are considered, and it seems 
clear that several mechanisms are operative in producing the phenomena observed. In 
particular, the enhancement of ripples already present in the water and cavitation beneath 
the surface appear to occur simultaneously. 

The role played by the bubble of gas formed by the explosion is also discussed, and pheno¬ 
mena resulting from its oscillations are described. It is suggested that the central column 
of water observed with shallow charges is produced as a result of the initial expansion of the 
bubble, and this theory is shown to account for the observed characteristics of the central 
column. 

Intbodxjction 

In recent years, much has been learnt about the bubble formed by an underwater 
explosion and the pressure waves generated by it. The behaviour of the water thrown 
up by such explosions has been studied less extensively, and this paper describes 
a cinematographic investigation of the phenomena seen above the surface. 

* Since deceased. 
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Pbettoxts work 

Several workers (Lamb 1943; Herring 1947; Taylor 1942; Temperley 1943; 
Penney & Price 1942; Friedman 1947) have investigated the theory of underwater 
explosions, and their results may he summarized as follows: 

(1) The explosion generates a spherically symmetrical pressure wave in the water. 
The pressure due to this wave rises to a maximum value in a few microseconds and 
then decays in a few tens of microseconds to a small fraction of its maximum value; 
during the first part of this decay the pressure decreases with time exponentially, 
but later it ceases to do so. For the explosives investigated the pressure wave 
contained about one-quarter of the total energy of the explosion, 

(2) The explosion generates a bubble which undergoes a damped radial oscillation 
of considerable amplitude. Thus the bubble generated by 1 lb. of t.n.t. detonated 
at a depth of 2m. reaches a maximum radius of l*13m. and then contracts to a 
Tninimum radius of 0*29 m., 0-18 sec. after detonation. 

(3) Each time the bubble radius passes through a miniTmim a pressure wave is 
sent out, the impulse of the first of which is comparable with that of the first shock 
wave. At the same time it rises by a distance comparable with its diameter. Its shape 
may depart considerably from the ^heiical. 

(4) Herring (1947) and Friedman (1947) showed that a free surface near the 
bubble not only decreases the time of oscillation and radius of the bubble, but 
also repels it. The pressure of a surface does not affect the emission of the initial 
shock wave. 

Hilliar (1919) and several other workers (Wood & Lakey 1942; R. R. L. 1942-3) 
have investigated the effects of the shock wave and have described the general 
appearance of the splash firom charges at moderate and at great depths as seen from 
above the surface. 

The phenomena they observed were as follows: 

For moderate depthsthe surface abovethe charge is seen to rise into awhite dome of 
broken water (such domes are shown in figures 2,3 and 4, plates 8 and 9). Some time 
later this dome is broken through by a rush of gas from the explosion, throwing up 
plumes of spray which generally appear as broad bush-hke eruptions, but sometimes 
take the form of a single thin spout rising to a great height. The photographs showed 
the domes to be surrounded by a region of black water now known as the black ring. 
When the charges were fired at great depths, the surface above them did not rise 
at ad, and there was no sign of the water being broken up; on the contrary when the 
water was smooth the surface appeared darkened ‘as still water is darkened by a 
catspaw of wind’. 

Hi lli ar also mentioned the similarity of the formation of the dome to the Hop- 
kinson effect (Hopkinson i9i4)» ^^d pointed out that if the water rose from the 
surface as soon as it was submitted to a tension owing to the shock wave being 
reflected as a tension wave, its initial velocity would be given by 2P/(/>c), where 
P is the maximum pressure in the incident shock wave, c is the velocity of the wave 
and p the density of the water. Such reflected waves were observed by TTinifl.r and 
otiiers. 
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Expebimental abbai^gements 

The experiments were carried out in a pond at Staines, about 200 m. long, 80 m. 
mde and 11m. deep. Approximately spherical charges of Nobel’s explosive no. 808 
or of P.E. no. 2 ('P.E.’) weighing 1 or 101b. were wrapped in cloth, suspended from 
a wire rope across the pond, and initiated with a no. 8 electric detonator and a no. 6 
C.E. pellet. The splashes were photographed at speeds from 16 to 2000 frames/sec. 
with Kodak magazine, special and high-speed 16 mm. cine-cameras; 64 frames/seo. 
was the usual speed. The best definition was obtained with ‘Kodachrome’ colour 
when the light was intense enough; otherwise panchromatic film was used, with 
or without a red filter. 

It was found necessary when photographing at more than 1000 frames/sec. with the 
Kodak high-speed camera to provide artificial illumination by means of fiares. The 
fiares employed were of the' Safe Photoflash ’ type designed by Professor Eiuch and 
employed in aerial photography. These were fired some milliseconds before the charge 
by means of a system of relays, so that they had reached their maximum brilliance 
when the charge was detonated. 

The filma were measured either with a travelling microscope or by projection, 
and when measuring the heights of splashes, correction was made for the position 
of the camera. 

Results 

(1) General appearance of splashes 

The appearance of the splashes at various times after detonation of the charge is 
shown in figures 1, 2 and 3. These are enlargments of photographs taken at 64 
frames/sec., and the times after detonation to which they correspond are shown 
under each picture. For a very shallow charge (e.g. 10 lb. at 25 cm.) the first pheno¬ 
menon to be observed is a cylindrical, apparently hollow splash up the centre of 
which there later rises a tall narrow column of water. When the charge is 50 cm. 
deep (figure 1), only vestiges of this apparently hollow cylinder can be seen; the first 
phenomenon to be observed is a dome from which the water rises in a tall narrow 
spout. As the depth is increased, this spout becomes wider and apparently denser; 
the splash is then widest about one-half to three-quarters of the way up. At 1 m., 
the spOut appears an appreciable time after detonation, and the ma xim um height 
it reaches is less than for shallower charges. As the depth is further increased, the 
dome reaches almost its maximum height before a spout of water rises through it, 
whilst at a depth of 4 m, (figure 2) the dome is collapsing before the bubble breaks 
through it to form plumes. 

Comparison of the results for 1 and 10 lb. charges showed that the type of splash 
for a 1 lb, charge at depth D is similar to that for a 10 lb. charge at depth D x (10)^, 
as might be expected from considerations of dynamical similarity. Figure 3 shows 
the splash from a 1 lb. charge at 2 m. 

When a 1 lb. charge was placed just above the surface, a thin narrow spout was 
observed, which is presumably formed when a depression in the water made by the 
explosion closes up. This is like the formation of a spout from the hole caused by 
a drop falling into water (Worthington 1908). 
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On the few occasions when the water was exceptionally calm, it was found that 
the domes obtained from charges at intermediate depths (W^/D between I'O and 
0 -3) had quite smooth surfaces, at any rate in the earlier part of their lives; this can 
be seen from figure 4, which shows the first three frames of the film taken at 
64 frames/sec. of the dome from a 101b. charge at 3 m. The domes obtained from 
charges at very much greater depths {W^ID<0-26) were, however, found to be 
spiky even when the water was perfectly calm. 

Photographs taken with the camera a metre or so above the water surface showed 
the domes to be surrounded by black rings, the outer edges of which were not very 
sharp when the water was rough. In calm water the edges were considerably sharper 
and the rings generally appeared blacker than at other times (see figure 4). 

The appearance of these black rings in the cine-records was found to depend on 
the position of the camera, and on the direction of illummation. Thus in photographs 
taken from a tower 120 fb. high and 360 ft. from the charge, the black ring was very 
much less pronounced and did not appear to have any very definite outer edge. 
Kgure 5, plate 9, shows the dome from a 10 lb. charge at 5 m. taken from this 
posiMon. On one occasion when the water was quite calm and the area around the 
charge was already darkened by reflexions from the bank, the film showed no black 
ring, the water surrounding the dome being, if anything, lighter than elsewhere. 

(2) HeigM of splashes 

The height of the splash is plotted against time for 101b. charges of NobeFs 
Explosive no. 808 in figure 12a, and for 1 lb. charges in figure 12 6. It may be seen 
from the graphs for shallow splashes that the splash is subjected to a much greater 
deceleration than that due to gravity. 
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(3) Initial velocity of the water 
(a) At the centre of the splash 

It was foimd that this deceleration was so great for shallow charges that satis¬ 
factory values of the initial velocity could not be determined directly from graphs 
of height against time such as figures 12 a and 6. The ratio height/time was therefore 
plotted against time, and since we have 

where s is the height and / the deceleration, extrapolation to zero time gives the 
'desired value of the initial velocity F, provided that / does not change too rapidly. 

Even when determined in this way the results were rather uncertain, and a number 
of splashes were therefore photographed with the Kodak high-speed camera at 
speeds of the order of 500 pictures/sec. This enabled much more satisfactory deter¬ 
minations to be made. 

The results obtained in this way are given in table 1 and plotted in figure 13 against 
where W is the weight of the charge in lb. and D the depth in metres. The 

Table 1. Initial velocities calculated from high-speed films 


explosive 

depth 

(cm.) 

101b. charges 

velocity 

(m./sec.) 

explosive 

depth 

(cm.) 

lib. charges 

velocity 

(m./sec.) 

*808^ 

50 

316" 

‘P.E.’ 

25 

236 


100 

136d 

‘808’ 

50 

135 

‘808’ 

200 

63-5 

‘P.E.’ 

60 

94 

‘P.E.’ 

300 

43-2 

‘P.E.’ 

150 

30 

‘808’ 

700 

12*3 

‘P.E.’ 

300 

14-6 



Figxjee 126. 1 lb. imenclosed spheres ‘808’* Height plotted 
against time for various depths of detonation. 
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residts given by ‘808’ and ‘P,E.’ were in good agreement, these explosives having 
similar characteristics, except that the heat of explosion is somewhat less for ‘ 808 ’ 
than for 



Figxjkb 13. Velocity of rise plotted against TFi/D. 0 10 lb-‘808% # 101b. 

‘P.E.* no- 2. A 11b. ‘808% A 1 lb. no. 2. 

It will be seen that over the range 0-3 < W^jD < 4, the velocity F is given by the 
relation F = 66[F*/I>-0-13, (1) 

with an accuracy of about 10 %• 

For Tfl/D > 4, the initial velocities were found to be less than those given by this 
relation, but owing to the irregular surface of domes at these depths, it was found 
impossible to measure these velocities with sufficient accuracy to show what other 
relation might be obeyed. 

The mean values of the initial velociti^ of 1 lb. charges of ‘P.E.’ at these greater 
depths were found to be as follows: 

depth (m.) 3 4*5 5*0 5*5 6-0 6*5 

initial velocity {m./sec.) 14*5 9*0 6*5 5*5 4*5 2*5 

' The velocity fell to zero at a depth of 7 to 8 m., the white dome disappearing at 
about the same depth {the ‘critical depth’). In rough water, however, small areas 
of whiteness could often be seen at depths up to 9 m: At greater depths all that could 
be seen was a circular area of blackness as though the black ring had expanded 
inwards and obliterated the dome. . . ; 

ip) Away from cmtre 

The initial velocity of rise away from the centre of the dome could only be measured 
with any d^ree of accuracy when the surface of the dome was smooth, i.e. for 
charges in calm water when TF^/D had values between 1-0 and 0-3. Under these 
conditions it was found that the, initial velocity at any point except near the edge 
of the dome obeyed the relation _ 

jjr _ F(cos^^—A) 

1 -A 


(2) 




Splashes from underwater explosions 385 

where 6 is the angle with the vertical of the line joining the point on the surface to 
the charge, F is the velocity of rise at the centre of the dome and -4 is a constant 
depending on the weight and depth of the charge. 

A short time, after detonation, the height H of any part of the dome will be given 
by VL So that, expressing the shape of the dome in terms of D, the depth of the 
charge, and i2, the radial distance from a point on the surface vertically above the 
charge, we have 

= 

Figure 14 shows the comparison between the curve 

and the measured heights for a 101b. charge detonated at a depth of 3 m., 0-08 sec. 
after detonation; it may be seen that fairly good agreement has been obtained. 


l-JL\D2+iJ2 


(3) 



Figube 14. Shape of dome in calm water. 101b. at 300 cm. (after 0-078 sec.).-curve 

of 26-3 [1/(9 + B^) — 0*35] plotted against B, O measured from film of 101b. at 300 cm. 

(4) Decderation of water arid size of drops 
The initial deceleration of the water in the splash may be calculated approximately 
from the s/t against t curves mentioned in § 3. The results so obtained are given in 
table 2. 

Table 2 . Initial eetardation 


depth 

retardation 

depth 

retardation 

(cm.) 

(m./sec./sec.) 

(cm.) 

(m./sec./sec.) 

101b. charges 

lib. chajTges 

50 

2500 

30 

600 

75 

600 

40 

650 

100 

350 

60 

400 

150 

300 

70 

300 

200 

300 

80 

300 

300 

250 

90 

250 

400 

180 

100 

200 



175 

100 



200 

100 
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The high initial velocity and deceleration of the drops present difScnlties in the 
measurement of their size, since the Reynolds numbers met with are much higher 
than any for which the deceleration has been calculated or indeed observed pre¬ 
viously. Measurements were therefore made where possible of the terminal velocity 
of fell of clouds of drops in the splashes, and in a number of cases this was foimd to be 
8m./sec. In no cas^ was it higher than this, but it was sometimes less. Flower (1928) 



time (sec.) 

!Figtjke 15. Diameters of domes plotted agaiost time. 
X 101b. at 300 cm. O 101b. at 1000 cm. 


has shown that the maximum velocity of fall of a drop is 8*1 m./sec. and that this 
is reached by drops of 5 mm. in diameter, larger ones becoming deformed or broken 
before they can reach a higher velocity. It is, therefore, unlikely that any drops 
much larger than 5 mm. in diameter persist long after the splash begins to rise. 


( 5 ) DiaTmUr of dome and bl(zck 

The fi lm s taken at 64 frames/sec. showed that the domes did not reach their 
maximum diameters until the second or third frame, and then started to contract 
dowly. The black ring on the other hand did not normally appear at all until the 
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second frame, and did not subsequently change very much in diameter (see figure 3, 
plate 8). 

Figures 15 and 17 show the growth and decay of the dome diameters for 10 and 
lib. charges, and in figure 17 the behaviour of the black ring is also shown. These 
curves are characteristic of aU charges in rough water for the range 0-2 < W^jD < 2; 
the time scale increasing proportionately to for charges of different mass at 
corresponding depths. 

Infigure 15 the growths of domes from 101b. charges at 3 and 10m. are compared; 
it may be seen that the dome contracts very much more rapidly for the deeper charge 
and this was found generally to be so. 



FiGiXKEJ 16. 101b. at 300 cm. in very calm water. Diameters of dome and black ring 
plotted against time. O dome, x black ring. 



Fioxjbe 17. 1 lb. at 500 cm. taken with high-speed camera. Diameters of dome and 
black ring plotted against time. □ crack. 0 dome, x black ring. 

If it is assumed that the contraction of the dome corresponds to the water f alling 
back to the level of the undisturbed surface, the rate of contraction of the dome 
diameter should give an indirect method of determining the imtial velocities at the 
outer edge of the dome. Since the velocity of rise is very small, the drops "will be 
decelerated mainly by gravity, so that the time for a drop to rise and fall back into 
the water, t, is related to the initial velocity, u, by the relation 

u = yt. 


( 5 ) 










ggg H. Kolsky and others 

The shape of the decay crave shotdd therefore he similar to the profile of a vertical 
section of the dome near its edge if the time axis is multiplied by Jgr and taken to 
correspond to initial velocity of rise. An examination of the early part of the decay 
curves indicates that this is at least approximately true, the more gradual slope at 
the edges of the domes from deeper charges corresponding to the sharper drop in 
these curves. 

In calm water the diameters of the domes were found to be considerably smaUer 
than when the water was at aU rough, and figure 16 shows the curve for the dome and 
black ring of a 101b. charge at 3m. under these conditions. On comparing this with 
figure 15, it can be seen that the maximum diameter of the dome is considerably less, 
and that one-third of a second after detonation there is a sharp rise in the diameter 
of the dome and the black'rmg. This rise in dome diameter brings it to the value 
found for the same time in rough water shown in figure 16 and the subsequent decay 
of the dome diameter may be seen to be the same in the two cases. 

This sudden rise in the diameters of the domes in calm water, as well as the quite 
definite humps seen in figure 15 for charges in rough water, may be correlated with 
the secondary shock waves sent out by the oscillations of the bubble and are dealt 
with in detail in a later section. 

As the depth of the charges was increased, the maximum diameters of the dome 
and black ring were found to increase up to depths corresponding to a 1 lb. charge 
at 5 m. At greater depths the diameters began to contract, the dome diameter 
decreasing to zero at the ‘critical depth* which was about 8*5m. for a lib. 
charge. 

In tables 3 and 4 these maximum diameters are given for 1 and 10 lb. charges at 
various depths. The values of P cos 6 are also given, where d is the angle with the 
vertical of the line joining the charge to the edge of the dome and black ring and P 
is the corresponding maximum pressrae at the edge. The calculation of P is discussed 
in a later section. 

It will be seen that for W^jD > 1 these products are approximately constant, 
but show a tendency to increase for the deeper charges. The ratio between these 
products for the edge of the dome and the black ring is given in the last column of 
the tabl^ and may be seen to be approximately 2 . 

(6) Fim structure of tM black riTig 

In order to elucidate the nature of the black ring a number of photographs were 
taken at 64 fram^/sec. with telephoto lenses. These gave the following results which 
are illustrated in figures 6 and 7, plates 9 and 10. 

A. In very calm waler the first and second frames show a number of small hillocks 
(figure 6 ), from which continuous jets of water then rise to a height of about 10 cm. 
and then break into drops a few millimetres in diameter. 

Some indication of the reason for the formation of these individual spikes was 
given by an experiment in which pieces of string were hanging down into the water. 
The cine-film of the dome showed small jets of water climbing up the string even in 
the area of the black ring, indicating that the formation of these ^ikes is facilitated 
by inhomogeneities in the surface of the water. 
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B. For rough water tlie appearance of the black ring is shown in figure 7. It may 
be seen that the wayes already present in the water are markedly increased in 
amplitude; the crests of those nearest the centre of the dome being broken up into 
drops. The presence of individual spikes can also be clearly seen, but these too, tend 
to be concentrated at the crests of waves. 

Table 3. Maxisiitm diameters of domes and black rings for 1 lb. obargbs 



max. 

diameter (m.) 

Pcosd 

Pcosd 


depth 

.— 

" ' ^ 

dome 

black ring 

ratio of 

(cm.) 

dome 

black ring 

(lb./sq.in.) 

(lb./sq.in.) 

pressures 

70 

6*5 

9-1 

445 

232 

1-92 

80 

6-6 

10-0 

489 

233 

2-10 

90 

7-0 

10-2 

474 

237 

2-00 

100 

7-3 

10-2 

492 

260 

1-89 

125 

7-1 

12-6 

618 

215 

2-88 

150 

8-3 

12-6 

545 

252 

2-16 

175 

8-8 

13-6 

548 

250 

2-19 

200 

9-2 

13-8 

555 

273 

2-03 

250 

9-4 

14-2 

618 

310 

1-99 

300 

10-4 

18-4 

585 

226 

2-59 

400 

9-4 

17-2 

740 

312 

2-37 

450 

10-1 

17-6 

690 

325 

2-12 

500 

10-2 

18-6 

688 

316 

2-18 

550 

12-2 

17-2 

575 

368 

1-60 

600 

10-4 

— 

668 

— 

— 

650 

9-2 

— 

740 

— 

— 

700 

9-9 

20-4 

668 

321 

2-08 


Table 4. Maximxtm diameters of domes and black rings for 10 lb. charges 


max. diameter (m.) Poos6 Pcosd 


depth 

(cm.) 

dome 

black ring 

dome 

(lb./sq.in.) 

black ring 
(lb./sq.in.) 

ratio of 
pressures 

50 

11-0 

15-2 

248 

130 

1-91 

75 

11-7 

17-0 

326 

155 

2-10 

100 

14-0 

19-6 

302 

155 

1-95 

150 

14-9 

19-4 

395 

235 

1-68 

200 

15-2 

— 

490 

— 

— 

250 

20-8 

28*4 

334 

171 

1-95 

300 

22-2 

30-0 

342 

193 

1-77 

350 

22-6 

— 

380 

— 

— 

400 

24-0 

— 

378 

— 

— 

500 

23-8 

— 

454 

— 

— 

700 

26-6 

— 

463 

— 

— 

1000 

29-0 

— 

487 

— 

— 


Brom the foregoing experiments it is concluded that the ‘blackness’ of the black 
ring arises from the formation of ‘spikes’ and the roughening of the surface of the 
water. This reduces the amount of light from the sky reflected to positions where the 
line of view makes a small angle with the horizontal. 

The water in the dome, on the other hand, is so completely broken up that the 
incident light is scattered equally in all directions, giving it a white appearance. 
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(7) The crack 

The first frame of the photographs at 64 frames/sec. sometimes showed a bliirred 
circiilar area of whitened considerably greater in diameter than that observed in 
the second and subsequent jfram^. In order to investigate this phenomenon, and to 
study in greater detail the early growth of the dome and the appearance of the black 
ring, some experiments were carried out, using the Kodak high-speed camera. 

As has already been mentioned, it was found necessary to use flares for this work 
and these were suspended vertically above the charge, the camera being 60 ft. up 
a tower, 360 ft. away from the charge. 

The films fix>m the high-speed camera showed that the first phenomenon to he 
observed above the surface, after the charge had been fired, was a bright circular 
patch which expanded rapidly over the surface of the water, becoming darker in 
colour so that it could no longer be seen a few msec, after detonation. The effect is 
shown in figure 8, plate 10, which gives the first three frames from a 1 lb. charge at 
a depth of 2 m. taken at 2000 frames/sec. (the vertical streaks on the photographs 
are due to small particles from the flare impinging on the water). 



IFiounE 18. 11b- uncaiclc^ed spber© ‘P.E.’ no. 2 at 50 cm. Dye vertically above charge. 

0 top of splash. X top of dye. 

The edge of the white area is quite sharp, and the rather blurred translucent nature 
of the whiten^s indicates that the phenomenon is taking place beneath the surface 
of ihe water. This was confirmed by an experiment carried out in very calm water, 
wton the reflexion from the bank remained quite sharp in the region of the pheno¬ 
menon, showing that the surface of the water had remained undisturbed. In view 
of this fact, and by analogy with the formation of scabs from solids by explosives, 
the phenomenon has provisionally been called the ‘crack’. 

Ugore 17 shows the growth m diameter of the ‘crack’, the dome and the black 
ring, for a 1 lb. charge at a depth of 5 m. taken at 706 firames/sec.; the outer edge of 
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the black ring was very ill-defined for the first few firames and the measurements of 
its diameter consequently show a large scatter. 

The radial distance from the charge to the edge of the ‘crack’ was found to 
increase linearly with time at a velocity of 1640m./sec. This is extremely close to 
the velocity of sound in water and indicates that the appearance of the ‘crack’ 
corresponds to the arrival of the shock wave at the water surface. 

(8) Effects due to the bubble 

Most of the effects so far described are associated with the pressure wave sent out 
by the explosion and reflected at the free surface of the water. In addition to these, 
however, other phenomena occur which appear to be due to the large bubble of gas 
generated by the explosion, and which in the case of the shallowest charges completely 
m€fcsk the dome produced by the shock wave. 

The phenomena may be conveniently considered under three headings: 

(а) The central spout which is observed with shallow charges. This is the effect 
of the initial expansion of the bubble. 

(б) The discontinuities in the rate of decay of dome diameters, and the appearance 
of subsidiary domes. These phenomena are associated with the subsequent oscilktUon 
of the bubble. 

(c) The emergence of the gases when the bubble has risen to the surface under 
gravity. 

(a) The central spout 

Though the internal structure of the splashes cannot easily be observed owing to 
the screening of the cloud of drops around it, it was noticed that in some photographs 
there appeared to be a central column of water of considerably smaller diameter and 
higher density than the rest of the splash. Some experiments were therefore carried 
out in which dye was inserted at various points about the charge and the splash 
was photographed with ‘Kodachrome’ colour film. 

A magentadye, known as ‘ Acid Magenta AS was used. 1 oz. of the powdered dye 
was placed in a test tube to which a no. 8 detonator was attached by means of adhesive 
tape. Preliminary experiments showed that this broke up the tube satisfactorily. 
This assembly was placed at various points with respect to 1 lb. charges at 50 cm, 
depth, the two detonators being wired in parallel. 

When the dye was placed below the charge no coloration was seen. When it was 
placed in the surface of the water above the charge, the top part only of the splash 
was coloured (figure 9 a, plate 10). When it was placed immediately above the charge, 
or half way between the charge and the surface, the splash remained white except 
for a central column which was dyed a deep magenta (figure 9 b). 

The height of the dyed central column was measured at various times and the 
results are shown in figure 18. Prom this it will be seen that the central column rose 
with a velocity comparable with that of the top of the splash. It is bdieved that 
whilst the top part of the splash (that shown dark in figure 9 a) is due to the effisot of 
the shock wave, the central (k>lumn is due to the expansion of the bubble aflw the 
shock wave has left it. 


VoL 196. A. 


26 



392 H. Kolsky and others 

(6) PJisii(miena associated with oscillation of the bubble 

For very deep charges {W^jD < 0-2) a secondary dome was observed to rise from 
the surface after the original dome has begun to subside. Figure 19 shows the height¬ 
time curve for a 1 lb. charge at a depth of 6*5 m. and it may be seen that at both 0-16 
and 0-36 sec. after detonation, the water rises after having begim to subside, the 
effect at 0*36 sec. being the much more marked. Similar effects were observed with 
shallower charges up to a depth of 4-5 m. although the discontinuity at 0*16 sec. 
became less marked as a result of the water from the first dome not having reached 
its maximum height by that time. 



0 O-OS 0-10 0-15 0*20 0*25 0*30 0*35 040 045 

time (see.) 

Figitbe 19. lib. at 650cm. 


The theory of the motion of the bubble has been worked out by Lamb, Taylor 
and others and shows that if the charge is at a sufficient depth for it not to break 
surface in original expansion it will reach a maximum diameter and then contract 

again until it reaches approximately its original diameter. It will continue to oscillate 
in this way, while at the same time rising under gravity. It may further be shown 
that during its expanding stages it rises very little, but that the rate of rise increases 
while it is contracting, and that in the region of its minima it rises very rapidly indeed. 
It seems reasonable to correlate the formation of the subsidiary domes with the 
shock waves sent out by the oscillating bubble as it passes through its minima. • 
Although the pressure pulses sent out by the oscillations of the bubble will decrease 
in amplitude at each oscillation, as a result of both the energy lost in the preceding 
pulses and viscosity effects, the bubble will at the same time have risen towards the 
surface, so that the final effect of the secondary pulses will be similar to that of 
a smaller chaige nearer the surface. 

NobeFs Explosive no. 808 may be set off at a lower velocity of detonation 
(2300 m./sec^) if it is primed with a no. 6 detonator, instead of with a no, 8 detonator 
^ and tetryl pellet. Under these conditions the same total chemical energy is released 
as for ordinary initiation, but the maximum amplitude of the outgoing shock wave 
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is found to be smaller. In this case the initial velocity of rise of the dome is about one- 
third of that for the explosive detonated normally and the secondary dome effects 
can be seen much more clearly. 

rigure 20 shows the height-time relation for a 61b. charge of ‘808’ detonated in 
this way at a depth of 4 m. It can be seen that the secondary dome appears to begin 
rising about 0-26 sec. after detonation and reaches a height about equal to that of 
the original dome. It is of interest that the water in the domes under these conditions 
is decelerated far less rapidly than for comparable charges detonated normally, 
indicating that the ‘degraded’ shock wave has not broken up the water so com¬ 
pletely. 



time (sec.) 

Figttiub 20. 5 lb. ‘ 808 ’ at 400 cm. low V.O.D. a, original dome, b, second dome. 


Figure 16 shows the decay of dome diameter for a 101b. charge of ‘P.E.’ no. 2 
at 3 m., the experiment having been carried out in very calm water. In this graph 
a very sharp discontinuity may be seen at 0*375 sec. after detonation, where there 
is a sharp rise in the diameters of the dome and black ring. When the water was at 
aU rough the effect was never so pronounced, but for all 10 lb. charges a discontinuity 
in the graphs of dome diameter against time was found to occur between 0*35 and 
0*4 sec. after detonation, whilst for 1 lb. charges the discontinuity was at about 


0*2 sec. 

Here again the effects may be explained in terms of a secondary shock-wave sent 
out by the bubble during its oscillation, the water that had subsided on the outer 
edges of the dome being again disturbed by the pulse from the bubble when it pass^ 


through a minimum. 

From the foregoing results on dome diameters and the appearance of subsidiary 
domes, it would seem clear that the period of oscillation for the bubble from a 1 lb. 
charge is about 0*2 sec. and for a 10 lb. charge about 0*4 sec., the deeper 1 lb. charges 
often showing more than one complete oscillation. 


26-2 
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(c) The emergence of bubble 

The final phenomenon which is observed from deep charges is an upheaval of the 
water due to the emergence of the gases in the bubble. With charges where 
W^/D < 0*3 this may be clearly seen after the other effects have begim to subside, 
and figure 10 , plate 11 , shows three stages in the emergence of the bubble for a 1 lb. 
charge at 5 m. As the depth is increased the time after detonation of the appearance 
of the gases increases and in figure 21 the times of appearance are plotted against 
depth for chaises between 3 and 8 m. 



0 200 400 600 800 


depth (cm.) 

Fcoubb 21. Time of appearance of bubble for deep 1 lb. charges. 

It is difficult to interpret this curve theoretically, for as Taylor ( 1942 ) has shown, 
the rate of rise of the gas-bubble under gravity varies considerably as the bubble 
oscillates, so that with deep charges, where several oscillations have taken place, 
the total time of rise will not be a simple function of the depth. It will be further 
complicated by the effects of the surface already mentioned. We might, however, 
expect a periodic step-like variation from a smooth curve, and the graph gives some 
indication of this. 

Taylor has also shown that the bubble is unstable during its contracting stages, 
and in a few of the experiments with deep charges there was evidence of two or more 
separate disturbances, showing that the bubble had broken up. 

For shallow charges also, a secondary upheaval was found to take place some time 
after the appearance of the splash. This produced plumes around the central column 
of water and the time after detonation at which this occurs for charges at various 
depths is given in table 5. 

Table 5. Time oe appeauance op ‘bubble^ 

10 lb. charges 


depth (cm.) 

50 

75 

100 

150 

200 

300 

400 


time (sec.) 

0-78 

0*50 

0-61 0-68 

1 lb. charges 

0-61 

0-55 

0*88 


depth (cm.) 

20 

30 

40 

50 

60 

70 

80 

00 

time (sec.) 

0*53 

0-47 

0-45 

0-37 

0*37 

0-36 

0*36 

0-33 
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It win be seen that here the time first decreases with increasing depth. THg may¬ 
be due to the bubble breaking out after being repelled from the surface as suggested 
by Herring ( 1947 ). 


DkCXJSSION OS' StSiSUlTS 

( 1 ) Calculation of pressure from initial velocity 

It may be sho-wn from theoretical considerations that the Tnfl,TriTnnTw pressure of 
the shock wave generated by an underwater charge of weight PT at a distance D 
from the charge is given by 

(«) 


P = 


where (7 is a constant depending on the type of explosive employed. 

This relation -will hold if the compressibiiily of water remains constant up to the 
pressure P. 

The Road Research Laboratory (R.R.L. 1942 - 1943 ) has discussed the relationship 
between the initial velocity produced at the water surface by such a shock wave, and 
the peak pressure of the wave. In the case where the tensile strength of water is 
comparable with this peak pressure they have derived relations for waves in which 
the pressure declines linearly and exponentially -with time. 

When the peak pressure is large compared -with the tensile strength both these 
conditions lead to relations which approximate to 



where c is the wave velocity, p the density and T the tensile strength of -water. 

The results for initial velocities shown in figure 13 correspond to pressures which 
are large compared with the tensile strength of water and hence the expression for 
the velocity given in equation ( 1 ), i.e. V = 66 (F'*/P—0’1) must be equivalent to an 

e 3 q)ression of the form /p—. Thus in the light of equation ( 6 ) we may write 


2 P 66 (F)* 
pc~ D ’ 


( 8 ) 


within the experimental error. By taking c = 1*6 x 10 ®m./sec. and p = 1 g./cm.® in 
equation ( 8 ) we find that 0 in equation ( 6 ) is equal to 23,600 in the units used by 
the R.R.L. (lb./sq.in. for pressure, lb. for W, ft. for D). 

No direct measurements of (7 in equation ( 6 ) have been recorded for ‘808’, and 
the only value available for ‘P.E.’ is that of 16,000 in their units obtained by the 
R.R.L. for charges of the order of 1 oz. in weight (Mumford, private communication). 
A number of measurements have been made on various scales -with T.N.T., and 
Taylor ( 1942 ) quotes the value (7 = 4-9 x 10 ® in o.g.s. units = 16,500 in the R.R.L. 
units. Both these values are considerably smaller than the result given here. 

This discrepancy may be due to a difference in the heat of the explosion in the case 
of T.i5r.T. and the considerable difference in the weight of charge used in the case of 
the R.R.L. It is considerably greater than the deviation of our individual results 
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obtained with the high-speed camera, and the systemaliic errors seem more likely to 
give too low than too high a result. Further, this method of measuring the maxi¬ 
mum pressure is not affected by the extremely rapid variation in pressure which 
takes place near the maximum, and which may leaid to difficulties with inertia when 
any form of pressure gauge is used. 

It is, therefore, concluded that for charges of ‘P.E/ or '808’ of weight 1 to 10 lb. 
the value of C in equation ( 6 ) is 23,000 ± 2000 in the II.II.L. units. 

(2) Theoriesof iJismecMnism of dmne formation 

The mechanism, by which the shock wave from the detonation of the explosive 
causes the complex phenomena described in previous sections, is not at all well 
understood. Three distinct theories have been put forward to account for some of 
these phenomena, but no single theory appears to explain all of the observed effects. 
A brief account of each of these three theories is given below. 

{a) The layer theory 

The physical basis of this theory, which was first put forward by HiUiar ( 1919 ) 
is the assumption that when water is subjected to very rapid stresses by the passage 
of a shock wave, it has a fixed tensile strength of several hundred pounds per square 
inch. Thus, when the head of the outgoing pressure pulse is reflected at the free 
surface of the water, a reversal in phase occurs and the tension set up results in a 
'fixture’ below the surface, a layer of water being set up with some of the momen¬ 
tum of the pulse trapped in it (cf. The'Hop k i n son Bar ’ (Hopkinson 1914 )). The next 
part of the pulse is then reflected at the new surface and a whole series of such layers 
are sent up until the amplitude in the tail of the pulse is insuffi cient to cause farther 
rupture. 

This theory accounts for the phenomenon previously described as the 'crack’, 
for the relation between depth and initial velocity, and for the existence of a' critical 
depth’. It gives no explanation, however, of the phenomenon of the black ring, or 
of the formation of individual' spikes ’. 

One of the present authors (C.I.S.) has suggested an extension of the theory to 
account for the black ring phenomena. This is that in the region of the black ring, 
the shock wave is only of sufficient amplitude for one layer to be formed; this layer 
is rapidly decelerated as a result of the vacuum formed beneath it, so that it falls 
back into the water, and as a result of the impact, a roughening of the water takes 
place which is seen as the black ring. The comparatively sharp outer edge of the 
black ring in calm water is thus taken to correspond to the maximum diameter at 
which the shock wave is of sufficient amplitude to cause cavitation in the water. 

In the region where two or more layers are formed, the second and subsequent 
layers are not decelerated in this way as there is a vacuum on either side of them; 
consequently the first and second layers will collide and break up into the drops 
which give the dome its white appearance. 

The fact that the 'crack’ is seen to extend considerably beyond the maximum 
diameter of the suteequent dome, and that the maximum observable diameter of 
the 'crack’ is generally approximately the same as that of the black ring, would 
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seem to bear out this theory. It is also perhaps significant that the quantity P cos 6 
at the edge of the dome was approximately twice the value at the edge of the black 
ring. The theory, however, gives no account of the formation of separate "spikes^ 
in calm water, nor does it account for the increased maximum diameters of the dome 
and black ring when the water is at aU rough. 

Although there is experimental evidence for the assmnption that water can sustain 
considerable tensions set up by shock waves (Wood & Lakey 1942), it is not known 
whether the value of this tensile strength is sufficiently constant over any consider¬ 
able volume of water for continuous layers to be formed. Under static conditions, 
the negative pressure at which cavitation occurs varies enormously in the presence 
of local inhomogeneities or dissolved gases. 

(6) Multi-bubble theory 

Professor N. P. Mott in a private communication has drawn our attention to 
a theory to account for the phenomena of the ‘crack’ and of the formation of 
individual ‘spikes’ which does not assume a constant tensile strength for water. 

When water is subjected to a large negative pressure, any small bubbles of gas 
present will expand rapidly to very many times their original size (e.g. with a sjiock 
wave of peak pressure—200 lb./sq.in., a bubble of radius greater than about 10"® cm. 
wiU expand to a radius of the order of 1 cm.). It may also be shown that, as a result 
of surface tension, for each negative pressure there will be a minimum radius below 
which expansion wUl not take place. 

This theory attributes the ‘crack’ to the expansion of large numbers of such 
bubbles as a result of the tension set up by the reflexion of the outgoing shockwave 
at the free surface. In the area of the black ring the peak pressure is smaller and the 
TYiiTiiTnuTn diameter for a bubble which can expand is consequently greater; bubbles 
of larger radii will be rarer, and the expansion of those near the surfs/ce may account 
for the formation of individual ‘spikes’. 

The difficulties of this theory are, first, that if the distribution of bubble size in the 
water is continuous, it is diffi cult to account for the comparatively sharp outer edge 
of the black ring and, secondly, that as the expansion of the bubbles will depend only 
on the magnitude of the pressure and not on the direction of the wave-front, then 
P and not P cos would be expected to be constant at the edges of the dome and 
black ring. 

(c) Accentuated-wave theory 

Sir Geoffrey Taylor in a private communication has put forward a theory to 
explain the breaking up of the water surface into drops by a shock wave. He has 
shown that when any water surface which is not perfectly smooth is subjected to 
an acceleration greater than that of gravity, the surface will become unstable pro¬ 
vided that the wave-lengths of the irregularities obey certain conditions. 

In the case of the large impulsive acceleration set up by a shock wave st riking the 
surface of the water the general effect will be that any waves in the water will have 
their amplitude greatly increased, causing a roughening of the water as seen in the 
black ring. When this magnification is sufficiently great, the crests of the waves 
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will break up into drops giving the white appearance of the dome. In this way the 
appearance of the dome and black ring can be accounted for apart from any questions 
of cavitation or the formation of bubbles. 

The results already described in this report, for experiments in water that is at 
all rough, support this theory. Figure 7, plate 10, shows the waves in the black ring 
being enhanced, the crests of those nearest the charge breaking up into drops. The 
view of the dome in figure 5, plate 9, taken from the tower also shows that the 
structure of the dome itself is striated, as if it were conforming to the waves 
originally present in the water. 

Although the effects predicted by Professor Taylor’s theory certainly appear to 
take place, the theory gives no account of the ‘ crack ’ phenomena, the effects observed 
in very calm water, or the formation of separate spikes, and it would thus appear 
that one of the mechanisms assumed in the other two theories must also be involved. 


(3) Expansion of the bubble 

The motion of the gas-bubble produced by an underwater explosion has been very 
fully discussed by several workers and they have shown that if, to a first approxi¬ 
mation, the bubble is regarded as spherical, then its radius a at any time t after the 
explosion is given by the differential equation 


oa-f = 


Pap-Qa^y 

pa^y 


(9) 


where % is the radius of the bubble at ^ = 0 (taken as identical with the radius of the 
unexploded spherical charge), P is the initial pressure generated in the sphere of 
radius % by the explosion, Q is the total pressure at the depth of the centre of the 
unexploded charge due to depth and atmosphere, p the density of water and y the 
adiabatic constant of the gaseous explosion products. (It is assumed that the 
expansion of the gas is adiabatic.) 

A first integral of this equation can be obtained using aH as an integrating factor, 
and if to get the equation in non-dimensional form we introduce the new variables 
a aja^ and = ^{Plp)^ we get 


We may take y = f as a reasonable approximation, in which case 


^0 L 








( 10 ) 


( 11 ) 


This enables us to calculate tbe vdocity -with which the bubble is expanding when its 
radius has reached a certain multiple a of the initial radius of the unexploded charge. 
This equation may be farther integrated to determine the time, taken for the bubble 
to reach this radius. This gives the integral: 


Cf^t 

1 

f*a 


“o 

"V2 

a 

|^V(«-i)[ 

a -f -f 

. «! J 


(12) 
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where a^ — ^C^PIQ), ai&y expand the integrand, thus: 

Cat 1 r® (x^da r, 1 / o 3 , 1 

and, since af (= ZPIQ) is always very large, we may write as a good approximation 

i ^2 Ji V(a-l) {} ^ 

Writing a — 1 = z, we can evaluate this integral, and obtain finally the result 

152» IQz® 


l(2z)[l+-+—+-^(—+— 
aa 3 ^ 5 ^6PU1^ 3 


^.+_ + 42+3 


)]■ 


(16) 


These results, for 1 and 101b. charges of ‘P.E.’, are tabulated in table 0, where d 
and t are evaluated for the bubble up to five times the initial radius of the charge. 
The calculations were made taking 


P = 8*19 X lO^dynes/cm.^ 
and thus Cq == 9*05 x lO^cm./sec. 

It was found that the variation of Q due to varying the depth between 0-25 and 7 m. 
made no measurable difference to the values either of d or < in this range of the 
bubble’s expansion. The calculations were therefore carried out using a value of 
Q = l-2x 10®dynes/cm.2 

Table 6 


a 

d 

lib. charges 

a t 

101b. charges 

a t 

( = a/ao) 

(m./sec.) 

(cm.) 


(msec.) 

(cm.) 

(msec.) 

1 

0 

4-11 


0 

8-85 

0 

M 

334-5 

4-5 


0-022 

9-74 

0-47 

1-2 

397-5 

4-9 


0-033 

10-62 

0-071 

1-3 

414-8 

5-3 


0-043 

11-5 

0-092 

1*4 

413-0 

5-75 


0-053 

12-4 

0-114 

1-5 

402-2 

6-2 


0-063 

13-3 

0135 

2-0 

320 

8-2 


0-120 

17-7 

0-258 

2-6 

250 

10-3 


0-193 

22-1 

0-415 

3*0 

211 

12-3 


0-285 

26-6 

0-613 

3-5 

165 

14-4 


0-397 

31-0 

0-796 

4-0 

138 

16-4 


0-533 

35-4 

1-148 

4-5 

118 

18-5 


0-699 

39-8 

1-504 

5-0 

102 

20-6 


0*881 

44-25 

1-895 


Now in an infinite fluid it may be shown that the fluid velocity at any point at 
distance r from the centre of such an expanding bubble is given by 



(16) 


where d is the rate of expansion of the bubble and a its radius at the mstant con¬ 
sidered. The fluid was not, of course, infinite in these experiments, so that the hydro- 
dynamic system of perfectly radial motion wiU not strictly apply to these conditions. 
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The presence of the surface "will bend the streamlines, as shown by Herring ( 1947 )* 
However, the formula above will stiH give an estimate of the velocities produced by 
the expanding bubble at points distant from it, provided the charge is a relatively 
deep one; and we can thus estimate the velocity effects that a deep charge would 
produce at the surface. It is easy to show in this way that even with the very high 
velocities associated with the expansion of the bubble in its early stages, the effects 
produced at the surface when the depth is greater than about 3 m. for a 10 lb. charge 
or 1*0 m. for a 1 lb. charge, are small in comparison with the effects already produced 
by the shock wave, while at depths greater still, the bubble produces no measurable 
effect at the surface during its first expansion. 

With very shallow charges, however, formula (16) will not apply, for the radius 
of the bubble very rapidly approaches the depth of the charge, so that the bubble 
will break through the surface in its first expansion. Here, of course, the hydro- 
dynamic assumptions on which the whole theory of the bubble’s motion is based 
begin to break down; but they will still hold for the early stages of the expansion, 
so that the velocities calculated in table 6 will give estimates of those with which 
the bubble will break surface. Thus for a charge at a depth of a few times its original 
radius, we should expect the bubble to throw up a spout of water immediately with 
a velocity of the order of 300 m./sec. 

Experiments carried out with very shallow charges show that this does happen. 
Kgure 11, plate 11, shows the splash due to a 101b. charge at 50 cm., 10 msec, after 
detonation. The photograph was taken with a high-speed camera, the splash being 
illumdnated with two flares above and behind it. It will be seen that a column of 
water quite different from the dome produced by deeper charges has been thrown 
up even at this early stage. The initial velocity of this column was measured and 
found to be 320 m./sec. 

If the depth of the charge is increased the effects of the bubble will become smaller 
in magnitude and will take longer to appear, as the bubble will have expanded 
further before producing its full effect at the surface. Thus we should expect to find 
that the first effect of the explosion was the dome thrown up by the shook wave, but 
that this was very soon broken through by a spout of water produced by the bubble, 
the time taken for the break-through to occur being greater for increased depths. 
This phenomenon is in fact what is observed as the ‘ central spout ’, and experiments 
carried out with dyes show that the water thrown up in this spout came from im¬ 
mediately above the charge, which would seem to bear out the present theory of 
its formation. 

Clearly there will be a certain depth of charge for which the velocity produced at 
the surface by the expansion of the bubbly will be equal to that produced by the 
shock wave; for charges shallower than this, the initial velocity of the splash will be 
governed by the water thrown up by the bubble, and no persistent dome will be 
ol^erved; for charges below this depth, the initial velocity of the splash will be 
govemedby the water thrown up by the shock wave, and there will be a definite dome, 
broken through by a central column some time after its formation. It is possible to 
estimate this limiting depth by comparing the velocities given by equation (16) in 
conjuncrion with table 6 with those found experimentally, and given by equation 
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( 1 ) (viz, V = — 0 * 1 )) at various depths D. It is found that this depth is 

about Im. for 101b. charges and 0-5 m. for 11b. charges. 

Moreover, figure 18 shows that in a dye experiment with a lib. charge at 0-5m., 
the velocity of the top of the splash (due to the shock wave) was approximately equal 
to the velocity of the dyed water (due to the bubble). 

There are three other features of the central column which it is possible to account 
for on this theory. First, as has already been mentioned, the water in the central 
column appears to be far less broken up than the water in the domes. Secondly, the 
central columns are of considerably smaller diameter than the domes, and thirdly, 
in several of the photographs (e.g. figure 1 , plate 8 ) the water at the edges of the 
central column is seen to have a definite horizontal component of velocity. All these 
eiffects are to be expected if the central column is produced by a hydrodynamic 
motion of the water, resulting from the expansion of the bubble, whilst the domes 
are produced by the outgoing shock wave. 
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of his laboratory, and for his interest and encouragement; to Lieut.-General 
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Desceiptiok of Plates 8 to II 

No< 6 . The times shown beneath the photographs in figures 6 , 7 and 10 
refer to times after detonation. 

Plate 8 

Figuiub 1 . Splash from 10 lb. charge at 50 cm. depth, 

FiGtTBE 2. Splash from 10 lb. charge at 400 cm. depth. 

Figxjeb 3. Splash from 1 lb. charge at 200 cm. depth. 
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PliA-TB 9 

Figtoe 4. Dome from 10 lb. charge at 300 cm. depth in calm water, taken at 64 frames/sec. 

Figitbe 5 . Dome from 10 lb. charge at 500 cm. depth, 0*25 sec. after detonation. Photo¬ 
graph taken from top of tower. 

Figttke 6 , Surface of water photographed with 12 in. lens for splash from 10 lb. charge 
at 700 cm. depth. 

Plate 10 

Figtirb 7 . Splash from 1 lb. charge at 700 cm. depth in rough water photographed with 
12 in. lens. 

Figure 8 . Growth of ‘crack’ from 1 lb. charge at 200 cm. depth, taken at 2000 frames/sec. 

Figtob 9. Splashes from 1 lb. charges at 60 cm. depth with dye placed (a) on the surface 
of the water, and (6) directly above the charge respectively. 

Plate 11 

Figure 10. Emergence of the bubble from a 1 lb. charge at 600 cm. depth. 

Figure 11 . High-speed photograph of 10 lb. charge at 60 cm. depth taken 0*01 sec. after 
detonation. Illumination provide by flare. 


Experimental and theoretical studies of the behaviour of 
slow electrons in air. I 

By L. H. G. Htjxley, D.Phil. and A. A. Zaazott 
DepaHrmnt of Electrical Engineering^ University of Birmingham 

{Communicated by M. L, E. Oliphant, EBB.—Received 26 May 1948 — 
Revised 6 September 1948 ) 

This paper is an account of an experimental investigation of the motions of free electrons in 
air by the method developed by Townsend. An improved form of apparatus is described with 
^e appropriate theory. The following parameters of the electronic motion were determined 
as fimctions of the ratio Zjp of the electric field strength Z to the gas pressure p; Townsend’s 
energy factor Isj, the drift velocity Wy the mean free path at unit pressure L and the TviAfl.-n 
proportion 7 of its energy lost in collisions with gas molecules. The experimental data are 
given in the form of tables and curves. 

The drift velocity W is found by a new procedure based on the Hall effect and by comparing 
the velocities W so obtained with the direct measurements of W by Nielsen & Bradbury it is 
seen that the velocities of agitation are cflstributed approximately according to Druyvesteyn’s 
law when Z/p exceeds 0*5, Bailey’s factor <?, which is of importance in ionospheric studies, 
is obtained from the experimental dependence of 7 on 

Theoretical formulae are derived for kg and W in terms of Ly Q and Zfp. 

The theory of the new method for measuring W is given in an appendix. 


1 . Intboduction 

The work described in this paper was undertaken in the first instance to obtain 
measurements of the losses of energy of slow electrons in collisions with molecules 
of air, in order to use them in parallel investigations of the properties of the jB-region 
of the ionosphere by means of the phenomenon of the interaction of radio waves. 
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The investigations have, however, proved to possess a wider interest than that 
originally envisaged. Although the properties of slow electrons in air had already 
been investigated by Townsend ( 1948 ) and Townsend & Tizard ( 1913 ) and by 
Bailey ( 1925 ), the agreement between their measurements is not always close, and 
there was need for a fresh investigation of electronic motion in air with modem 
vacuum techniques and an apparatus of improved design. 

The new measurements show, in fact, that the previous results, while qualitatively 
correct, are in certain instances quantitatively untrustworthy and capable of 
leading to erroneous conclusions. 

The aim of the present investigation was to obtain reliable measurements of the 
following parameters (Healey & Read 1941 ) of the electronic motion as functions 
of the ratio Z/p of the electric field strength Z to the gas pressure p, at room 
temperature (about 15° C): 

(а) T(ywme7td's energy fcictor hjy. This factor is the ratio 

^ _ mean energy of agitation of an electron 

^ mean energy of thermal agitation of a gas molecule 

-QlQt. 

where Q = JmZJ® and Qf = and m and are the mass and mean-square 

velocity of agitation of an electron, and M and the corresponding quantities for 
a gas molecule. Tc^ proves (at a fixed temperature) to be a function of the ratio 
ZJp. The root mean-square velocity is obtained immediately as 

1*15 X 10^(jfey)^cm.sec.“'^. 

( б ) The drift velocity W of the centre of mass of a group of electrons through the 
gas, as a function of Zfp. 

(c) The mean free path L of an electron at unit pressure == 1 mm. of mercury 
(ITor). 

(d) The mean proportion y of its energy Q lost by an electron in a collision with 
a gas molecule; that is, the mean energy lost per collision is rjQ. From the values 
of 7) at the lower values of Zjp, we obtain Bailey’s energy loss factor Q which is of 
importance for the ionospheric investigations mentioned above. 

2 . Measubement of the Towhsen-d bhergy factor 
2 * 1 . Principle of the method 

The method employed is that devised by Townsend ( 1948 ) for this purpose, in 
which 1e^ is obtained from a measurement of the ratio WJK of the drift velocity W 
to the dijBFusion coefficient K of an electron stream, but the measuring apparatus 
embodies important modifications to the original Townsend diGfusion apparatus. 
The principle of the method is indicated in figure 1 . 

A stream of electrons, having already acquired a steady state of motion in a 
uniform electric field Z^ enters the diffusion chamber, figure 1 (a), through an aperture 
A in the upper electrode and moves in the same uniform electric field Z towards the 
receiving electrode BC which is divided into a central portion B and an outer 
portion (7. In the apparatus employed By Townsend and his school to study elec- 



404 


L. G. H. Huxley and A. A. Zaazou 


trordc motions, the receiving electrode was divided as shown in figure 1 ( 6 ), whereas 
the division in our apparatus is shown in figure 1 (c). In each case the spread of the 
electron stream by dififusion among the gas molecules is measured in terms of the 
ratio B of the current % to electrode B, to the total current whole 

electrode. 

In a co-ordinate system in which the electric field Z and the drift velocity W are 
parallel to Oz and the diffusion is isotropic, the differential equation for the electronic 
concentration in the steady state, within the diffusion chamber is (Healey & 


Reed 1941 ) 




Wdn . An 
KA^'^ iz^ 


( 1 ) 



1 . Diagram showing the diffusion chamber and two forms of receiving electrodes. 


where 2 A = WfK^ and K is the coefiScient of diffusion. Thus, in principle, when ( 1 ) 
has been solved in conformity with the boundary conditions the ratio of the currents, 
may be expressed as a function, jB(IF/Z^,A,a, 6 ,c) of the ratio WfK 
and the dimensions a, 6 , c and h of the diffusion chamber as shown in figure 1 (a). 


2 - 2 . Formula for W{E in terms of Z and (Healey & Reed 1941 ) 


Me^mirement of k^ 

/ It is known that the correct formula for the drift velocity W of the centre of mass 
of a group of electrons moving through a gas in a constant and uniform electric 


field Z is 




2^m 

Zm[u)^ 


( 2 ) 


where e and m are respectively the electronic charge and mass, and I the mean free 
path of an electron whose velocity of agitation is U. In diatomic gases I is not 
strongly dependent on U and no detectable error is introduced in expressing ( 2 ) as 


(3) 

where p is the pressure of the gas, ithemean free path at unit pressure {p = 1 mm. 

mercury) and (J 7 ~i) the mean of the reciprocals of the velocity of agitation in 
the pirevailing dis^bution of the velooiMes U along the firee paths. 
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These formulae are derived on the h 3 rpotheses that the changes in the velocities 
U along a free path through the action of the force Ze, are small compared with U, 
and that all directions of motion are equally probable after collision. 

The corresponding formula for the diffusion coefficient K is 

K = ilU, (4) 


where p is the mean velocity of agitation. Thus from (3) and (4) it follows that 


W _„ZeiU-^) _ Ze nU-^){U^r\ 
K m (17) V J- 


(6) 


The factor in the square bracket is a dimensionless quantity whose value is 
determined by the law of distribution of the velocities U. Since is the mean- 
square velocity it follows from § 1 that 

_ rp 

= ( 6 ) 


where Jig is the gas constant, T the absolute temperature and i'7 the number of 
molecules in a grammolecule of a gas.'Thus ( 6 ) becomes 


where 

and 


W _ NeZ 1 
K ~ RoTh’ 

2L172{C7-i) 




( 7 ) 

( 8 ) 


Since Ne is known accurately from electrolysis, and Rq is the gas constant, it 
follows that for a temperatxire T = (273 +15)® (7) becomes 

WIK = 40-32?/fci = 4:0-3ZI{Ak^), (9) 

when Z is expressed in V/cm. 

Thus, when the dimensions of the apparatus discussed in § 2*1 are given, the ratio 
B becomes jB( WJK, a, &, c, A), and it is possible to find WjK and therefore from the 
measured value of B, 

To derive the energy factor Jc^ from the distribution of the velocities U must 
be known in order to determine A in ( 8 ). Tor instance, when the velocities U are 
distributed according to the law of Maxwell A — I and = k^ (§ 3, table 1 ). When 
all the velocities JJ are the same, = f. 

It is known (Townsend 1948 ) that when k^ notably exceeds unity the velocities 
are not distributed according to Maxwell’s law, but in many instances conform more 
closely (Healey & Reed 1941 ) to a law given by Druyvesteyn. In this event 
k-^ = \*\4tk^, 

2*3. Description of apparatus 

In the form of diBFusion apparatus employed by Townsend the aperture A (figure 
1 (a)) was a slot whose half-width a entered into the expression for R which was 
obtained in the form of an infinite series. The computation of B as a, function of 
Z/kj^ is therefore a laborious procedure which it is necessary to repeat whenever the 
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f^iTWAnginna of tlie apparatus are clianged. For this reason, one of us has given an 
alternative solution (Huxley 1940 ) of equation ( 1 ) whichis applicable to an apparatus 
in which the aperture A is a circular hole small enough to be regarded as a doublet 
source. 

It was shown that the electron concentration n in the diffusion chamber is given 
closely by terms of the form 

n = const, e^ (a/r) ^ I—I, 

Jh 

and that the ratio i? is i? = 1 —( 10 ) 

where r is the distance from the source, 7i the depth of the diffusion chamber, 

W Z 

A = ^ ^ V/cm.), 

r= OiTid b is the dii^nce from the centre of the electrode B (figure 1 (c)) 

to the middle of the gap between B and C. In ( 10 ) JR is the ratio of the current ijg 
to the total current entering through the hole A. 

Expression ( 10 ) may be written 

Thus B ^fiZhlk^, bih). 

It is therefor© a simple matter to calculate values of B for a range of values of 
Zhjk^ when b[h is held fixed at a specified value. The relationship is then shown 
graphically by plotting B as ordinate against Zh/k^ as abscissa. A family of such 
curves for a range of values of bjlh is shown in figure 2 . 



Rcfuke 2 . Cvirves showLag the distribution ratio J? as a function of [Zhjlcj) for a range of 
values of d/A. The significant curve in the present work is that for which hjh = 0*5. 
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Each curve relates to one particular apparatus according to the value of 6/Aj 
which in these experiments was 0*5. 

Figure 4 is a detailed drawing of the apparatus which was constructed of the same 
metal, nichrome, throughout to avoid contact potential differences. The aperture A 
(figure 3a) was a hole of diameter 1 mm., and the other dimensions of the diffusion 
chamber were: 

length A = 1 cm., radius 6 = 0-5 cm., radius c = 1*5 cm. 



ih) 

FiouitE 3. The diffusion apparatus—details of construction. 




b 

Figube 4. The diffusion apparatus—elevation in half-section. Plan of composite electrode. 
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The width of the anntilar gaps between the electrodes B and 0 and the electrode 0 
and its guard ring (figure 3) was 0-5 mm. As shown in figure 4 the electrodes B and 0 
are mounted on quartz rods attached to the outer guard ring which is earthed. It 
will be noted that the electrodes B and C are together divided by a diagonal cut 
(width 0-6 mm.), so that the receiving electrode comprises four distinct portions to 
which separate insulated leads are attached. Thus, by permutation of the external 
connexions the receiving electrode may be easily transformed from a system com¬ 
prising a circular disk B surrounded by an annular electrode C, to a system of two 
semicircular electrodes. As described below, the latter system is used to measure 
the drift velocities. 



Pyrex glass envelope 
Fioube 5. Apparatus in glass envelope. 


The source of electrons was a brush discharge from a thm tungsten wire which is 
entirely enclosed within a pyrex glass sheath except for a hole about 2 mm. in 
diameter m the sheath several mm. from the end of the wire. The glass sheath serves 
to absorb ultra-violet radiation which would otherwise be scattered throughout 
the apparatus. The current in the brush discharge is of the order 10“'^ to 10“® A, and 
electrons emerging from the hole S are impelled by an electric field between E 
and D of about 50 V/cm. to the surface of D which is pierced by a cluster of am a ll 
holes through which some of the electrons pass into the space between D and A 
where they acquire a steady state of motion in the same electric field Z as that 
prevailing between A and BC in the diffusion chamber. Some of the electrons enter 
the diffusion chamber through the hole A (1 mm. diameter) to forai the stream whose 
lateral diffusion causes it to spread over B and a portion of C. 

The brush discharge is fed ffom a stabilized d.c. power supply, through series 
resistors of 12 mego hms and a diode valve whose filament emission serves to adjust 
the current. This forms a most convenient and stable source of electrons and appears 
to be greatly superior to the usual method of obtaining electrons by photoelectric 
emission. 

An elementary estimate shows that a current of 10-® A does not produce a detect¬ 
able effect on the composition of the gas. The measurements were in fact uninfluenced 
by changing the current in the brush discharge. Although the current in the brush 
discharge is of the order 10“® A, that passing through the hole A into the diffusion 
ch^ber is about lO-i^A. Consequently, the spread of the diffusmg stream is 
uninfluenced by the space charge, which is negligible. 
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The whole electrode assembly is rigidly mounted on three symmetrically spaced 
pillars, each of which is a nichrome rod sheathed in a pyrex glass tube. Intermediate 
pyrex glass cylinders which fit over the inner glass sheath are carefully ground to 
correct lengths and serve as insulators and spacers between the electrodes. Lock 
nuts at the ends of the nichrome rods are used to clamp the whole electrode system 
into a rigid assembly. A mica sheet insulates the lock nuts and rods from the top 
plate E and from tripod support of the electron source. 

The whole is enclosed within a pyrex glass envelope with an internal pillar from 
which the apparatus is supported, as shown in figure^5. 

Coimexions to all electrodes are taken through tungsten-to-glass seals at one end, 
except that to the brush discharge which is taken through a seal and a ground-glass 
joint at the other end as shown. 


to apparatus 



gas container 

Figtjbe 6 . Vacuxnn installation. 


2-4. Vacuum system 

Apiezon L grease was used on all taps and joints, and gas pressures were measured 
on a manometer using apiezon B oil. An oil diffusion pump, Metrovac type 03 B 
with a Metrovac rotary backing pump together with a Pirani gauge, was used to 
evacuate the system to a pressure of 0-0001 mm. of mercury during the outgassing of 
the electrode assembly and to check that the system was completely airtight. Thus, 
mercury was employed nowhere. The vacuum installation is shown in figure 6. 

To remove water vapour and carbon dioxide from the air, it was admitted to the 
apparatus after storage for a short time in the vacuum traps immersed in liquid air. 

2*5. Method of measuring small currents 

Since the currents to the electrodes B and 0 (figure 3) are of the order of 10“^^ A 
it is necessary to employ electrometer techniques to measure them. Further, it is 


27-2 



410 L. G. H. Huxley and A. A. Zaazou 

essential that the electrode B or (7, the current to which is being measured, should not 
be allowed to change in potential during the measurements, in order to avoid dis¬ 
tortion of the applied field Z in the diffusion chamber. A modification (Huxley 193 ^) 
of the Townsend’s induction balance proves simple and convenient for this purpose. 
Figure 7 is a schematic diagram of connexions. Tomeasurethe current for instance, 
electrode G is earthed and electrode B is connected via an earthed screening tube to 
the grid of an electrometer tetrode valve. A substandard variable condenser is 
connected in shunt as shown. 



This condenser comprises a good-quality variable radio condenser (0*0003/^F 
max.), mounted rigidly within a closed metal cylinder to which the movable plates 
are connected. Distrene insulation is used throughout, and the lead from the fixed 
plates is taken through a distrene plug in the wall of the cylinder. A pointer moves 
over a scale fixed to the top of the cylinder. 

The system is calibrated by a null method against a set of standard cylindrical 
condensers. 

The condenser stands on an^nsulating slab, and its case is held at a fixed potential 
of about 1V as shown. As charge reaches the electrode the condenser capacitance is 
continuously altered to liberate a neutralizing charge at such a rate that the anode 
current of the valve indicates that its grid remains at earth potential. The current is 
therefore i = vACjt, where AC is the change in capacitance in time t (say 30 sec.) 
and V the potential of the case of the condenser. 

The valve electrometer is mounted with its meters in a metal case with a front 
panel and forms a useful independent unit. By use of an arrangement in which the 
major portion of the anode current through the meter is ‘ backed-off’, the sensitivity 
is greatly increased and it is possible to detect potential changes on the grid of the 
valve of the order of 1/100 V. 

As the brush discharge was very steady the ratio B == isKis^^c) obtained 
simply by measuring ijg and (i^+ i^) in turn, although a bridge method for measuring 
the instantaneous ratio isl^o also available. 

Care was taken with earth connexions to avoid errors from contact potentials, 

2*6, Experimental remits 

When the ratio B = heen determined for a given electric force Z 

and gas pressure p, as explained above, the constant is obtained from the appro¬ 
priate curve in figure 2, which in these experiments was that designated b[h=^ 0-5. 
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Thus from R we find Zhjk-^ from the curve, and since Zh i& the voltage across the 
diffusion chamber, is obtained immediately. It follows, from the discussion in 
§ 2 - 2 , that = kJA, where is a constant whose value is determined by the law 
of distribution of the velocities of agitation U (§ 3, table 1 ). 

We shall in this paper consider two only of the possible laws of distribution, 
Maxwell’s law for which k^ = and Druyvesteyn’s law for which k^ = k-Jl-14:, 
When the values of k-^, obtained from measurements over a range of electric forces 
Z and gas pressures p, are plotted against the corresponding values of the ratio Zjp, 
the points faU near a single smooth curve. Thus Jb^is a function of Z/p. This result 
is also to be anticipated from the theory of the electronic motion (part II, § 1 - 3 ). 



Fiqttbb 8 . Curves giving Townsend’s energy factor as a function of Zjp, Curve h)r 

jMaxwell’s velocity distribution. Curve^2 = (A; 2 .)j for Brujrvesteyn’s velocity distribution. 


The results are shown in graphical form in figure 8 , in which the curve marked 
1 represents the experimental values and that marked 2 is that derived from the 
upper curve by dividing its ordinates by 1*14. It therefore represents the values of 
k^ on the assumption of a Druyvesteyn distribution. 

The corresponding values of the root mean square velocity of agitation in centi¬ 
metres per second, are given by 

^{U^) = 1-16-^iy X 10^ (Maxwell), (^^ 1 = kj,)^ 

^{U^) = l^OS^k^ X (Druyvesteyn). J 


(12) 
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As shown later (§4*S), a sensitive test for the presence of ions in our experiments 
showed that with uncontamLnated air there were so few that they escaped detection. 
It was therefore possible to use relatively large pressures of the order of 10 mm. of 
mercury in order to measure the parameters of the motion for small values of Zjp, 
In this way the field Z was never small enough to render contact potentials a serious 
source of error. 


3. Ratios and products op velocity averages 

The quantity A defined in equation (8) is an example of a dimensionless factor 
which appears as a combination of velocity averages of different kinds and whose 
value in consequence is determined only by the law of distribution of the velocities. 

Since such factors will frequently appear in what follows, it is convenient to make 
a preliminary tabulation of the more useful examples, for the particular distribution 
laws of Maxwell and of Druyvesteyn. 

We formulate these laws as follows: 

McmveU: ^ UHU, (13) 

where a is the most probable velocity and dNjN is the proportion of a large group 
of electrons whose velocities exceed U but do not exceed (Z7+ dU) at any instant. 

Druyvesteyn: ^ UHU. (14) 

Here, a is not the most probable velocity. 

Table 1. Dimensioxless products axd ratios of velocity averages 



Maxwell 

Druyvesteyn 

u^u-^yu 

1-5 

1-312 

U(iFi) 

4/77- = 1-27 

1-18 

uiiv^y 

0-85 

0-95 

(tP^) {jp)i 

1-38 

1-24 

{U)Vm ■ 

8 /37r = 0-847 

0-900 


0-639 

0-707 

(D--i)*/(0)i {U-») 

0-564 

0-65 


The following formula proved useful in the preparation of the table: 

The following facts were also used: 

r(i) = (7r)i; r(i) = 3-6216; r(|) = 1-2264; r(|) = 0-9064. (16) 
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4. Mbastjbembkt of the deift velocity W 
4-1. General considerations — Tovmsertd’s method 

In order to obtain information about the mean free paths of the electrons and the 
energy losses of electrons in collisions with molecules, it is necessary also to measure 
the drift velocities W. 

The first measurements of W for electrons were made by Townsend ( 1948 ) by 
observing the deflexion of the stream of electrons in a magnetic field. By iuterchange 
of the external connexions, the receiving electrode (figure 1 (6)) of the /jiffnamn 
apparatus, the electrodes B and could be connected to form a single electrode with 
Cl behaving as a separate electrode (figure 9a). On applying a magnetic field parallel 
to the length of the centre electrode B the electron stream is deflected as shown 
(figure 96). With particular values of the fields H and Z, the axis of the stream feUg 
on the gap G, as is shown by the equality of the currents i^^ and (i^+. An elemen¬ 
tary application of the theory of the HaU effect gives the following formula for W: 

( 17 ) 


where Z in e.m.u./cm. and H in oersted are the values of and H necessary to make 
^ careful analysis (Huxley 1937 ; Townsend 1937 ) shows that 
formula (17) is inaccurate. 


A 



b 


X 



Z 


Figure 9. Hall effect in electron stream. 


We define therefore an angle 6 as follows: 


tan (9 = {WJW^), (18) 

where is the component of the drift velocity at right angles to the electric force Z 

and the magnetic field H and Wg is the component parallel to Z. 

The following expressions have been derived (Huxley 1937 ) for the velocities 
and Tf^: 

(1+0)2^2) |_2 + l+<y2y2j)’ 

wT r (d^T^ 1) 

(l-|-<y2T2)P + l+(y2yaJ)’ 


F 

® 3fr 


w = -— 

“ ZH 


( 19 ) 
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inwhichw = Helm,andT = Z/U = time to traverse the mean free parthZ at speed Z7. 
The bar over the expressions in the curly brackets indicates that the mean values of 
these expressions averaged over all velocities U are to be taken. 

In the (hffusion experiments the gas pressures are such (1 to 6 mm. of mercury) 

that 1 , consequently _ 

W (oT^ 

tan^ = | = ^. ( 20 ) 

Expression ( 20 ) may be written [equation ( 2 )] 

tan5 = ~^T(P/(T)®) 

or ir = |[(CFi)®/(CF®)]|tand. 

Thus, from § 3, table 1 , it follows that 

IT = 0 * 86 ^tan^ (Maxwell), IF = 0-943^ tan ^ (Druyvesteyn). (23) 

iz jCZ 

In Townsend’s measurements 6 is determined by the method indicated in figure 8 a 
and W is then given by formula (17). 


( 21 ) 

( 22 ) 


4*2. Method of Nielsen and Bradbury 

A totally dififerent method for measimng W is the electrical shutter method 
originally used with ions by Van de GraafiF and by Tyndall & Powell, and later 
adapted for use with electrons by Nielsen & Bradbury ( 1937 ). 

Nielsen & Bradbury’s results for air are discussed below. 

4-3. A new method 

In the method used in our experiments the quantity WJW^ = tan0, as in Town¬ 
send’s method, is obtained directly by experiment. The drift velocities W are then 
derived from (23). The method does not, however, depend upon the assumption 
that WJW^ = tan0 = ( 6 /A) (figure 9a) which is not strictly accurate (Huxley 1940 ), 
especially in a widely divergent stream. 

The principle of the method and the experimental procedure (m contrast with the 
mathematical theory—see appendix) are extremely simple and may be understood 
by referring to figure 96. As was stated in § 2*3, the receiving electrode shown in 
figure 36 can be transformed by rearrangement of the external leads, to a pair of 
separate semicircular electrodes. When the magnetic field H is zero, the currents 

and ig to the two semicircles are equal, but when H is applied parallel to the 
diagonal cut separating the electrodes, the currents and are no longer equal 
(figure 96), and it is a snnple matter to measure the ratio these currents 

by the method described in § 2 * 5 . 
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It has fortunately proved possible to express the ratio as a function 


R^{WJW,,Zhl]c^). 


In figure 10 this functional relationship is shown graphically by a family of curves 
each of which represents as a function of for a specified constant value of 

WM-* 



Fig-tjrb 10. Hall eifect ratio i?i as a function of Zhjk-^ for a 
range of values of {WJW^). 


On the assumption that the stream of ions in the dffiision chamber is effectively 
that (Jue to doublet source, it may be shown (see appendix) that 


where 


H 

h 







?i=0 


(AA)** 

1.3.6.(»-!) 


■^„(AA),J 


(24) 

(25) 


* We are greatly indebted to Mr J. E. Goodwin of this department for computing these 
curves. 
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where 

and 


l+Wt)i^W 
2K„ ~ 2 A 


= 20-15Zhlki [eqn. (9)] 


K, 


= (_iL_U 

\l+a)^Ty 3’ 


8 = 

P 2Ks^ 


WA) = 


% 

W,’ 


( 26 ) 

(27) 


and K^{Xh,) is a modified Bessel function of the second kind and of order n. 

Since, from eqn. (4), ta,nd = W^jW^x^T, and because in the experiments 
tan5<0‘2, the approximations made in (26) and (27) are within the limits 

of experimental error. Thus, as state(^, is a function BiiWJW^, Zhjhj). 

Thus &om the measured values of Ri for known values of Z, p and therefore of 
Zfp, the value of WJW^ = tand may be obtained from figme 10 , since Aij is already 
known as a function of Zjp (figure 8 , curve 1 ). 

The drift velocity W for the assumed law of distribution, either of Maxwell or of 
Druyvesteyn, is then obtained from (23). 

The magnetic field was obtained from a pair of Helmholtz cods cahbrated by means 
of a ballistic galvanometer and a small search cod.. The measured and calculated 
values of H were in close agreement. 

Table 2 shows how the same value of W is obtained for widely different values 
of H, when Z and p are given. 

Table 2 


.Z=16V/cm. = 4 mm. of mercury. Zlp=4c, Zhllc^ = 0'242 

W X lO”' cm.sec.-i 


H (oersted) 


WJWg = tan 6 

Maxwell 

Druyvesteyn 

35*8 

0-805 

0-065 

24-7 

27-4 

45-0 

0-75 

0-08 

24-4 

26-8 

62-5 

0-66 

0-115 

25-0 

27-8 

71*5 

0-63 

0-13 

24*8 

27-4 


In addition to providing a satisfactory check of the theory, the fact that the same 
value of W is obtained over a range of values of H indicates that negative ions are 
present, if at ad, to a neg%ible extent. 

The drift velocities W were measured at several pressures p and forces Z over 
a wide range of values of Zjp. It was found that W was accurately a function of 
(Zjp) only, in accordance with (3). 

The experimental results are shown in figure 11 , m which W is shown as a function 
of Zjp. The curves marked and Wj) are obtained by using the same set of experi¬ 
mental values of tan0 in the two formula (23), the one corresponding to the 
distribution law of Maxwell and the other to that of Druyvesteyn. 

The experimental results of Nielsen & Bradbury ( 1937 ) obtained by the method 
of the electrical shutter are represented by the curve Tl^. The curve agrees well 
with the curve Wp, and it is therefore reasonable to suppose that the actual law of 
distribution of the velocities of agitation U is not very different from that of Druy¬ 
vesteyn. The transition to the law of Maxwell which prevails when .Z = 0 appears 
to occur in the range 0 < Z/p < 0 * 6 . 
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Nevertheless, in what follows the values of numerical coefficients in formulae, 
appropriate to the distribution law of Maxwell as well as that of Druyvesteyn, are 
given, in order to indicate the influence of a change in the law of distribution on the 
accuracy of the results. Townsend’s & Bailey’s results for W when corrected on the 
hjTpothesis of a Drujwesteyn distribution are not very different from those of 
Nielsen & Bradbury and ourselves. 



Zjp 


Figtire 11. Drift velocities W as function of Zjp, Wjjj, Nielsen and Bradbury’s measurements. 
Wjp, from Hall effect assuming Druyveste 3 mL ’8 distribution. Wm> from Hall effect assuming 
Maxwell’s distribution. 


5. CAIiCXJLATIOlir OS' THE MEAN EBBB PATH L AT T7NIT PRESSTTEES 


When the drift velocity W and the experimental energy factor are known it is 
possible to deduce the mean free path L at unit pressure (1 mm. of mercury) from 
formula (3) from which it follows that 


3 /m\ PT 1 
~2\el(Zlp) (ipiy 


(28) 


It is convenient to express L in terms of the experimental quantities and a factor 
determined by the distribution of the velocities U. If we consider W to be such an 
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experimental quantity then we should use Nielsen & Bradbury’s values for W and 
write (28) in the form 

(U^)i = 1-16 X 10’(fc2.)*cm.sec-1, 


Since 

and, from (8) 
it follows that 


•1"I 


tJ 

L = 7-96 X 10-9 {*i)* iU 


(30) 


in which Z is expressed in V/cm., p in mm. of merciuy and W in cm.sec. 

It follows from table 1, § 3, that with the two particular laws of Maxwell and 

Druyvesteyn, pp-- .j 

M<mvdl: A = 7-05 x lO-® cm., | 

{Zip) 

Druyvesteyn-. L = 7'33 x lO”® -^^^^^cm. 

When W is derived from the magnetic deflexion of an electron stream it is then 
replaced in (30) by its value (22) 


(31) 


If = |x 108[(?7-i)9/(17-9)]^tan^, 

MaxsbeU-. If = 8-5 x 10’-= tan 0, 

n 

Druyvesteyn: W = 9*43 x 10’^ tan 

Jjt 


which, becomes 


(32) 


for substitution respectively in the first and second of equations (31), Z in (32) is 
expressed in V-cm.~^. It is more satisfactory in this case to express L in terms of 
experimental quantities. It follows from (20) that 

w-^rEi. 

from which we deduce, using (8) and (12), that 

Whence from § 3, table 1, last entry. 


2tan0 


AToa^eH: L = 0-698 (jfc, )*■ 

TT 4.Q/3 

Druyvesteyn: L = 0-689 -g (^i)*- 


(33) 


- X—iX'/ J 

The values of L derived from the second of formulae (33), using the measured 

^ Z tan _ 

values of shown in figure 12 as functions of U, Those obtained from 

Nielsen & Bradbury’s values of W using formulae (30) are a few per cent less 
everywhere. 
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It is evident that i is a function of and therefore of the energy of agitation. 
The agreement between the values of L obtained by two such different methods 
is noteworthy, and inspires confidence in the measurements of and W. On 
the assumption of a Druyvesteyn distribution ii=3-7x lO^^cm. {5<Zlp<25), 
Kgure 12 shows that L reaches its minimum value i = 3-7 x 10~^cm. at 
U «1*5 X 10^ cm.sec.*"^. The extrapolated value of L corresponding to thermal equi¬ 
librium at a temperature of 15° C (Z7 = l-06x lO’cm.sec.-^) is L = 5-3x 10~^cm. 
The value obtained by extrapolation of the i- XJ curve based on Nielsen & Bradbury’s 
values of W give £ = 5 x 10“^ cm. for U = 1*06 x lO"^ cm.sec.""^. 



0 2 4 6 8 10 12 14 16 18 


U X 10”’ (cm./sec.) 

Figubb 12. Mean free path L at unit pressure (p = 1 nnn. of mercury) as a function of the 
mean velocity of agitation C7. The horizontal dotted line is the value of 4 -y/2£ molecule. 
(L molecule from data given by Keimard, Kinetic theory of gases.) 

6. The* pbopobtioh tj of its energy lost on the average by an 

ELECTRON IN A COLLISION WITH A MOLECULE 

As an electron drifts at velocity W through the gas it receives power w = ZeW 
from the electric field Z. In the steady state of motion this power is dissipate1& in 
collisions wdth the molecules, in aggregate, more energy being lost in some collisions 
than is gained in others. 

Let Q = be the mean energy of agitation of an electron in the steady state 
of motion, and suppose that on the average the overall loss of energy is tjQ per 
collision. It follows that .jj. 
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whence 

ZeW 1 — — — 

, = 2^^^ = 3F2/[(C7-i)(C7)(l72)]. 

(34) 

But 

_ 2rlj^xp-'i 

172 = (1-15 xl0’)2 fey = (M6xl0’)2- —^Jfei 




(36) 

, 3-41X 10-1* F® 

whence ^ = -^=—=—?—• 

(C72) (17-1)2 fej 

Thus from table 1 , § 3, we have 

(36) 

Maxwelh 

Druyvesteyn: 

If = 1-79 X 10-i*F2/fei 1 

If = 1-68 X 10-i*F2/fei.J 

(37) 


The values of 1 / calculated from the second formula (37), using Nielsen & Brad¬ 
bury’s data for W, are shown in figure 13 as a function of 



!Figubb 13. Mean proportion of energy tj lost by an electron in collisions -with gas 
molecules as a function of G, Bailey’s energy loss factor. 


Since if is zero when iy = 1 , it follows from the results that if increases with k^ 
to a constant value if = 1-3 x 10“® and then rises continuously as k^, is further 
increased. 

V. A. Bailey has supposed, in discussing the theory of the interaction of radio waves 
in the ion<Mphere, that if is given by a formula of the form 

7 = G(l-l/*y), (38) 

which maJkes if vanish, as it should when Z = 0 when the electrons are in thermal 
equilibrium with the gas (fey = 1). 
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Thus, according to (38), rj should appear to preserve the constant value 7/ == G 
when 1 is less than the experimental error. 

This, in fact, occurs, and it may be assumed that when Zjp < 2 formula (38) 
represents the dependence of tj on k^, with 

(? = 1*3 X 10 "-® (Druyvesteyn’s distribution). 


7. Formulae eor k^ and W m air nsr terms of Zjp 


The measurements show that even when Zjp < 2*5 the mean free path L at unit 
pressure does not vary rapidly with the mean velocity 27, and that i] is given by (38) 
with Q = 1*3 X 

If Druywesteyn’s distribution is postulated then k^ = l*14fcy, and equations 
(37) and (38) give ZJp < 2*5 


1*47 X lO~^W^Ik^ = G{k^-^l)lkj., (39) 


while, from equation (31), we find 

W 


(40) 


From ( 39 ) and (40) we obtain formulae which, express W and kj, in terms of L, G 
and (Zjp) only. * 

Thus, '&om (39) and (40), 


0{kT-l) r L{ZIp) “IM 
" 1-47 X 10-1* |_7.85 X 10-®J kj,’ 


(41) 


in which Z is expressed in V.cm.-i, whence 

kT{kj,-l) = 240^(2/p)2, 


that is 


k^ 


l + [l + 960L2/G(Z/i5)®]i 
2 


(42) 

(43) 


also 


F = 


L(Zlp) 


1-127 X l(fiL{Zlp) 


7-85 X 10-9 “ f 1 + [1 + 960L9(^/j))9/(?]n* 

1 2 I 


(44) 


This formula for W is analogous to one given by K. T. Compton (see Cobine 1941 ), 
in which, however, the factor G is replaced by where m is the mass of the 

electron and M that of the gas molecule. Compton’s formula did not represent the 
experimental results in diatomic gases very well. On the other hand, when 
i = 4x 10-9 and (? = 1-3x lO"® formulae (43) and (44) represent the dependence 
of k^ and W on Zjp fairly well provided Zjp < 2-5. With these values of L and G the 
formulae assmne the special forms given in (45) and (48), 


l+{l + 1180(.^/p)9}* 

Ky-5 , rr — 


5 X WjZIp) 


1 + [1 + 1180(ZIp)^W' 
2 


( 46 ) 
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When 1> it follows from (42) that 


, 15-4: , 

kji — ^^^^L[ZIp), 

(46) 

24tOl^{Z/p)^ 

but that when 1, then q • 

(47) 


A formula which may be used to estimate when (Zjp) is small. 

With Maxwell’s distribution the factor'960 in (43) and (44) is replaced by 1440, 
and 1-27 in (44) by 1-42. The factor 240 in (42) becomes 360. When 1180(-Z/p)®> 1 
formulae (45) become 

Icj, = 0-6+ ll-iZjp, W = 1-2 X W{ZIp% (48) 

with Zjp < 2*5. 


Table 3. Qtjajsitities dependent on the distbibtjtion oe the velocities 


• 

Maxwell 

Druyvesteyn 

§2-2 



, 2rU»C7=i-l 
fcr = 3L t, 

Ajp k^ 

Jci£ = 0*876jfej 

§2-6(12) 



(l7*)*=M6xl0’(Ar)* 

1-16.X lO’(fci)* 

1-08 X 


1-06X 10’(fci)i 

1-02x10’{A5i)* 

§5(32) 

8-6 X lO’^tan 6 

B. 


4 X l(fiZ _ 

O „tane[l7-i]*[D’-»]-i 

3 J3 

W 

■tan 6 = Z in V-em.”'- 

w/ 

9-43 X 10’^ tan 6 
H. 



§ 5(30) 

L = 7-96 X 10-» 


(All)* B cm.. 


■where B = [ 1717~i)~* 

^tan^r ~[ 

B = l-06(Ai)i^7^ ■ _ 

L(U)» (17-*) J 

§6(36) 

_ 3-41X 10-“TP/fei 
[(^)(CFi)*] 

In air for Z/p < 2-6 

Whmi L and & are independent of Z/p 
kT{kT-l) = CI^{Zlp)»IG 
l-f-[l4-40£*(2/p)»/(?]l 


7-05x10-*^^^ 

{Zip) 


Z tan d 

1-79 X 




If = 


Dxl(fiL(Zlp) 


a+[i+4CL\zip)yG]iY 
\ 2 


7-33 x 10-0 

{Zjp) 


^tan 6 

6^ = 1-3 X 10-3 


0 = 360 

C = 240 

0 = 360 

(7=240 

J>=1*42 

I>=l-27 

0 = 360 

0 = 240 


2 
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8. StmMAEY Off ffOEMUIxAE AND RBStrLTS 

In this section the more important of the formulae that have been given are 
summarized for convenience. Cross-references are appended. 


NeZ 


The Tmmsend energy factor Tcj, 
WJK = where is the apparent energy factor (7). 

The Townsend energy factor is — hJA, 


where 


2Ll7*(r7-i)_ ■ 


Boot mean squa/re vetodty of agitation 
(^)i = 1-16 X lO’(ifcr)* 

Rni 


= 1*15 X10^ 


^ om.sec.-i. 


( 8 ) 


Drift velocity W and diffusion coefficient K [§ 2*2] 


9. SXTMMIABY OP REStTLTS 

The experimental results are summarized for conveniencje in table 4, in which 
the measured quantities are expressed in terms of Z]p. 


Table 4. The motioh of electeons nsr air 

All derived magnitudes are obtained on the hypothesis of Druyvesteyn’s 
law for the distribution of the velocities 








TTxlO-® 

Wj^x 10 -® 








(magnetic 

(Nielsen 

7X103 

Z/p 

K 

lcj> 

V(C72) X 10-7 

I7xl0“7 

Lx 102 

deflexion) 

& Bradbury) 

0-5 

11-0 

9-65 

3-58 

3-48 

4*65 

9*43 

9-0 

1-24 

1-0 

20*5 

18-0 

4*88 

4-62 

4*45 

13-2 

12-6 

1-28 

2-0 

37*5 

32-9 

6-62 

6-24 

4-20 

18-8 

17-5 

1*37 

3*0 

52-5 

45-5 

7-78 

7-35 

4-00 

23-5 

22-0 

1-560 

4-0 

62-0 

54*5 

8-5 

8-03 

3-90 

27-4 

26*0 

1-830 

6*0 

76*0 

66*7 

9-35 

8-84 

3-80 

35-8 

34-5 

2-670 

S-O 

87*0 

76*3 

10-1 

9-5 

3-75 

43-8 

42*5 

3-480 

10*0 

98*0 

86-0 

10*7 

10-1 

3-70 

51-4 

60*0 

4*28 

16'0 

124-0 

108-5 

12-0 

11-35 

3-70 

68-5 

68-5 

6*36 

20*0 

146*0 

128-0 

13-0 

12-3 

3*70 

84-0 

85*5 

8-38 

25-0 

166-0 

145*5 

13-9 

13-1 

3-70 

98-0 

100*0 

10-10 


L values are derived from W (magnetic deflexion). 

We are greatly indebted to Mr H. J. Morris for his invaluable assistance in 
executing all the glass blowing for us, some of it of considerable difficulty, and also 
to Mr H. Kennett and Mr J. C. Ellams of the Departmental Workshop for 
constructing the apparatus with great skOl. 
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Appendix 

The theory of the new method for measuring the drift velocity W from the Hall effect 

In §4*3 a new method of measuring the drift velocity IF in a steady field was 
described, but the theory of the method was not given. It is therefore presented in 
this section. 

Consider the receiving electrode (figure 96) to be bisected by a cut parallel to the 
axis Oy with the magnetic field H parallel to the cut and the electric field Z per¬ 
pendicular to the plane of the electrode and parallel to Oz. Take the electron source 
(the hole A) as origin of co-ordinates. Let the components of TF be and The 
coefi&cient of diffusion parallel to JET is unaffected by H, and has the value K, but in 
directions normal to S’ its value is 


K -U—^\ 


(49) 


The diSerential equation satisfied by the electron concentration n in the steady 
state {3nldt = 0) is « . 


/3% 3%\ _ 

^\3a^ dy^ ~ 


^ 3 » ^dn 


(50) 


Since we are not concerned with the y-co-ordinate we eliminate it as follows: 

Let g = J ndyj then since dnjdy = 0 at y = ±oo, we may integrate (60) with 

respect to y to obtain 


(51) 


3a:2‘''3z2 ~ 

2/? = WJKjs, 2y = WJKg. 

Put q=V then it follows that 

3 * 2^322 ’ 

where = p^+y^. 

A solution that satisfied the boundary conditions at the top plate is 

where is a modified Bessel function of the second kind and order unity and A 
is a constant. 

^ eO?»-H'*)A:i(Ar). 

The current to the right-hand electrode is proportional to 


J”gda: 


i.e. 


Jo (a:2+A2)i 
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Similarly, the current to the other half of the electrode is 

AT. vA r“Z'l[A(a:®+A®)*] dx 


and the ratio of the currents is 




^ Jo 

fsis 

E^[X(x^+h^)i}dx] ir f“ ^,Zi[A(a:i‘+A2)*]d!a:-] 

{x^ + h^)i J/Uo (a; 2 +A 2 )i J’ 


" h Uo {x^ + h^)i J/Uo . (a; 2 +A 2 )i J’ 

It is therefore necessary to evaluate the infinite integrals in (52). 

We are greatly indebted to Professor G. N. Watson, F.R.S., for effecting the 
integrations as follows: 

Put r»e±^-Zi[A(a:2 + A2)*]d* 

Jo--( 0 </?<A), 

where 

4 ~Josinh^^*^ {x^+h^)i 
By W.B.F.*, § 13-47 ( 2 ), we have 


= Ji±J, (0</?<A), 


{x^ + h^)^ 


r«J,(bt)KM^+mt>^^dt 6^r(a2 + 62)4-|-;-i 

Put = 1 to find, 

r«( 2 \i .Kiia{fi+zy]iXdt 

h (si) (<■+»■)» 






6 -ir(a 2 + 62)nr_ n 




_2z{a^+b\ 


g^8Ca*+62)»_ 


That is 


’ OQsbtKj^[a{fi+z<^)i]dt ^ n 
+ 2az 


Put 6 = iyff, a; = ^, a = A, 2 = A to obtain 


^ 2Xh 2Xk 


To evaluate /«consider 


sinh [fit) + z^)*] dt 

(«2 + 22 )i 

_ P&r^X, |»co fan+i;g:^[a(^2 + g2)t]^^ 

~«5o(2»+l)!jo (f+z^)^ 


(|;»|<«) 




« ^(an+Dzna-OH-i) 

„?ol.3.6.(2»+l)^’‘^ ^ 


put A = a, 2 = A 

~„?ol.3.5.(2«+l)^’‘^^^- 

* G. N. Watson ( 1944 ), Theory of Bessel functions, 2nd ed. Cambridge University Press. 


28-2 



426 


Thus 
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*1 \- 4 +' 4 / 


But ^/A = WJW, = tan^, 2A = 2 (/? 2 +y 2 )i = WIK^. 

Since from (49) and 2 (7) and 2 (9), when tan 6 is small 

W 

and Ks-^E; = 4Xi-BZhllc^. 

J\. 


Thus = Bj^(tan^, Zhjkj), 

as stated iu § 4*3. The curves in figure 10 were computed from the formulae for 7j 
and I 2 given above. 
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Experimental and theoretical studies of the behaviour of slow 
electrons in air. II. Ionospheric and other applications 

By L. G. H. Huxley, D- Ptut.. 

Department of ETectrical Engineering, University of Birmingham 

{Communicated by M. L. E. OUphant, F.B.S.—Received 25 May 1948— 
Revised 6 September 1948) 

The significance, for ionospheric and other studies, of the experimental data given in part I 
is considered. It is shown how the data obtained fi:om rocket soundings may be combined 
with the measurements of wave interaction in the ionosphere and the laboratory data given in 
part I, to estimate the height at which wave interaction occurs and the coUisional frequency 
at that height. 

The following topics are also discussed: the theory of electronic motion in direct and 
alternating fields; the power communicated to a free electron in a gas by an alternating field; 
and the interaction of radio waves in the ionosphere. 

1 . Applioation to ionosphekic studies 
1 * 1 . The mean free ]path L 

It appears from figure 12, part I, that the mean free path L at a pressure of 1 mm. of 
mercury is about 6*4x10“^ cm. at the mean velocity XJ = l*05x lO^cm.sec."^ 
corresponding to a temperature of 15° C (288° K), and that it has approximately the 
same value when 17 = 9 x 10*^ cm.sec.”^ for a temperature of 210° K. If therefore the 
pressure p and temperature T° K of the air in a region of the ionosphere are known, 

Up I T\ 

then the coUisional frequency of an electron is v T and L 

correspond to ?7. The factor (jr/288) accounts for the thermal expansion or contrac¬ 
tion of the air. 

1 * 2 . The energy loss factor 0 {part I, § 6 ) 

According to the Bailey-Martyn theory (Healey & Reed 1941, p* 151) of wave 
interaction the dependence of the transferred modulation M upon the modulation 
frequency {nl^n) of the mterfering wave is given by the following formula (§ 4 below): 

M^M^Iil + {nlOvn. ( 1 ) 

where is the value of as 0, and Q is the factor defined in part I, equation 
(38), whose value in air was found to be <? = 1-3 x 10“®; the coUisional frequency v 
is that of an electron at the seat of mteraction in the £?-region. Controlled obser¬ 
vations (Huxley, Foster & Newton 1947, 1948; Ratcliffe & Shaw 1948) of wave 
interaction give the values of and {Ov). 

Consider table 1 ia which the first column contains a set of atmospheric heights 
ranging from 75 to 88 km. The second column contains the corresponding pressuresjp 
found from rocket soundings in America (Best, Havens & La Gow 1947)* corres- 

Ur) / 2 * 88 \ 

ponding coUisional frequencies given by v = I | are shown in the third column 
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on the assuniption that jP = 210 ° K, L = 5*4 x 10 ”® and J7 = 9 x 10 ® cm.sec.”^, as indi¬ 
cated at the head of the table. The values of the product of the factor 6 ^ = 1’3 x 10 ~® 
and the values of v in the third column are shown in the fourth column. 


Table 1 

T = 210"^ K. EJ = 9 X 10« cin.sec.-i. i = 5*4 x lO"® cm. (? = 1*3 x 10-« 



rocket data 

- ^ 

Up /2-88\ 

Gv for 
air with 
molecular 

estimated 
Gv for air 
with atomic 

h (km.) 

p (mm. B[g) 


oxygen 

oxygen 

88 

3xl0-» 

7x10® 

910 

505 

85 

5x10-“ 

1-I6xl0« 

1500 

830 

82 

7x10-® 

1-6x10® 

2100 

1165 

80 

10-® 

2-3 X 10® 

3000 

1670 

78 

l-3xl0-» 

3x10® 

3900 

2106 

75 

2 X 10-® 

4-6x10® 

6000 

3333 


In a series of test transmissions (Huxley et ah 1948 ) som^ twenty-three values of 
Qv were measured and it was found that 1100 <Gv< 2300, of which some 80 % of 
the values lay within the limits 1400 <Gv< 2000 . 

Since the coUisional frequency varies rapidly with height this result suggests, 
with the assumption that the air at 82 km, is the same as clean laboratory air, that 
the region of wave interaction is centred on a height of 83 km. Although it is in fact 
improbable that at this height an appreciable proportion of the oxygen exists in 
the atomic form, it is of interest to estimate the height of the seat of interaction on 
the assumption that the oxygen is entirely atomic. In the first instance, if each 
molecule provides two atoms of roughly half its diameter, the coUisional frequency 
is not greatly changed by the dissociation. In order to retain the pressures listed in 
the second column of table 1 the total number of particles, and therefore the coUi¬ 
sional frequency, must, however, be reduced in the proportion of 5 to 6 . 

In normal air the losses of energy by electrons are expended in producing changes 
of rotational energy in the molecular dumbbells. In a monatomic gas, however, 
G is 2nhjM^ where m and M. are the electronic and atomic masses. Thus in atomic 
oxygen (? = 6-8 x 10 ”®, and may be neglected in comparison with G— 1*3 x 10 ”® for 
air with oxygen molecules. Thus the mean value of G for air comprising four parts 
of undissociated nitrogen and two parts of atomic oxygen is about f x 1*3 x 10 ”®. 
The value of Gv is therefore to be reduced by the factor f x f = f or approximately 
by one-half. The values of Gv in the fifth column of table 1 are f of the corresponding 
values in the fourth column. 

Since, as mentioned above, 80 % of the experimental values of Gv he between 
1400 and 2000 , the corresponding height in this case is about 80 km. This shows 
that the height may be estimated with fair precision irrespective of an exact know¬ 
ledge of the proportion of oxygen in the atomic form. As already stated, it may be 
safely assumed that at these heights the oxygen is molecular, so that if the values 
assumed for the pressures are correct, the seat of interaction lies at a mean height 
of about 83 km. Further experiments with rockets may of course require the data 
in the first two columns of table 1 to be revised. 
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- A direct method of estimating the height of the seat of interaction from an 
examination of the phase of the impressed modulation has been described by 
Ratcliffe & Shaw ( 1948 ). This method at present does not lead to precise estimates 
of the height, but in the tests imder discussion the measured heights ranged from 
82 to 88 km. with about 60 % of them within the limits 82km. <A< 85km. These 
heights are therefore consistent with the assumption of molecular oxygen and 
a height for the region of interaction of 83 km. as deduced above. CJonversely, if 
the height h were reliably known then it would be possible to estimate the pressure 
p at that height from the radio measurements.* 


1*3. The significance of the Townsend parameter {Zjp). 

An alternative parameter (wjp) 

It has been shown by experiment that the energy factor and the drift velocity 
W are functions of the ratio (Z/p) of the electric force Z to the pressure p. It is of 
interest to examine the theory of these functional relationships. 

In the steady state of motion the balance between the power supplied by the field 
Z and that dissipated in collisions is given by equation (34), part I, which may be 
written 2ZeW 7i{mU^)UplL, (2 


that is 




( 3 ) 


It follows therefore that if Z and p are both increased or dimi n i s hed by the same 
arbitrary factor so that Zjp is unaltered, then the product of terms on the left-hand 
side of (3) is unaffected. Since L and 9 / are functions of ?7, this condition can only be 
f ulfill ed in general if the individual averages, J7^, U and depend only upon 
Zjp and not upon Z and p independently. 

Thus Zip determines both the mean energy of agitation and the law of 

distribution of the velocities U, since the velocity averages 17^, U and are also 
determined by it. 

It follows that quantities such as 


are functions of Zjp as is confirmed by experiment. Equation (1) may be written 


w ZeW /mm\ U 
p~ p ~^\ 2 }l’ 


( 4 ) 


where w = ZeW is the mean power supplied to an electron by the field Z. Since the 
drift velocity TT is a function/(E/jp) which is found by experiment (part I, figure 10 ), 
it follows that 


w 

P 


or, iaversely, 


= <Zlp)f{Zlp) = 4>{ZIp), 

{Zlp) = 4z 


* The following formula gives p in terms of v, T and U: p= 7*6 x 10“^ hTv/{A U) mm. of 
mercury, where k is Boltzmann’s constant and A the molecular cross section in collisions with 
electrons. Since Ah = 3*13 x it follows that -4 = 6*8 x 10“^® cm.* when h= 5-4: x 10"* cm. 
Thus, with i' = 1*2 X 10® and T = 210°, p — 5x 10“® mm. of mercury. 
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It also follows therefore that the quantities k-^, k^, W, U^, U and the law of dis¬ 
tribution of the velocities U are fonctions of {wjp), since they are functions of Zjp. 
This functional dependence of kj, upon the ratio wjp is of importance for the inter¬ 
pretation of the interaction of radio waves in the ionosphere where the power w is 
supplied to the electrons from the altematiog field of the interfering wave. Expres¬ 
sions for w are given in § 3 below. 

If it is possible to estimate the power w delivered by the wave to a free electron in 
the ionosphere, and if also the pressure p is known, then the energy factor k^ may 
be inferred from the results of the laboratory experiments assuming the tem¬ 
peratures to be roughly the same. The actual values of the energy factors kj, are 
maintained by the field of the interfering wave at values only a few per cent iu excess 
of the value Aj. = 1 corresponding to thermal equilibrium. We therefore require 
a formula expressing k^ as & function of (wjp) when 1. When k^ is small (< 2) 
we may assume the law of the velocity distribution to be that of MaxweU. It follows 
therefore, in accordance with the last sentence of § 7, part I, that 

k^{kji—l) = 360-^ (.Z/p)®, (6) 

and (wjp) = KfiejZjp) W = 1-42 x lO^^L{Zlp)^ = 2-27 x lQ~*L{Zlp)^, ' (6) 

since e = 1-6 x 10“®®e.m.u.' and Z is in V cm.~^ 

Thus, on eliminating (Zjp)^ from (6) we find 

= (7) 

L in cm., w in ergs sec.-^, p in mm. of mercuiy. 

The values L = 5*4 x and Q = 1-3 x 10-® should be used in (7) since they are 
the experimental values of these quantities and are properties of the molecules and 
not of the law of distribution. 

Thus, when (fc^r) == 1, 

( 8 ) 


2. Components op the deipt velocity W in a magnetic field and 
THE deipt velocity IN AN ALTBENATING ELECTEIC PIBLD 

The method of measuring the drift velocity W described in § 4-3, part I, depends 
on the formulae (19) for the components of the drift velocity in crossed electric and 
magnetic fidlds. It was found by experiment that if it is assumed that the velocities 
of agitation are distributed according to the law of Druyvesteyn, then the values 
of W obtained by this method agree closely with Nielsen & Bradbury’s values, 
obtained by direct measurement over a very wide range of values of W. It may be 
concluded that the formula (20) 

0 ) 1 ^ 
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which was derived frotoi equation (19), part I, for the limifi-ng case o>^T^ 1 has re¬ 

ceived experimental verification. The complete formulae (19), when H — and 
the electric force X is directed along Ox become 


2Xei 

f (oT^ 

ri "1 

h 

3 m 1 

[{l+a>^T^) 


r 

2Xe 

f T 

- o)^T^ 

i 

3 m 

[{l+o)^T^) 


)’J 


( 10 ) 


where e is considered positive, o) = Eejm, T = IjU = IJv. 

On the other hand, it is known jfrom electrodynamics that when the electron moves 
in a vacuum {(oT-^co) then its mean velocity at right angles to the magnetic field 
is XjE. Equations ( 10 ) are in agreement with this fact since, when 6 )T-^oo, 

Wy-^XIE, TF^->0. 

Thus equations ( 10 ) are correct for the two limiting cases OjT-^O and o)T-^oo, and 
it may be inferred, pending further e3;perimental tests, that they are generally 
valid. 

We consider next the expression for the drift velocity in an alternating electric 
field, first without and then with an applied magnetic field. Let the electric field be 


^ Z — ZQOospQt 

It was found (Huxley 1937 ) that the drift velocity W is 

W ^ A cos {pQt) + B sin (p^t), 


_ 2Z,ei T r 1 

^“3 m l(l+i)§ 2 ’ 2 )L 

2Z,e J~^T^ ri 

m l(l+i)§2’2)L2'^l+i)§2’*Jj’J 


( 11 ) 


in which T ^IjU and e is considered to be positive. 

When ( 10 ) and ( 11 ) are compared, it will be noted that B and A are the same 
functions of Pq as Wy and Wg, are of o). Further, equations ( 11 ) are correct in the 
limiting cases p^T^O, and PqT-^co for which W becomes respectively, 

and F = ^sin(po«). 

3 m \U) mpQ 

The correspondence of ( 11 ) and ( 10 ) is not a coincidence, as it may be inferred from 
general considerations. If this be assumed then an experimental verification of 
( 10 ) may be considered also to include ( 11 ). It may also be inferred (Huxley 1937 , 
1940 ) that ( 10 ) and ( 11 ) are each speciaf cases of more general formulae for the com¬ 
ponents of W in an alternating electric field in the presence of a steady magnetic 
field. Suppose the electric field to be that of an elliptically polarized wave and that 
a magnetic field E is directed along Oz. Let the components of the electric field be 
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+ji>] 

w, = ^{[5 -js]Ey-\i +iD] E ^},. 


(12) 


where 


and 


S = ■F(i)o+«i>)+i'(f>o-w), 
«=? /(i>o+ 6 >)+ /(i’o-<y). 
J> = ^(^0+6))-J’(i)o-6)), 


<*= /( 2 ’ 0 +*>)- fiPo-(^)> 


•F(lJo±w) = jj 

f{Po±(^) = y 


( ^ 

fi, (i>o±")’*2’M) 

\l + {Po±(^)^T^ 

_ l + (i5o±«^)’*^^Ji 

( {Pq±<»)T^ 

ri (Po±a))=‘T 2 1 ) 


The quantities (? and grate G = iF]^, g = U]<^o- 


(13) 


(14) 


The theory of wave propagation in the iono^here, based on equations ( 12 ), has 
been given elsewhere (Huxley 1940 ). f 


3. The mean powee communicated by a high-pebquency eieed 

TO AN ELECTEON IN A GAS 

The mean power w given to an^lectron by the alternating field is 

«; = I Be[E^W* + E^W* + E^W*], (16) 


in which W*, and FJ are the complex conjugates of the components of W that 

appear in ( 12 ). 

Thus ^ ~ ^ [^(-^ 0 +^ 0 ) + ^GZl — 2XqTqD sin a] ergs/sec. (16) 


In the particular case of circularly polarized waves = 7^, sina = ± 1 . Suppose 

Zq = 0 , then 




(sina = + 1 ) 


28 . (17) 

or- w = —XlF-\ (sina = - 1 ), 

m which 7+ and F- are defined in (13) and (o = He/m is to be given positive values 
in ^e formulae when H is directed along + Oz and the charge e is positive. When 
H is reversed or e is n^ative then w is negative. 



433 


Studies of the behaviour of slow electrons in air. II 
If the wave is plane polarized with and f - 0, then 



(18) 


(19) 


When H = 0 this becomes 

In these formulae for w, e, Xq, Yq and Zq are expressed in e.m.u. 

4. Interaction of radio waves in the ionosphere 

The principles of electronic motion in gases which have been discussed in this 
paper find immediate application in the theory of the interaction of radio waves 
first given by Bailey and Martyn and later extended and reformulated by Bailey. 
We therefore give, in outline, a simplified formulation (Huxley et al, 1947 ) of the 
theory. 

When the radiation from a powerful transmitter impinges on the i?-region of 
the ionosphere its field communicates to each free electron, power w which is given 
by formula (16). The mean kinetic energy Q of the electrons is therefore increased 
to a value i r\ 

Q = Jc^Qt, (20) 

where is the value of Q when w is zero. Jcj. is given by ( 8 ). 

Suppose all the components of the field of the radiation to be modulated at a low 
frequency 7^/27r so that the amplitude of each becomes multiplied by a factor 
(l + Dcosnt). 

The power w now becomes a function of the time 

w{t) = WQ[l+DooBnt}^ = it?oj^^l 4 -^j + 2i)cosri^-f ^cosn^J, (21) 

where Wq is the value of w when JD = 0 , i.e. it is the contribution of the carrier wave 
to w. 

The energy of agitation Q of the electrons also becomes a function of time and 
oscillates about a mean value Q, 

Equation ( 2 ) for the energy balance is now replaced by 

~ + 'ilQv = w{t). (22) 

Since (k^ — 1 ) is here a small quantity we may 

(a) Put 71 = 0^1-^ = ^{Q-Qt) (part I, equation (38)). 

(b) Replace the frequency of collision v = Ull, which oscillates with Q by its 
mean value v tooughout the cycle corresponding to the mean energy Q. 

Thus from ( 21 ) and ( 22 ) we have 

^+Gv{Q-Qt) = «?oj^(H'Yj + 2^cos»<+Y®os2»fJ. (23) 
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The energy Q fluctuates about a mean value ^ at which it is held by the mean 
power w^{l. +D^/2). The mean energy Q is therefore given by 

OV{Q-Qt) = Wo{l+D^I2). (24) 

Subtract (24) firom (23) to obtain 

^ + {Gv){Q-Q) = 2«)oj^X>cosw«+^cos2»«J. (25) 

Thus, the fluctuation of Q about Q is given by 

Q = Q[l + 2mcos(?rf—^) + 2m'cos(2wf—^')], (26) 

where m = ?»q/[1 + (V 

Too = WoDI[Q{Gv)']y 




mo == 

tan^ = Jtan^' = {nJOv). ^ 

The instantaneous and mean frequencies of collision v and v are related as follows, 
(ylV) = {QIQ)^, whence from (26) 

j; = P[1 -f m cos {nt —^)+m' cos (272,^ ~ 

— I 

i.e. (^—^) = Ay = y[mcos(n^— 5 i) + m'cos(27i^— 5 ^')],; 

where it has been assumed that 2m ^ 1. 

Equation (28) shows how v oscillates about its mean value y. 

Suppose a second radio wave (wanted wave) to traverse a short path s over 
which y is effectively constant but with v modulated as in (28), 

Let p nepers be the absorption of this wave in the distance s so that if (£^ 2)0 
amplitude of the wave at the beginning of s then its ampHtude at the end of s is: 


•®2 = (^a)oexp(-p) = (l?2)oexpj^-/)-^AvJ 
= (-^ 2)0 [esT -p] [^1 - 

= (E^)o (fxp-p) 1^1 - (^) V{m cos {nt -^) + 


m cos {nt —^) + m' cos {2nt 




The second wave therefore becomes ampHtude modulated at the frequencies of 
the fundamental and of the octave of the interfering wave. The ampHtude of the 
transferred modulation at the fundamental and octave tones acquired along the 
path s are, respectively, 


M = my- 




TIT/ ,-^P ^^0 

M' = m'v-rh = — 


^ ~ W QG • 


where, fi:om (8), 


(31) 
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If QG in (31) be replaced by its value in (24), then (31) becomes 

Q,Gv 

In practice ——> 1 , so that (32) is effectively 


M 


w^B 

QtG’ 


(32) 


When the frequency ^> 2 / 2 ^ of the wanted wave is such thatp| > v® then it is known that 

GNv . „. -r 1 -. , -dp — 

poc:v= -g - where 0 is a constant. It follows that v-^ = p, so that (31) becomes 




Qm 


ONw^D 

PlQG 


(33) 


in which N is the electron concentration. 

The harmonic component M' in (30) has been observed (Huxley et aL 1947 ) to 
be present in. the expected proportion. 

JJxpression (31), and its limiting form (33), are given in a form which makes it 
possible to assess the effect of changes in any one of the contributory physical 
processes on the total transferred modulation Mq. 

The phenomenon of the interaction of radio waves thus possesses a double interest, 
both as a link between laboratory and ionospheric studies and as a tool for ionospheric 
research. By use of this phenomenon it has been possible for the first time to make 
controlled alterations in the properties of the ionosphere itself. 
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Preparation and properties 


of a reproducible neutron standard 


By E. Beetscheb, G. B. Cook, G. R. Martin and D. H. Wilkinson 
(GoTfiMunicated by SiT James Chadwick, F.R.8.—Received 6 Avgust 1948) 


Kadium beryllium fluoride (R.aBeF 4 ) is proposed as a new form of radiuin-a-beryllium 
neutron source, for adoption as a standard. Three such sources have been prepared and 
calibrated; they give a neutron yield which is proportional to the radium content to within 
Installs are given of the techniques used in the preparation and standardization of 
these sources; probable errors in the calibration are discussed. 


1. iNTBODTJOTIOlSr 

In various nuclear physical experiments it is necessary to know the absolute yield 
of a neutron source. Several well-established* procedures are available for this 
deterinination, but they are, without exception, lengthy, and require considerable 
preparation. If there were available neutron sources whose yields were accurately 
reproducible, then, after determination of the absolute yield in several laboratories, 
this problem would reduce to a comparison of the working source with such a stan¬ 
dard. Such relative measurements are much simpler and quicker to make, and are 
susceptible of greater accuracy. In ad<iition, the existence of such sources would 
considerably simplify the inter comparison of neutron measurements between various 
laboratories. 

The characteristics desirable in such a source are: 

( 1 ) Ease of preparation. 

( 2 ) Independence from arbitrary parameters, such as distances, volumes, weight 
ratios, etc. (Ideally the source should be completely specified in terms of one arbitrary 
quantity, which would normally be the weight of active material used; all other 
variables should produce only second-order effects.) 

(3) The neutron yield should be independent of time. 

(4) Small physical dimensions (i.e. approximating to a point-source). 

( 6 ) The absolute value of the neutron yield must be reasonably high, to facilitate 
comparison with other sources. 

The normal type of * mixed ^ radium-beryllium source, although providing a high 
absolute yield, is known to be imrehable (Bright etal, 1941 ). The chief cause 
of variation appears to lie in the difficulty of achieving a homogeneous mixture of 
two powders (usually radium sulphate or bromide and beryllium metal) of such 
different densities, and of preventing partial separation under the influence of 
gravity. To avoid the last defect, Anderson & Eeld ( 1947 ) have recently proposed 
compression of the mixture in a hydraulic press. This would eliminate at least the 
possibility of gravitational separation. Since the experiments described below were 
performed, Gamertsfelder & Goidhaber ( 1946 ) have proposed a ‘reproducible 
neutron standard’ which is based on the photo effect in Be, using Ra as a source of 
y-rays. We had also considered this possibility, but came to the conclusion that such 
a source is rather sensitive to geometry, to corrections for y-ray absorption in the 

[ 436 ] 
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Ra-containers and in addition has a low efficiency (about 62 neutrons/sec./milli- 
curie Ra). I£ reproducibility to within 1 % is aimed at, the necessity to correct for 
every possible error makes the method based on the photo effect less attractive than 
it might seem at first sight. 

In order to overcome these objections, we have searched for a definite chemical 
compound between an a~aotive element (preferably i^adium) and a suitable target 
element such as beryllium or boron. An inspection of the literature disclosed no 
properly characterized radium compound containing either of these elements. The 
other three alkaline earth ’metals, Ca, Sr, Ba, however, yield salts of the type 
Me^^BeF^ (where Me^^ is a divalent cation), isomorphous with, and in many other 
respects similar to, the corresponding sulphates. It thus appeared a reasonable 
extrapolation to expect that radium beryllium fluoride would be a stable insoluble 
salt, similar to radium sulphate, which is the least soluble of the alkaline earth 
sulphates. 

In a source of this type the following additional conditions have to be met: 

(1) The dimensions of the source must be large compared to the range of a- 
particles in the material. 

(2) The grain size must be large compared to the range of the recoil fragments 
resulting from a-emission (i.e. a low ‘emanating power’). 

(3) The composition must be constant. 

(4) The contribution of the polonium a-particles must be small, since this part 
of the neutron yield will grow with the half-life of radium D (22 years) with initially 
pure radium. 

We believe that all of these conditions are substantially met in the sources we 
prepared; the magnitude of the uncertainties attributable to them is discussed later. 

2, Experiments with barium beryllium pluoride 
(1) Preparation and analysis 

In view of the difficulty and expense involved in handling radium salts, prejiminary 
experiments were carried out on the corresponding barium compound, with the 
primary object of checking the constancy of composition of the complex, under 
varying conditions of preparation. 

Stock, Praetorius & Priess ( 1925 ) have described the preparation of BaBeP 4 , by 
two methods: {a) by precipitation from aqueous solutions of K 2 BeP 4 and BaC!l 2 , 
and (6) by fusing together BaCl 2 Samples were prepared under various 

conditions, and their purity determined. In some cases complete analyses were 
carried out, but for most samples the ratio 

BaS 04 -f-BeS 04 

BaBeF4 

obtained by faming with concentrated sulphuric acid to constant weight, was taken 
as a criterion of purity. The other analytical techniques employed were: 

(a) For barium: the complex was decomposed with concentrated sulphuric acid 
in a platinum crucible, and the resulting mixture of sulphates extracted with dilute 
sulphuric acid. The remaining barium sulphate was dried and weighed. 
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(b) For beryllium: the complex was transformed into the sulphate mixture, and 
the beryllium determined iodometrically by the method of Bleyer & Moormaim 
(1912). 

(c) For fluorine: the complex was decomposed by heating with perchloric acid, 
water being added from time to time to keep the boiling-point at 110 to 116° C 
(Willard & Winter 1933). The distillate containing the hydrogen fluoride was con¬ 
centrated and titrated with potassiinn aluminium sulphate solution using phenol- 
phthaJein-j-methyl orange as indicator (see Kurtenacker & Jurenka 1930).* 


Tabije 1. Results oe astalysis of BaBeF4 


preparation 

calculated for BaBeF 4 

(1) BaBeF 4 prepared by fbsion at 800® of BaCl^ 
in an excess of B[ 2 BeF 4 , purified by washing 
with water several times 

(2) BaBeF 4 prepared by precipitation from 
neutral cold aqueous solution with 1 % 
K 2 BeF 4 solution 

(3) BaBeF 4 prepared as (2), but after precipita¬ 
tion the solution was brought to the boil and 
cooled 

(4) BaBeF 4 prepared as (2), but the solution 
boiled for 15 min. 

(5) BaBeF 4 precipitated from boiling n/ 20-HCI 
solution using 1 % B&Cl^ and B: 2 BeF 4 solu¬ 
tions 

(6) As (6), but in w/S-HCl, the K^BeF* solution 
added quickly 

(7) As (6), but the K 2 BeF 4 solution added slowly 
drop by drop 





sulphate ratio 

Ba 

Be 

F 

BaS 04 "t* BeS 04 

(%) 

(%) 

• (%) 

BaBeF4 

61*8 

4*05 

34*2 

1*522 

58*7 

3*90 

33*3 

____ 

59*8 

3*92 

34*2 


61*3 

4*00 

35*3 

1*524 

62*0 

4*07 

34*4 


61*1 

4*09 

34*1 


— 

4*02 

— 

1*523 


4*10 


1*615 

— 

4*09 

_ 

1*629 




1*616 

— 

— 

— 

1*619 


61*6 

— 

— 

1*622 




1*619 




1*622 

— 

— 

— 

1*621 


These analytical procedures were first checked on standard solutions of the 
,elemenfe concerned and found to be satisfactory. The results obtained with samples 
pre^r^ m ^nous ways axe listed in table 1. It is clear from this that the fusion 
safasfactory, and such a method would in any case be objectionable 
w^n the radium compound had to be prepared. Within the experimental error, the 
^St£n^^ aqueous solutions all appeared to possess the required 

tb P^°ipi^ted as BaF^, X-ray powder patterns of 

the s^ples of MeF^ were compared with patterns obtained from samples of our 

E ® fluoride (the most 

deteetin ^ ^ V proved to be insufSciently sensitive, the limit of 

SMd howev™^+b T* ^ were thus not very significant. It can be 

, er, at our samples obtained from aqueous solutions, contained less 

• We are indebted to Dr C. J. Wilkins for help with the determination of fluorine. 
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than 3 % of BaFg. The sample obtained by fusion appeared to contain about 
10 % in rough agreement with the analytical figures already quoted.**' 

(2) Co-precipitation experiments 

Evidence for the existence and nature of the corresponding radium salt was 
obtained by radioactive tracer methods. A study of the distribution of traces of 
mesothorium (Ra®^®) between precipitated barium beiyllium fluoride and the 
solution after partial precipitation by insufficient amounts of K 2 BeF 4 , showed that 
the radium salt is, in all probability, less soluble than the barium compound. This 
was taken as confirmation of the initial assumptions about the stability and solubility 
of the radium compound. 

(3) Emanating power of the complex 

It is a condition for the reproducibility of the source that the emanating power of 
the preparation should be low. A small quantity of radium chloride was mixed with 
barium chloride solution and samples of barium beryllium fluoride were prepared 
in various ways. These samples were allowed to emanate in an atmosphere of 
hydrogen, which was later pumped off through a charcoal trap immersed in liquid 
air, to absorb the radon. The y-activity of the charcoal tubes was later measured and 
compared with that from an aliquot of the original solution. Table 2 gives the 
percentage emanating power of the samples. These figures are in qualitative agree¬ 
ment with the conclusions reached from a comparison of the crystal sizes made 
under a low-power microscope. 

Table 2. Emanating poweb oe RaBeE^ copbecipitatei> with BaBeF^ 



emanating power 

conditions of precipitation 

(%) 

cold, neutral, 1 % solutions 

1-5 

1-8 

boiling, neutral, 1 % solutions 

2-7 

2-0 

boiling, 1 % solutions in ]sr/10-HCl 

0-3 


0*1 

boiling, 1 % solutions in n/5-HCI 

0-1 


<0-1 


3. PbEPARATION oe BADHTM BEBYLmiM ELUOBIDEt 

About 40 mg. of radium, as bromide, were available for the preparative work. It 
had recently been specially purified, and the purity was given as >99%. The salt 
was weighed into three roughly equal portions, and an independent preparation 
made with each in the following manner: 

The salt was dissolved in 1 ml. of n/ 6 -HOI in a small platinum crucible, and heated 
on a hot plate. To the nearly boiling solution was added 2-6 ml. of boiling K^BeF^ 

* We are indebted to Dr A. J. C. Wilson, then of the Crystallographic Laboratory, Cambn-dge, 
for making these measurements. 

f We are very much indebted to Messrs Hiorium Ltd., who st^plied the rachtun bromide 
us^, for the provision of laboratory facilities for the work with radium. In addition, we have 
to thank Dr W. P. Grove for advice on radium handling technique, and for ma k ing the emanation 
measurement on the final material. 


Vol. io6. A. 


29 



440 E, Bretscher, G. B. Cook, G. R. Martin and D. H. Wilkinson 

solution (containing 15 mg. K^BeF^, about 2^ times the theoretical quantity) dis¬ 
solved also in iir/5-HCL A white precipitate formed and quickly settled. After cooling, 
the supernatant liquid was removed with a dropper and teat, without disturbing 
the precipitate, which adhered strongly to the platinum crucible, and centrifuging 
was therefore unnecessary. The precipitate was washed three times with hot water, 
the washings being removed as before, and the solid then dried for 1 hr. at 140*^ C. 
The RaBeF^ was removed from the walls of the crucible by means of a platinum 
microspatula coated with ‘Polythene’ to prevent scratching of the crucible. 

Samples were removed from the j0rst two preparations and analyzed by fuming 
to constant weight with concentrated sulphuric acid. 

I n 

IlaS 04 +BeS 04 found 1-378 1-380 

RaBeF^ calc. 1-373 

The third sample was used first for the measurement of the emanating power and 
gave a result of about 3 %; the significance of this will be discussed later. This sample, 
and the remainders of the first two were then weighed into small platinum capsules 
and sealed. The capsules were identical cylinders, 0*37 cm. high, 0*25 cm. in diameter, 
and with wall thickness 0*025 cm. The radium content was determined by com¬ 
parison of the y-ray ionization currents with that of a radium standard: 



I 

II 

III 

wt. RaBeF 4 (mg.) 

11-162 

8-543 

— 

wt. Ra(calc.) (mg.) 

8-11 

6-21 

— 

wt. Ba (frem y-ray measurements)* 

8-03 

6-13 

18-04 


* A correction for absorption of the y rays by the platinxim container has been applied. 


The discrepancy between the calculated and measured weights of radium is of 
the same order as the experimental error, but may be explained by the presence of 
1 % Ba in the radium used. 


4. InTEK-COMPARISON op the three SOURCESt 

Comparisons were made between the three sources by activation of a manganese 
detector with the neutrons from each one in turn, after slowing down in a large water 
bath. The detector was powdered electrolytic manganese, packed into the annular 
space between two thin brass cylinders. The counter used was of the thin-walled, 
self-quenching type, with a sensitive volume of length 7*0 cm., diameter 1*80 cm.; 
the walls were of copper 0*012 cm, thick. The counter sensitivity was checked with 
a source of UX^ in equilibrium with uranium, and the correction which had to be 
applied to the observed results never exceeded 0*25 %. By adopting a standard 
countmg routing any error arising from the uncertainty in the Mn®® half-life was 
eliminated. Under these conditions, it was assumed that the Mn^ activity, after 

*1 A more detailed acooTint of this and the succeeding section will be published separately. 
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correotion for chaoage in counter sensitivity, for counter background, and for finite 
time of irradiation, was proportional to the total neutron flux from the source. 

These measurements were carried on until sufficient statistical accuracy had been 
achieved (at least 10 ® disintegrations were recorded in each case), and gave the 
following results: 

source no. 

Ka content (mg.) 
relative y-ray activity 
relative neutron emission 

These results show that the neutron emission is proportional to the amount of 
radium to within 0-6 %. They thus establish the suitability of radium beryllium 
fluoride for the preparation of standard neutron sources. 


I 

8*03 

1 

1 


n 

6-13 

0-765 ±0*002 
0-767 ± 0*003 


2*247 ±0-005 
2-246 ±0-004 


6. Absolute neutron yield oe RaBeF4 source 

An approximate absolute value for the neutron yield of our sources was obtained 
by comparison with two previously standardized ‘mixed' sources in the same 
arrangement. Before doing this, two important points were checked: 

{a) The ‘mixed’ source was considerably larger in physical dimensions than our 
RaBer 4 sources, and raised the possibility that the efficiency of the detecting system 
would vary from point to point within it. Experiments were therefore performed in 
which the detector was activated by the small source placed at various positions 
within the cylinder, and a ‘plateau volume ’ was mapped in which detector efficimcy 
was constant. This volume was big enough to accommodate the larger source. 

(b) The neutron spectrum of the two types of source would be different owing to the 
neutron contribution from fluorine in the one case only. The thermal neutron density 
in the slowing-down medium was therefore investigated for the two types of source, 
with a small BPg filled chamber. Close agreement was found between the two types, 
and the error introduced by assuming that the slow neutron density at the detector 
is proportional to the fast neutron emissionfrom the source, is thought to be negligible. 

The previous standardization of the ‘mixed’ sources had been carried out by 
irradiation of a large tank of manganous sulphate solution (Amaldi & Fermi 1936 ), 
first with this source, and then with the D 4 - D source of the Cambridge high voltage 
equipment. The neutron flux from the D+D source was measured with an ethylene- 
filled, ‘Polythene’-lined ionization chamber and valve electrometer. It is possible 
that the accumulated errors in this chain of experiments may amount to as much 
as 10 %. 

Th 6 value obtained was 1*84 x 10® neutrons/sec./g. of EaBeF 4 ; 
weighted mean of comparisons with two ‘ mixed ’ sources. The magnitude of this yield 
is most gratifying in view of the small Be: Ea ratio which these sources show. The 
ratio normally utilized in ‘mixed’ sources is of the order of 200:1 (by atoms). Such 
a source is quite small and compares favourably with the photoneutron source 
referred to by O’Neal & Scharff-Goldhaber ( 1946 ), which gives 8-6 x 10 ® neutrons/g. 
radium surrounded by 86 g. Be. 
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6. Discussion of eeeobs 

A number of factors may contribute to a lack of reproducibility between different 
preparations of the sourcse. The sources of error to be considered are: 

(i) Loss of radon from the crystals 

In one source approximately S % of the radon escaped from the solid phase. This 
will not, of course, escape from the platinum capsule, but its a-particles may not be 
so efiScient in neutron production as those originating from radon retained within 
the crystals. This effect would not be very large, and will be further mitigated by the 
compactness of the source. Moreover, the value of S % emanating power was ob¬ 
tained when the RaBeF 4 was spread thinly over the walls of the platinum crucible, 
so that the emanating power might have been lower if the powder had been packed 
into a small container. 

(ii) Loss of a-partides into the platinum walls of the container 

The surfBbce layer of the source will emit some a-particles whose path lies partly 
in the platinum walls, and whose efficiency is therefore less than that of the rest of 
the a-particles. The relative magnitude of this loss will clearly depend on the total 
weight of source material. A rough calculation has been made, assuming a spherical 
source, and taking the excitation function for the Be(a, n) reaction obtained by 
Bjerge ( 1938 ). This should give at least the order of magnitude of the deviation of the. 
neutron yield from strict proportionality to the source weight. 

Table 8. Neuteon losses due to wall effect by 

EADIUM AND DECAY PEODUCTS 


I 

n 

m 

rv 

V 

VI 

VII 

Ra 

3-26 

2*23 

0*016 

0*052 

0*244 

0*02 

Rn 

405 

2-78 

0*020 

0*111 

0*238 

0-05 

BaA 

4-65 

3-20 

0*023 

0*181 

0*232 

0*10 

BaC' 

6-90 

4-75 

0*034 

0-565 

0-258 

0-50 

Po 

3-83 

2-63 

0*019 

0-091 

0*234 

0-04 


0-71 % 

I a emitter involved. 

U range of cCb in cm. of standard air.' 

m ^ range of a’s in RaBeF 4 {cm. x 10 “*), assuming a mean atomic stopping power of 1 - 6 . 

IV fraction of a-particles whose paths end outside the source material (calculated fora 20 mg. 
sphere of RaBeF^). 

V relative neutron-producing efficiency of a-particles of range given in (III) (from data 
of Bjerge 1938 ). 

VI average neutron-producing efficiency of a family of a-particles with rectangular distribu¬ 
tion of rcmges (maximum = III). 

Vn weighted percentage loss of neutrons (= (IV) x (V) x (VI) x 100). 

It will be obvious that a-particles can escape only from a superficial spherical shell 
of thickness equal to their range and calculation shows that of all the a-particles 
emitted from atoms in such a shell, three quarters wDl, in any case, end their paths 
within the solid, and that the remaining quarter will have a rectangular distribution 
of rerildual rang^ (if the radius of the sphere is > the range of the a-particle). 
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Bjerge’s excitation function was obtained with a thin target, and a thick target curre 
was obtained by graphical integration; from this the quantities given in table 3 were 
evaluated. 

Table 4 gives the magnitude of the correction to be applied to each of our three 
sources. It will be seen that none of them is subject to a correction on this account 
as large as 1 %, and since the error diminishes with increasir^ mass, it cannot be 
regarded as serious. 

Table 4. Calottlated cobeeotion to RaBeF4 sotjboes fob wall effect 



weight 

correction 

source 

(iiag.) 

(%) 

I 

11-162 

0*85 

II 

8-543 

0-94 

III 

25-00 

0-66 


(iii) OrowOi of polonium in the source 

PoloniTom will grow in initially pure radium with, roughly, the half-life charac¬ 
teristic of RaD (22 years). Table 3 shows that about 9-1 % of the neutron yield of 
a source in equilibrium will be due to Po a-particles, and wiU grow, therefore, m 
this way. The remainder of the neutron yield wiU effectively attain its maximum 
value within one month. A correction must therefore be made for the growth of 
polonium, amounting initiaUy to 0-28 % per annum. The values which we quote 
for the neutron yield of the source were obtained before any significant growth o 
Po had taken place. 

• (iv) Chemical composition 

Our experiments with the barium compound (see table 1), and the two analys^ 
of the radium compound, have been taken as sufficient proof of its stoichiometnc 

nature. 


This work was carried out during 1943 on behalf of the Directorate of Tube Alloys 
of the Department of Scientific and Industrial Research. The paper has been 
published with the permission of the Director of the Atomic Energy Research 
Establishment, Ministry of Supply. This is a concentrated version of the original 

report B.R. 383. 
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The kinetics of the interaction of atomic hydrogen 

with olefines 

I. Apparatus and use of para-hydrogen techniques 

By H. W. MBLViiiLii, E.R.S. and J. C. Robb 
Chemistry Department, Marischal College, Aberdeen 

{Received 23 June 1948 —Read 10 February 1949) 


It is shown in this paper that the normal techniques and methods of approach to an in¬ 
vestigation of radical reactions are not applicable in dealing with reactions involving the 
addition of a hydrogen atom to an olefine, since this type of reaction is so feet that even the 
exchange conversion of para-hydrogen by hydrogen atoms is inhibited by very small amounts 
of olefines. 

A new type of reaction has been utilized to provide a means of competing with the olefine 
for a hydrogen atom, namely, the removal of a hydrogen atom on a layer of molybdenum 
oxide or tungsten oxide. In order to adapt the system to the measurement of reactions over 
a wide range of collision efficiency, a special reaction vessel is described in which the path 
length offered to a hydrogen atom before removal on the oxide layer can be varied. 

A colorimetric technique has been devised for measuring the rate of addition of hydrogen , 
atoms to the oxide surface. Thjs technique is shown to be very sensitive, and the addition of 
a very small amount of hydrogen atoms can be detected. 

The para-hydrogen conversion technique has been applied to illustrate how the collision 
efficiency of a hydrogen atom with a saturated hydrocarbon molecule can be obtained. The 
reaction H4*jRH = H 2 +i 2 has approximately the same collision efficiency as the reaction 
H-bp-Ha =:n-H 2 +H, and hence in the presence of a saturated hydrocarbon there is no 
inhibition of the para-conversion, only retardation. 

A further application of the para-conversion has been to demonstrate the efficiency of 
the removal of a hydrogen atom on the oxides of molybdenum and tungsten. 


iNTBODUOTIOlSr 

The processes involved in the thermal and photochemical reactions of gaseous 
hydrocarbons are now well recognized to consist of radical reactions of various types. 
If, therefore, these processes are to be properly understood, it is necessary to build 
up a chemistry of the appropriate radical reactions with especial emphasis on the 
quantitative aspect. This latter' feature is perhaps more important than has been 
realized, because the overall character of a reaction sequence is determined by the 
absolute magnitude of the coefficients of the possible intermediate radical processes. 

There is now quite a variety of methods of generating radicals at a well-defined 
rate or at a rate which can be measured by suitable techniques. On the other hand, 
there is practically no definite knowledge about the ways in which the radicals 
disappear. For example, although it is known that methyl and higher alkyl radicals 
can combine on the walls of a reaction vessel, presumably by processes akin to 
those which operate in the case of free atoms, there is no knowledge regarding gas- 
phase removal of radicals. Since the rate of removal of radicals is unknown, it is 
consequently impossible to calculate their stationary concentration even under the 
simplest of conditions. 
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In spite of this severe limitation, however, a number of chemical reactions of free 
radicals have been iavestigated, both energies of activation and temperature 
independent factors being obtained. Even if absolute values are difiScult to get, it 
is often possible to calculate relative values with a satisfactory degree of accuracy. 
The intensive progress and also the wide discrepancies between the results of various 
authors are well brought out in E. W. R. Steacie’s book on Free radical chemistry 
in gcLses, Here, again, there is a very awkward situation. Suppose a radical reacts 
with a hydrocarbon jB^H as follows: 

R^-i-lt2EL = 

then, in estimating rates, it is necessary to measure chemically the rate of accumula¬ 
tion of Unfortunately, the radical may undergo a series of reactions which 
may so considerably complicate the chemistry of the whole process that it makes 
it very difficult indeed to investigate one individual process to the exclusion of all 
others. What is required is some method of removing the radical i ?2 f be sphere 

of action. 

From general experience it is known that atom-saturated molecule or radical- 
saturated molecule reactions involve rather high energies of activation, and there¬ 
fore there is no particular difficulty in measuring these velocities by existing weU- 
explored techniques such as the exchange conversion of para-hydrogen 

H+p-Ha — 0-H2 4-H, 

to which further reference will be made. With unsaturated molecules, however, 
matters are otherwise, the reactivities being such that the energies of activation are 
very considerably lowered—^so much so that they are not easily accessible to direct 
measurement. 

The present series of papers is designed to give a description of an approach to an 
investigation of the collision efficiency of a hydrogen atom with an olefine by a new 
technique which has yielded results which indicate the potentialities of this method 
in the investigation of a wide range of the elementary reactions of hydrocarbons. 

Apparatus 

The apparatus was constructed entirely of soda glass. A general view of the 
arrangement of the main vacuum system, the .reaction system and the analytical 
systems is seen m fi[gure 1. 

The pumping equipment consisted of an Edwards type 6 double-^tage mercury 
diffiision pump, backed by a single-stage Speedivac oil pump. 

Along the whole length of the grid ran the main vacuum line, on which was a baro¬ 
meter-type manometer to measure high pressures and a vacuostat reading from 
10“® to 1 mm. A subsidiary intermediate vacuum line was connected in the forevac 
system and also ran the whole length of the apparatus. This line was used for 
pumping out liquid-air containers when a temperature of less than 90° K was 
required. Since the rotary oil pump had to provide a backing pressure for the mercury 
pump and also to be used for pumping out liquid-air vessels, it was desirable to 
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introduce a 61. bulb in the forevac system so that the mercury pump could operate 
without the necessity for having the oil pump in continual operation. 

The rest of the apparatus can be conveniently discussed xmder the following three 
headings: 

{a) Gas storage and purification, 

(6) Reaction system, 

(c) Analytical systems. 


b E F G H 



Figxjbb 1. General arrangement of apparatus. A, to vacuum pumps; B, liquid-air trap; 
Gy to vacuostat; D-H, to gas reservoirs; J, mercury lamp; K, photoelectric colorimeter; 
Ly short-path reaction vessel; M, to vacuostat; Ny injector; 0, to water pump; P, to 
olefine analyzer; Q, to thermal conductivity gauge; P, to methane and olefine production 
units; S, capillary dose lock. 

Gas storage and purification 

The gases were stored in 21. bulbs, all of which were fitted with barometer-t 3 ^e 
manometers. The gases stored were: (a) hydrogen and j?”hydrogen, {b) ethylene, 
propylene, butylene, methane and other higher boiling hydrocarbons. 

Since the first group of gases had to be used for the cahbration of the apparatus, 
small doser taps of the three-way variety were fitted to these reservoirs. The other 
gases had provision for condensing to remove condensible fractions and to permit 
outgassing of the liquid hydrocarbons used. 

Gas purification and preparation 

Cylinder hydrogen was purified by diffusion through a palladium thimble at a 
temperature of about 500° C. 

Para-hydrogen was prepared by the usual low-temperature method. Several 
variations of this method were tried out. One method was to absorb the hydrogen 
on shell charcoal at 66° K, maintain contact for about an hour, and then allow the 
hydrogen to desorb on warming the charcoal. The content could not, however, be 
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raised above 30 %. Increasing the time of absorption on the charcoal at low tem¬ 
peratures did not significantly increase the yield. A flow method under the same 
conditions was tried, but still no increase in the para content was observed. 

A new variation of the method, however, proved much more satisfactory. It 
consisted of impregnating a sample of shell charcoal with dysprosium oxide, which 
it was hoped would prove to be a satisfactory flow catalyst in view of the large 
magnetic moment of dysprosium. 

The catalyst was prepared by dissolving 0 - 86 g. dysprosium oxide in dilute nitric 
acid and evaporating down the solution on a water-bath. Sufficient cold water just 
to dissolve the nitrate was added, and lOg. of shell charcoal (B 570 V.A. 17-O^mesh) 
was introduced and more water added just to moisten the charcoal. The water was 
then evaporated off on a water-bath, dried in an air-oven at 130° 0 for 2 Jhr. and 
calcined in a limited supply of air at 360° C in an electric furnace. The catalyst was 
then outgassed in vacvo at 350° C. By flowing hydrogen through this catalyst 
(at 66 ° K) at the relatively fast rate of 30ml./min., the para content could be raised 
to 36 %. This was the most satisfactory method of aU. 

Methane was prepared for calibration purposes only, since it was considered that 
one of the products of reaction of hydrogen atoms with olefines or with the hydro¬ 
carbons formed by secondary reactions might be methane. In the early stages of 
the work, it was feared that any methane which might be formed would interfere 
seriously with the measurements of the thermal conductivities of the hydrogen 
samples. 

The methane was prepared by the action of aluminium carbide on hot water. The 
gas was then scrubbed by passing it through copper and copper oxide at 360° 0 , 
strong caustic soda solution, dried by passing through activated alumina, and 
purified by condensing the high-boiling constituents in a solid COj-acetone bath. 
The product of this treatment was then condensed in liquid air ariti a suitable 
distilled middle fraction retained. 

ElkyUne of the commercial variety was further pinified by outgassing thoroughly 
and distilling; the middle fraction only being retained. 

PropyUne and iso-hOene were prepared by the catalytic dehydration of u-propyl 
alcohol and fert.-butyl alcohol on activated alumina at 340 to 370° C. The products 
were dried and distilled from liquid air, again the middle fractions only being 
retained. 

Molybdenum oxide, was prepared by the method suggested by Liebert ( 1931 ), 
commencing from ammonium molybdate. 

A 50 g. portion of ammonium molybdate was boiled with 100 ml. aqua regia on 
a steam bath until no ammonia could be detected by Nessler’s reagent. The resulting 
solution of molybdic acid was then evaporated down almost to dryness and then 
twice more with fresh acid. The solid residue was dried in an air oven at 180° 0. The 
oxide as prepared above was a light yellow almost white powder, which on exposure 
to hydrogen atoms turns blue. Three methods were adopted in regenerating the 
white form from the blue: (a) evaporation twice with dilute nitric acid followed 
by drying as before, ( 6 ) by evaporating once with 0-880 ammonia, then with aqua 
r^m as before, (c) by heating to about 360° 0 in an electric frimace for several hours. 



The kinetics of the interaction of atomic hydrogen with olefines. I 449 

The last method is of all the easiest to carry out in practice and also gives a cleaner 
product. A sufficiency of osygen is required for this latter treatment, and a slow 
current of air circulated over the powder while being heated makes the whole process 
much faster. 

Tungstic oxide was prepared from tungstic acid by heating to 350° C until all 
water was removed. The oxide was obtained as a rather gritty powder, yellow in 
colour. 

Reaction systems 

In this investigation, two entirely different types of reaction vessel were used. 
The first was a conventional type of reaction vessel, cylindrical in shape, diameter 
6 cm. and depth 2 cm. This vessel was entirely of silica. 

The other vessel was designed to meet the special needs of this problem and merits 
further discussion and explanation. 



Fioube 2. Short-path reaction vessel. 


A diagram of this vessel is shown in figure 2. The main body of the reaction vessel, 
A, was formed from the neck of a 2000ml. Hysil bolthead flask which was chosen for 
the broad flange on top. The side tube was fitted with an A10 ground-glass cone to 
facilitate removal of the whole reaction system from the rest of the apparatus for 
cleaning and adjusting, an operation which had to be carried out after each run. 
jP is a shallow glass dish supported on four springs screwed into a brass holder G. 
The glass dish could be maintained at a fiixed distance from the silica window R 
by placing three small blocks of glass of predetermined thickness on the rim of the 
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dish. A ring of soft glass fitted on top of the sihca window limited the entrance of 
radiation of wave-length 2537 A to the volume directly above the dish F. When the 
apparatus was in operation, the dish F contained a layer of molybdenum oxide 
packed and smoothed to a surface level with the top edge of the dish. 

Tbft lower end of the brass spring holder Q had a conical recess and fitted over 
a conical point on the brass column E. The purpose of this point support for the plate 
was that even if the column was not truly perpendicular to the silica window of the 
reaction vessel, the plate would still automatically line itself up parallel to the silica 



Figure 3. Gas injector. 


window at the predetermined spacing and would be securely held there by the ten¬ 
sion in the four springs. The column H consisted of a brass tube screwed internally 
and with three milled flutes on the outside, the purpose of these flutes being to locate 
the tube and permit it to slide in the centre of the glass limb J, while at the same time 
allowing adequate space for diffusion from the lower part of the limb to the body of 
the reaction Tessel. A small indentation in the glass limb J engaged in the space- 
between two flutes and prevented the whole assembly from turning. A brass rod 
screwed externally to fit into the tube JS had two flats filed on its lower end so that 
it fitt3ed a similarly shaped hollow on the end of the ground glass cone B. By turning 
the cone B the whole internal part could be raised or lowered, and a path of variable 
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distance could be provided at mil between the silica surface and the molybdenum 
oxide contained in the shallow dish. 

After some considerable use, the brass parts were found to be showing signs of 
attack by mercury. All brass fittings were then replaced by corresponding pieces 
made of duraluminium, which seemed to be more resistant to the attack of mercury 
vapour. 

Qaa injector 

A type of injector, was constructed to assist in the accurate introduction of 
amounts of olefines to the reaction vessel in presence of hydrogen. It is shown in 
figure 3, and consisted of a bulb A connected to the reaction vessel system by means 
of a tap jB. The bulb could be filled with mercury from the reservoir C by the usual 
technique used for mercury cut-offs. The volume relationship between the injector 
and the reaction system then gives the pressure of the gas which will be introduced 
to the reaction vessel when expelled completely from the injector at known pressure. 

The operation consisted of introducing to the injector the required pressure of 
olefine, closing the tap B and evacuating the remainder of the reaction system. 
Hydrogen at known pressure could be introduced to the reaction vessel, and at the 
appropriate time, by opening tap B and running the mercury up imtil just past JS, 
an accurately known pressure of olefine could be introduced. This piece of apparatus 
f ulfill ed a further function, since by running the mercury up and down several tunes 
before finally closing tap B the gases could be very thoroughly and efi&ciently mixed. 
There was then no need to wait for diffusion to establish a homogeneous mixture. 

Analytical systems 

Photoelectric colorimeter 

As will be described later the basis of the method adopted in the present in¬ 
vestigation was to estimate the rate at which hydrogen atoms added on to a molyb¬ 
denum oxide surface. Since the surface turned blue on the addition of hydrogen 
atoms, the rate of blueing is a function of the rate of addition of hydrogen atoms. 
The apparatus for measuring the blueness of the surface is shown in figure 4. It 
consisted of a 25 W clear lamp, silvered lightly on the outside entirely with the 
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exception of a small aperture about Jin. in diameter, through which light projected 
along the tube R, which fits closely to the lamp and is made of two tubes fitting one 
within the other. The conical end can be made a light-tight fit on the lamp. At the 
end of this tube a small polystyrene prism-lens combination is let into the large 
brass tube E. The prism directs the light on to the molybdenum oxide surface in 
the special reaction vessel already described at E, The intensity of the reflected 
radiation was measured by means of a photocell <7, and the whole assembly was 
rigidly mounted on a bar which was pivoted so that the whole instrument could be 
swung into position to make a determination. 

When placed in position for use, the colorimeter was swung up against a metal rod 
and held firmly there by means of an elastic band. This ensured that the apparatus 
would occupy each time as nearly as possible the same position in relation to the 
reaction vessel. 



Fiottbe 5. Circuit for measuriog photocell current. 

The photocell current was originally measured by a 0-60 microammeter of the 
unipivot type, but it was found that the mechanical limits set on the reproducibility 
of this instrument did not allow of precise enough measurements of the photocell 
current. It seemed that precision measurement of current by a single meter in the 
r^on of 10 [iK was not possible, and some means had to be obtained of measuring 
the current while maintaining a low external resistance on the photocell. This low 
external resistance was an essential point, since high resistance introduced a marked 
fatigue effect from the cell, due to accumulation of electrons on one surface of the 
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cell, and the inability of these electrons to leak through the high resistance fast 
enough to prevent this layer from forming. 

In figure 5 is shown the circuit finally adopted for measuring the photocell 
current. The photocell P was connected via a low-resistance microammeter across 
a low-resistance galvanometer Q. The microammeter is not an integral part of 
the circuit but was introduced so that a quick rough check of the photocell 
current could be obtained when necessary. When the galvanometer key K is 
pressed, the current flowing through the galvanometer is opposed by another 
current flowing through in the opposite direction, and the magnitude of this 
current is adjusted until a null point is reached. The balancing current is produced 
by using a potentiometer circuit on a 2 V accumulator. Prom this, a voltage of 
approximately 2 x V is obtained across resistance This voltage is measured 
by a potentiometer voltmeter V and is connected across the galvanometer and 
a series resistance variable from 0 to 10 , 000 Q. The galvanometer resistance 
is about lOQ, and so a variation from 10 to can be obtained. This gives 
a current range between 1 /lA and 1 mA, the awkward range where pointer 
instruments are too insensitive and mirror instruments too sensitive. Thus by 
measuring the value of the voltage applied across and the value of Pj, the photocell 
current can be obtained precisely. The precision of this method is quite high, since 
a constant check is kept on the voltage dropped across P 2 . The current can be 
measured easily and reproducibly to ± 0*15 % at about 13 /lA. 

The intensity of the 25 W lamp was maintained constant by running it off a 
voltage stabilizer of the electronic type. 

Measurement of double-bond content in a sample of olefine and hydrogen 

A method was developed for measuring the number of olefine molecules in a given 
sample. The apparatus is shown in figure 6 . A small sflica tube was fitted to the 
compression capillary of a McLeod-type gauge by means of a cone and socket. The 
sample which was to be analyzed was then compressed into the silica tube to a fixed 
mark and the pressure on the sample measured, A small low-pressme silica mercury- 
vapour lamp was then used to irradiate the sample, and the double bonds in the 
sample were hydrogenated by the photochemically produced hydrogen atoms. The 
volume of the sample was then adjusted to the mark as before and the new pressure 
recorded. The diminution of pressure was then a direct measure of the percentage 
double-bond content in the gas sample. An estimation could be completed in 5 min. 
with an error of ± 1 % of the olefine content in a sample containing about 20 % 
olefine. 

Analysis of para-hydrogen mixtures 

The gauge constructed for the measurement of the thermal conductivity of the 
hydrogen samples was of the type described by Bolland & Melville ( 1936 ) and later 
modified by Birse & Melville (1940 a). It was, however, modified slightly, and a 
diagram of the gauge is shown in figure 7. The gauge was smaller than the types 
previously described, and a volume of 1 mm.® at n.t.p. only was required to deter¬ 
mine the thermal conductivity and para content. For ease of construction, the gauge 
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was made with a horizontal filament instead of the more conventional vertical 
filament. The dimensions of the head of the gange which contains the filament is 
about 15 mm. long and 1-5 mm. bore. The filament consisted of an unused coiled 
tungsten electric-lamp filament, 10 mm. long and 0*0745 mm. diameter, spot-welded 
to two pieces of berated copper wire. It is important that slight tension is put on the 
filament while sealing into the gauge, since repeated cooling and heating do not then 
tend to alter the geometry of the system. In this respect, the coiled filament is 
excellently suited for the purpose, and a farther advantage lies m the fact that the 
gauge is also less pressure dependent than is the case when a straight wire is used. 


silica 

tube 



compression 
limb of 
McLeod gauge 



Figube 6. Apparatus for estimation 
of olefine content. 


Figure 7. Micro-thermal conductivity 
gauge. 


The gauge was operated immersed m liquid air by the usual technique of constant 
voltage, variable resistance measurement. When the gauge was fitrst tried out, the 
balancing galvanometer in the Wheatstone net showed rapid and large fluctuations 
which completely upset the precision of the apparatus. It was discovered that the 
fluctuations were due to the local heating of the liquid oxygen on the wall of the 
gauge. The liquid oxygen then vaporized and collected as gas on the surface of the 
gauge. The gas collected into bubbles and fimaUy broke away from the surface. This 
cycle was repeated, and the thermal discontinuity set up by the gas film on the gauge 
was responsible for the fluctuations of the temperature of the filament. This effect 
was entirely eliminated by immersing the gauge in mercury in a small steel boat as 
illustrated in the diagram. The leads to the gauge were insulated from the mercury 
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by coating them with polystyrene. It was also found that provided liquid air was 
not allowed to cover the mercury block until the mercury had solidified completely, 
the mercury contraction did not on any occasion crush the glass. 

The gauge was mounted on top of the compression capillary of a McLeod-type 
gauge and the pressure in the gauge adjusted to 50 mm. ± 1 mm. by means of a 
sliding m i l li m etre scale fitted between the compression capillary and the comparison 
capillary. 

To extend the scope of the gauge to the analysis of ternary mixtures, a platinum 
spiral was fitted to the compression capillary. This spiral could be glowed by con¬ 
necting up to a 2 V accumulator. At a pressure of 0*4 mm., about 1 min. exposure to 
the glowing spiral was sufficient to convert the para-hydrogen to normal hydrogen. 
The frequent immersion of the equilibrating spiral in mercury did not seem to 
affect its catalytic efficiency. To keep the spiral really active, it was occasionally 
glowed for about an hour in an oxygen-hydrogen mixture, followed by a further 
15 min. glowing in pure hydrogen. 

Para-hydrogen technique 

Although the para-hydrogen conversion technique was used only for the deter¬ 
mination of the quantum input, there are some matters which require comment. 
The apparatus has already been described for the measurement of the thermal con¬ 
ductivity of the hydrogen samples. The method adopted was to apply a constant 
voltage to the filament and measure the resistance by means of a standard potentio¬ 
meter circuit. This method has already been described by BoUand & Melville (1936). 

Since some observers (Olson & Myers 1926; Moore & Taylor 1940) indicate the 
formation of significant amounts of methane as a result of the interaction of hydrogen 
atoms with olefines, it was considered necessary to investigate the effect of small 
amounts of methane on the thermal conductivity of a mixture with hydrogen. 

The gauge was calibrated by making up known mixtures of normal hydrogen and 
methane, and the curves obtained were compared with those obtained by calculation. 
Since the prime interest was the measurement of the concentration of para-hydrogen 
in presence of methane, the determination was really that of a ternary mixture. 
There were two possible methods of dealing with this particular problem. The first 
is that described by BoUand & MelviUe {1936), who observed the voltage necessary 
to maintain the filament at two different temperatures, and the second is that 
described by Birse & MelviUe (1940a), involving two measurements only at room 
temperature. One measurement was made with the sample removed &om the 
reaction vessel and the other with the same sample which had been aUowed to come 
to equilibrium cataljiiicaUy on the surface of the heated platinum spiral already 
mentioned. 

The method adopted in the measurement was as foUows. Mixtures of para- 
hydrogen and methane were made, containing up to 20 % methane, and were 
introduced to the gauge and adjusted to 50 mm. pressure. The resistance of the 
filament was determined and the mercury then lowered to expose the mixture to 
the glowing platinum equilibrator untU aU the para-hydrogen was converted to 
normal hydrogen and the resistance of the filament again determined when the 
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pressttre had been readjusted. The graph of gauge resistance against the percentage 
of methane present in the mixture is shown in figure 8 . The upper full curve is that 
for a methane-normal hydrogen mixture, and the lower full curve for a methane- 
para-hydrogen mixture (36 % p-hydrogen). 



FiGimB S. Effect of methane on thermal conductivity of hydrogen. 


The curve obtained by calculation for methane-normal hydrogen mixtures is 
shown by the broken line. It was constructed as follows. 

For a gauge containing a gas and being operated under constant voltage, variable 
resistance conditions, the heat input to the spiral is given by 

Q = E^IR. (1) 

Now, this heat is being conducted away by the gas and 


Q' = BK^, (2) 

where S is a constant for a particular gauge operating at constant wall temperature 
depending mainly on the geometry of the system and Eg is the thermal conductivity 
of the gas. Since the loss of heat by conduction through the leads attached to the 
gauge is negligible (BoUand & Melville 1936 ), then equations ( 1 ) and ( 2 ) can be 
equated: 


B^IJR = BKg, 
where Aiss, constant defined by 


AIB=^E. 


a* 


(3) 
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For the particular gauge iti use, the wall temperature was 90^ K and the iBlament 
temperature was 210 ° C, i.e. the average temperature of the gas was 150° K. With 
pure normal hydrogen in the gauge, the resistance of the filament was found to be 
28*8750. The thermal conductivity of normal hydrogen at 150° K is given as 
0*231 X 10 “®caL/cm.sec.degree (Kennard 1938 ). 

From equation (3), 

A== Rx = 6*665 X 10~3. 

This factor will now be referred to as the gauge factor. 

In presence of a fraction n of methane, assuming that the mixture law holds, 

AjR-^ = K-g-fl —n)+KQ^^n "j 

= r (^) 

IjRi = Kjg^JA+n{KQ^^—Kjg^^)IA,j 

where R^ is the resistance of the gauge spiral in presence of a fraction n of methane. 

The thermal conductivity of methane is given as 0*037 x 10 "®cal./cm.sec.degree 
approximately, therefore, 

K^JA = 0*0346, Kob^JA-K^JA - - 0*0293. 

Table 1 gives the calculated values of jR^ in the specified range. 


Table 1 


% CH 4 

n 




0*0 

0-0 

0*0 

0-0346 

28-90 

5*0 

1/20 

-0-00147 

0-0333 

30-20 

10*0 

1/10 

-0-00293 

0-0317 

31-55 

16-6 

1/6 

-0-00490 

0*0297 

33*65 

20-0 

1/5 

-0-00586 

0-0288 

34-70 


Reference to figure 8 shows that the agreement holds good up to about 10 % 
methane, and that above this figure the curves separate. It is suggested that this 
may be due to the fact that the simple mixture law is not strictly vaKd at these 
higher concentrations or that the rate of mixmg of the gases is not fast enough. 

The slope of the curve can be calculated as follows: Differentiatiug equation (4) 
with respect to 

—.4/ R\ dRJdn = — 4* dRjdn = Ri{K^^ — K(jq^^IA . (5) 

From equation (5), the slope of the curve can be calculated. For 5 % methane 
content, resistance 30*20 D, 

dRJdn = 2 * 66 Q. 

From the experimental curve, the observed increase is 2*75t2, which is considered 
satisfactory agreement in view of the lack of precise data on the actual thermal 
conductivities of the gases used. 

The next point to be elucidated is the effect of the presence of methane on the 
change of resistance of the filament when a sample containing para-hydrogen is 
equilibrated. 
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For a gauge containing a mixture of para-hydrogen, and ortho-hydrogen at 
constant operating voltage, 

AIB^=^K^d^K,{l-d), ( 6 ) 

where d is the fraction of para-hydrogen in the mixture, the thermal con¬ 
ductivity of para-hydrogen, the thermal conductivity of ortho-hydrogen. 

For normal hydrogen 

AjR^ = (7) 

In presence of a fraction of n of methane, 

AIR^ = Ka^,n + {l-n){K^d+K,{l^d)}, ( 8 ) 

where para-rich hydrogen is the other constituent of the mixture. 

For a fraction n of methane in normal hydrogen, 

AIR^ = ( 9 ) 

where R^ is the resistance of the filament in presence of para-hydrogen, ortho¬ 
hydrogen and methane, R^ is the resistance in presence of normal hydrogen and 
methane, and is the thermal conductivity of normal hydrogen. 

From equations ( 6 ) and (7), 

llR^--llR^^KJA^{K^d+K,il--d)}^^^ ( 10 ) 

From equations ( 8 ) and ( 9 ), 

llR,-llRs^{KaB,n+{l^n)E^^K^^n^{l^n){K^^ 

= {JTJl - 7^) - (1 - 7.) {E^d+K,(l - d))}IA 

= W (11) 

Therefore {R^^R^)IR^R^ = {l^n) {R^-R^)IR^R^. ( 12 ) 

Now, if small changes in resistance are considered due to the presence of small 
quantities of methane, equation ( 12 ) can be simplified approximately to 

(R^^R,)I{R,-R^y^ (l-7^)i^|/J^i, (13) 

since R^^R^ and R^^R^, 

Now, for small concentrations of methane, say 5 %, a concentration not to be 
exceeded, if ever reached, substituting in (13), 

{R^-Rz)l{R^-Rx) = 0-95 X 30-202/28-902 = 1-04. (14) 

That is to say, a change in the difference of the resistances for para-hydrogen and 
normal hydrogen of 4 % occurs when there is methane present to the extent of 5 %. 
The error involved can then be disregarded, since this concentration of methane 
will never be obtained. 

Hence, in the determination of the percentage of para-hydrogen in a given sample, 
by determining the r^istance change dR-^ when a sample of known para-content 
P % is equilibrated and then taking the sample with methane and measuring the 
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corresponding change in resistance dS 2 on equilibration, the para-concentration 
can be determined by the formula, 


P' - 25 = (P - 25) dR^ldR^, 

where P' is the unknown para concentration, provided the change dR is small 
compared with the value of P. 

Measurement of the 2537 A quantum input to the reaction vessel 

This was accomplished by the method described by Birse & Melville ( 19406 ) by 
making use of the conversion of para-hydrogen by hydrogen atoms generated by 
the mercury photo-sensitized dissociation of molecular hydrogen. 

It was shown that the curve obtained by plotting the absolute rate of conversion 
of para-hydrogen as a function of pressure became pressure independent in a region 
of pressure at about 1 mm. In this part of the curve, conversion occurs exclusively 
by the mechanism 

Hg +hv ^ Hg*, Hg* -f-iJ-Hg — Hg -f- H -h H, H = on the walls. 

Hence in this region, each quantum absorbed in the system results in the conversion 
of one molecule of hydrogen. Since the reaction is exclusively dissociation and 
recombination, the rate of production of hydrogen atoms is 

dlLfit = 2 (rate of dissociation of^p-Hg) x 100 /% jj-Hg in gas, 


allowing for dissociation of ortho molecules also, i.e. 

dRjdt = — {200lu) {d{p-‘ll2)ldt), 

where u is the percentage para-hydrogen in the original sample, or 


d(H.)ldt = • 
d(K)ldt - 


200 ^(p-Ha) 1 273 1 

“ ^ dt ^760^ T ^22-4x60 


mole/l./sec., 


200d(p-H2)/d^ 273 6-06x1023 V ^ . 

-- »x76o 


( 16 ) 


in tlie whole volume of the reaction vessel, where V is the volume of the reaction 
vessel in ml. The quantum input is obtained by dividing this number by 2 , since 
each quantum produces two hydrogen atoms. 

Table 2 illustrates one of such determinations. The values obtained for the 
absolute conversion rate can be extrapolated as in figure 9. The temperature of the 


Table 2. Quantum input dbteemination 


pressure 

(mm.) 

logp 

exposure 
time (min.) 

% para 
change 

abs. conv. 
(mm.) 

abs. conv. rate 
(mm./min.) 

1-5 

0*176 

0*5 

2-0 

0*03 

0-06 

2-0 

0*301 

0-5 

1-57 

0*0314 

0-063 

3-0 

0*477 

1*0 

2*36 

0*0708 

0-071 

4-0 

0*602 

1-0 

1-93 

0-0772 

0-077 

6-0 

0*778 

1*0 

1-47 

0*0882 

0-088 

8-0 

0*929 

2-0 

2-50 

0-212 

0-106 

99-0 

1*996 

4*0 

2-86 

2-84 

0-71 
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determination was 18“ C, the volume of the reaction vessel 66 - 6 ml., the para- 
hydrogen content, u, 29 %, and the extrapolated value of the absolute conversion 
rate 0-057 mm./min. Substitution in the above formula gives the value of 
0-62 X 10 “ quanta/sec. for the quantum input to the reaction vessel. 



Fioitbe 9. Effect of pressure on absolute rate of conversion of para-hydrogen. 

DetermiTbation of the stationary conceriiration, of atomic hydrogen 

The stationary concentration of atomic hydrogen in a reaction vessel is defined 
by Birse & Melville (1940 b) dujdt 

where dujdt is the rate of conversion of para-hydrogen by the exchange mechanism 
u is the para content initially and k* is taken from the data of Geib & Harteck ( 1931 ) 
to be 1*41 X 10^. 

Knowing d{lE)ldt and (H), the lifetime of a hydrogen atom can be computed, since 

T - {B)l{dEldt). 

Erom the data in table 2 for a pressure of 99 mm., the rate of conversion of para- 
hydrogen is 0*71 mm./min., and the rate of conversion due to dissociation and 
recombination is 0*057 mm./min., therefore the rate of conversion due to exchange 
is 0*65 mm./min. 

Substitution in the above formula for (H) gives 

(H) = 2*32x10“^ mole/1. 

and T = l-lSxlO-isec. 

Conversion of para-hydrogen in presence of ethylene 
It was hoped in the early stages of this work to use the reaction 
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to measure the stationary hydrogen atom concentration in a mixture of hydrogen 
atoms, hydrogen molecules and ethylene. By then measuring the rate of removal 
of ethylene and knowing the concentration of atomic hydrogen and ethylene, the 
velocity constant h could have been evaluated: 

-d!(Et)/d^ = ifc(H)(Et). 

It can be shown that by plotting the logarithm of the percentage of toal conversion 
agamst time or irradiation, a straight line will be obtained, and that this slope wilL 
be proportional to the stationary hydrogen atom concentration. Hence by carrying 
out a run with only para-hydrogen and then with para-hydrogen and ethylene, the 
stationary concentration of atomic hydrogen can be evaluated as already described, 
and the ratio of the slope in presence of ethylene to the slope in absence of ethylene 
will give the ratio in which the stationary concentration of atomic hydrogen haa 
been reduced. 

In figure 10 the result of such an experiment has been shown. It is seen that in 
curve jB, an inhibition period is present followed by a reduced rate of conversion. 
This is due to the very efficient removal of aU hydrogen atoms by the ethylene, com¬ 
pletely preventing the conversion of para-hydrogen. The reduced rate results from 
the reduction in the stationary concentration of hydrogen atoms due to reaction 
between the hydrogen atoms and the paraffin products. 



Figure 10. Inhibition of conversion of para-hydrogen by ethylene. 

Curved., 100 nun. hydrogen. Curve B, -f-0*65 mm C2H4. 

As a matter of interest, two runs were done with 7 i-hexane and cycJohexane to 
determine whether or not the whole of the induction period could be attributed to 
the olefine. The data obtained are plotted in figure 11, It is seen that, qualitatively, 
Tif-hexane reduces the stationary concentration of atomic hydrogen more than cyclo- 
hexane and hence reacts more readily with a hydrogen atom. Erom the data pre¬ 
sented here, the collision efficiency of the interaction of hydrogen atom with th^e 
two hydrocarbons can be obtained. 


Voh 196. A. 
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IVoni the carves in figure 11 it is seen that the redaction in the stationary con- 
centration of hydrogen atoms (and hence the life-time of the atom) in the case of 
c^cZohexane is by a factor of 2 * 34 . The lifetime of a hydrogen atom in 99 mm. 
hydrogen has been already calculated at 1*13 x 10 “^ sec., so that in presence of 
10 mm. cj/ciohexane, this figure is reduced to 

1-13X 10 -^ 2 - 34800 . = 4-85 x lO-^seo. 



i^GUBE 11. Effect of normal and C 3 /cIohexane on conversion of para-hydrogen, 

© 100 mm. ^9-liydrogen. <p +11*5 mm. ti-hexane. -©- +10 mm. cyclohexane^ 

From the relationship 

1 /A - 

where A is the mean free path of a molecule 1 meeting another molecule 2 , the mean 
free path for a hydrogen atom between collisions with C 2 /cZohexane molecules can 
be obtained. N 2 is the number of molecules of type 2 present in 1 ml. of gas, is the 
cross-section of a hydrogen atom and ^2 is i^bat of the hydrocarbon molecule. 

For 10 mm. cychhexane, 

N 2 = 3*56 X lO^'^mol./ml., 

= 2-74 X 10 “®cm. (Bonhoeffer & Harteck 1933 ), 

dg = 7 X 10 “® cm. by measurement of atomic models, 

From the above formula, A is computed to be 3-7 x 10 “^ cm. 

The velocity of a hydrogen atom can be taken at 2-4 x lO^cm./sec., therefore the 
number of collisions between a hydrogen atom and a C 2 /c?ohexane molecule will be 
2-4 x 10^/3-7 X 10“^ = 6*5 x 10® coUisions/sec. 

The average lifetime of a hydrogen atom in this gas mixture has been shown to be 
4*85 X10“^sec., therefore the number of collisions made between the average 
hydroma atom and c^cfohexane molecules before removal of the hydrogen atom by 
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reaction will be 6*5 x lO® x 4*85 x collisions, i,e. 3*16 x 10 ’ collisions. Hence the 
collision efficiency of the reaction is 1/3-16 x lO"^ = 3-16 x 10 “®. 

In the same way, for normal hexane, the lifetime of the hydrogen atom is reduced 
by a factor of 5*0. This gives a lifetime of 2-3 x lO-^sec. 

^ = 4*1 X lO'^mol./mL, 

= 2*74 X 10”® cm., 

(^2 = 9 X 10 “® cm. by measurement of atomic models. 

A is computed to be 2*2 x 10 “^ cm., and hence the number of collisions between a 
hydrogen atom and a Ti-hexane molecule is 1-1 x 10®collisions/sec. The average 
number of collisions before removal will be 2*5 x 10 *^ collisions. Hence the collision 
efficiency of the reaction is 4*0 x 10“®. 

These two examples have been included in order to illustrate how the para- 
hydrogen conversion technique can be applied to an investigation of reactions whose 
collision efficiencies are comparable with that of the reaction 

H+i)-H 2 = 71-H2 + H. 

The fact that the para conversion is entirely inhibited by small quantities of 
ethylene renders the method useless as a means of determining the collision efficiency 
of the reaction H + C 2 H 4 = CgHg. 

A new competitive reaction had to be sought and the removal of hydrogen atoms 
on the white oxide of molybdenum or the yellow trioxide of tungsten was finally 
adopted. There were two points which ha.d to be investigated with regard to the 
removal of hydrogen atoms on molybdenum oxide. It was necessary to establish 
(i) that in the reaction vessel every hydrogen atom produced was removed on the 
oxide; (ii) that the hydrogen atom was removed on only one collision with the oxide 
surface. 

The first point was decided by measuring the quantum input to the reaction vessel 
by means of the para conversion and comparing this value with that obtained by 
measuring the number of hydrogen atoms removed by the oxide. 

The quantum input to the reaction vessel has been already obtained above. This 
vessel had, however, a thin layer of polymer on the glass due to continued use, and 
by comparing the rate of para-conversion before and after removal of this layer, the 
quantum input was found to be cut down by a factor of 3*65 by the polymer. This 
gave a quantum input to the clean vessel of 2*28 x 10 ^® quanta-sec., therefore the 
rate of dissociation of molecular hydrogen was 2-28 x 10 ^® mol./sec. This corresponds 
to a volume of gas of 0*051 ml. at N.T.p./min. 

By following the rate of removal of hydrogen in the same reaction vessel which 
had for this part of the experiment a layer of molybdenum oxide on the bottom, the 
rate of removal was averaged to be about 0-47 mm./min. The volume of the reaction 
vessel and manometer system was 96*7 ml., and the volume of hydrogen removed 
under these condition^ was 0*057 ml. at N.T.p./min. The agreement between these 
estimates is sufficient to show that removal is quantitative. The thickness of the 
reaction vessel was 20 mm. 


31-2 
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It had now to be shown that only one collision was necessary for removal of the 
hydrogen atom. The para-hydrogen technique was also used in this investigation. 
The same reaction vessel as that in the previous experiments was used, and the lower 
internal surface was coated with molybdenum oxide. 

If the assumption is made that every collision of a hydrogen atom with the 
removing layer is effective in removing the atom, the average path distance of the 
atom can be calculated, and hence the number of collisions of a hydrogen atom with 
para-hydrogen molecules can be obtained. By following the para conversion, the 
number of fruitful collisions can be obtained and the ratio of these two gives the 
collision efficiency of the reaction 

H + p-Ha = + H. 

This value of the collision efficiency can be compared with the values obtained 
by previous workers, and if the two estimates agree, then the assumption regarding 
the absolute efficiency of the addition of a hydrogen atom to the molybdenum 
trioxide is justified. 

If there are N molecules in the reaction vessel and if the percentage of para- 
hydrogen is ifc, then there are ^d/100 para-hydrogen molecules in the vessel. After 
irradiation, suppose the quantum input is Q, then the loss of molecules due to decom¬ 
position and removal on the oxide will be Qt, where t is the time of irradiation and 
the nett number of molecules left will be AT” — Qt Since in the decomposition, the 
ratio of the number of para-hydrogen molecules decomposed to the number of 
ortho-hydrogen molecules decomposed is in the percentage ratios of the individual 
components, then ho change in the para percentage will occur as a result of the 
initial stage of dissociation. 

If, in its path through the reaction vessel, each atom makes n fruitful collisions, 
then the total number of collisions will be 2nQL The total number of complexes 

formed will be 2nQty and since the exchange will proceed in the ratio of 1 para- 
molecule for every four complexes broken up, there will be {2nQt x 26)/100 para- 
hydrogen molecules regenerated and since in the formation of the complex 
{2nQtdll00) para-hydrogen molecules have been removed, the nett loss of para- 
hydrogen molecules is 

2nQt{d-25)ll00. 

The new percentage of para-hydrogen will then be 

di == {Nd-2nQt(d-25)}l{N-Qt). 

By measuring the quantum input to the reaction vessel by the method described 
above, the initial fraction of para-hydrogen and the fraction of para-hydrogen after 
a certain time of irradiation, the number n can be determined. 

The results of three runs of this type are shown in table 3. The quantum input to 
the reaction vessel was 2*92 x 10^® quanta/sec. 

The total number of collisions which each atom makes with hydrogen molecules 
is obtained as follows. 

Tb© diffurion coefficient for hydrogen atoms in hydrogen gas at a hydrogen pres¬ 
sure of 10 mm. is 80 cm.^/sec. Since = 2Dt, where x is the distance travelled by the 
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atom in time t, and in tlie reaction vessel, the thickness is 2-0 cm., then t = 0*025 sec. 
That is, the average lifetime of a hydrogen atom in the reaction vessel is 0*025 sec. 
Since the velocity of a hydrogen atom is 2*4 x IQs om./sec., its total path length will 
be, in 0*026 sec., 6*0 x 10 ® cm. 

The mean free path is given by the formula as already stated 

1/A = 7TN^{df2+d^l2)mM^+J\QIJiQi = 1030. 

That is, for the diffusion of hydrogen atoms through molecular hydrogen at 10 mm. 
pressure, A = 1/1030 cm. 

Table 3 

total 






N 


number of 



0 /. n-H« 

time of 

(mole¬ 

number 

collisions/ 

collision 

run pressure 



irradiation 

cules) 

of fruitful 

atom 

efiiciency 

number (H 2 mm.) 

initial 

final 

(sec.) 

(X 10i») 

collisions 

(X 10«) 

(X 10-’) 

1 10 

36-0 

34-73 

30 

2-01 

2-86 

6-18 

4-6 

2 10 

36*0 

34-2 

30 

2*01 

3-63 

6-18 

5-8 

3 10 

36-0 

33-4 

60 

2-01 

2-98 

6-18 

4*7 


The number of collisions made by a hydrogen atom in its path through the 
reaction vessel will be given by dividiag the total path distance by the mean free 
path, i.e. the number of collisions made by each hydrogen atom will be 

6-0 X 10^3 X 1030 = 6-18 X 10«. 

By dividing the number of effective collisions per atom by the total number of 
collisions per atom, the collision eficiency of the exchange reaction of a hydrogen 
atom with a molecule of hydrogen can be obtained. These results are also shown 
in table 3. 

The values obtained by Geib & Harteck ( 1931 ) are around 4x 10 ”’, which is in 
agreement with the estimates here. 

Further confirmation of the absolute efficiency of the removal of hydrogen atoms 
on molybdenum oxide is provided by Johnson ( 1928 ), who used molybdenum tri¬ 
oxide to measure the angles of reflexion of beams of atomic hydrogen from ciystals. 
The precision of measurement of the beam angle is entirely dependent on the sharp¬ 
ness of the mark on the oxide plate. We have observed also the sharpness of the 
* shadow ’ effect obtained by irradiating hydrogen m a hmited region above a surface 
of molybdenum trioxide. 
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In this paper, a system is described in which diffusion of a hydrogen atom takes place 
effectively in one dimension. The exact differential diffusion equations can be set up and solved, 
+.ft.1rmgr iato account the possibility of gas-phase removal of the hydrogen atom by a reaction 
such as H+C2H4 = C2H6. 

The collision efficiency of such a reaction has been related to the fraction of hydrogen 
atoms which reach the oxide layer under certain well-defined conditions. The calculated 
distribution curves of hydrogen atom concentration throughout the reaction vessel are also 
given under various conditions. 

iNTRODTTOTIOlsr 

In part I it has been shown that in the presence of an olefine, hydrogen atoms are so 
rapidly removed that the stationary state concentration is virtually zero. Certainly, 
the concentration of hydrogen atoms produced by the mercury-photosensitized 
dissociation of molecular hydrogen is so low as to be not measurable by the para- 
hydrogen technique. Hence it was necessary to fibad some other technique for the 
controlled removal of hydrogen atoms at a rate which could compete on equal 
terms with the olefine. 

The technique adopted was to place a layer of white molybdenum oxide in such 
a position that a hydrogen atom had a roughly equal chance of reaching the layer 
or being removed by the olefine. Thus by placing the layer parallel to a silica window 
in a reaction vessel, through which light of wave-lengtfi 2537 A was passed, a con¬ 
centration gradient of hydrogen atoms could be established due to migration of the 
atoms from their point of generation to the removing layer. Introduction of olefine 
then disturbed this gradient and reduced the number of hydrogen atoms which could 
reach the removing surface. The problem was then to relate the efficiency of the 
interaction of the atom with the olefine to the change in concentration gradient and 
hence to the number of atoms which were able to survive olefine collisions and reach 
the removing surface. 

DimJSIOH THEORY 

It is shown elsewhere that the efficiency of interaction of a hydogematom with 
molybdenum oxide is absolute. 

Consider a hydrogen atom generated in the reaction vessel in presence of a certain 
pr^sure of an olefine. The atom has two possible fates: (1) it can diffuse to the oxide 
and be removed, or (2) it can be removed by the olefine as the result of a fruitful 
©oHMon. lie system is then that of a particle diffusing in one dimension and being 

[ 466 ] 
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subjected to the possibility of removal by an olefine molecule before reaching its 
target on the oxide layer. It is thus necessary to solve the exact diffusion equations 
and to take due account of the possibility of gas-phase removal of the hydrogen atom. 

By obtaining a theoretical relationship between the fraction of hydrogen atoms 
which reach the oxide and the efficiency of the gas-phase removal, the latter factor 
can be obtained from an experimental determination of the former. 

The dieeijsion coefeioient 

The diffusion coefficient is defined as the amount of material passing in unit time 
across a plane of 1 sq.cm, when the concentration gradient, —dnjdx, is unity. This 
gives the following formula: 

= 2Dt, 

where x is the distance travelled in time t and the diffusion coefficient is D. 

In a calculation of the time for an atom or molecule to diffuse through a certain 
distance it is not possible to obtaiu precise data, since the calculation of the diffusion 
coefficient, especially in a mixture of gases, is attended by a considerable approxima¬ 
tion. For example, the formula for calculating D differs by a numerical factor 
according to Meyer and Smoluchowsky. Meyer’s (1899) estimate is 

i> = vIp = i{^)> 

and that of Smoluchowsky (1906) is 

It is seen that the two estimates differ only in the numerical coefficient, and by 
adopting one of them at least a comparison of results can be obtained. In the above 
formulae, 7 ] is the viscosity of the medium, p is the density, u the average velocity 
of the particle and I the mean free path. The formula of Mayer will be adopted in 
the following treatments. 

A further source of iaaccuracy is the difficulty of obtaining reliable data on the 
molecular diameters, since the methods adopted in obtaining the information 
modify the results (Farkas & Melville 1939). The best estimates for this investigation 
are those obtained from viscosity measurements and these have been used wherever* 
possible. 


Detebmihatioh oe the dieetjsioh coeeeicibht 

For a system containing two species of molecule, 1 and 2, at a concentration respec¬ 
tively of and J\^moL/c.o., and whose molecular diameters are respectively dj 
and dg, then when is the mean free path for molecule 1, 

1/Zi = 7rV2iVid2 + 7rA^2(K + K)V{(-^i 

The first expression on the right-hand side represents the mean free path for mole¬ 
cule 1 meeting another molecule 1, and the second represents the mean free path 
for a molecule 1 meeting a molecule 2. 
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In the problem at hand, a system of three components is being dealt with; to take 
a speoMc case, hydrogen atoms, hydrogen molecules and ethylene molecules. 
Assuming that these molecules exert an additive effect, it is possible to extend the 
above formula to three components: 

Since the concentration of hydrogen atoms will be low compared with the other 
species present, the first term on the right-hand side may be neglected. The subscript 
1 refers to the hydrogen atoms, 2 to the hydrogen molecules and 3 to the ethylene 
molecules. 

The diameter of the hydrogen atom is given as 2*74 x 10""® cm. (Bonhoeflfer & 
Harteck 1933)5 and the hydrogen molecule is also 2*74 x 10“®cm. (Kennard 1938). 
The diameter of the ethylene molecule is 4-95 x 10“® (Kennard 1938). 

Substituting th^ values in the above formula, 


1/Zi = 28-8 X 10-i®JSr2 + 47*5 x IQ-^Wg. 

Now, in 1 ml. of gas at a pressure of 1 mm. and at normal temperature, there are 
3-56 X10+^® mol., and hence at a pressure of pmm., 3'56p x 10+^® mol. Then, using 
this figure in the above, 

^ 1/Zi^= 102-7^2-1-169-1;P3, 


where p 2 jpg are respectively the pressures of hydrogen and ethylene. * 

Now, applying Meyer’s formula, 

cm.^/sec. 

Tor a molecule, the average velocity u is given by 

u - kjMK 

where ib is a constant and M the molecular weight of the species. Tor hydrogen mole¬ 
cules, the average velocity is 1-692 x lO^cm./sec., therefore for a hydrogen atom, 
at normal temperature, it will be 2-4 x 10® cm./sec. 

D = 8 X 10^/(102*7^2 +109-Ipg) cm.^/sec. 


Table L Deewsion eoemulab foe the caloxjlation of D 

Ethylene. Diameter of moleciile = 4-95 x 10”® cm. 

D = 8 X 10^/(102-7j52 + 169-1^?8) cm./sec. 

Propylene. Diameter of moleciile = 6-4 x 10”® cm. 

D = 8 X 10*/(102-7^>a+238^3a) cm.Vsec. 
ieo-Bitiylene. *Diameter of molecule = 6*5 x 10“® cm. 

D = 8 X 10^/(102- 7jpa + 240pa) cm-Vsee. 
n-Fmtene-2 {cie). ^Diameter of molecule = 8-0 x 10“® cm, 

D = 8 X 10*/(102-7jpa+320pa) cm./sec. 

2~Z-Z-Trimethyl-btiiene-l 
♦Diameter of molecule = 7-5 x 10"® cm. 

D = 8 X 104/(102-7i>a+ 290233 ) 

* T?h^e estm^tes of tlie molecular diameters were made l>y constructing the appropriate 
molecules as Stuart models and measuring the effective diameters. This will not involve a 
large source of error, since is much le^ than p^. 
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Table 1 gives the values of the cross-sections of the various molecules studied in 
this work and also the formulae for calculating the diffusion constant D for the 
various mixtures used. 

PbEOISE OALCXTLATIOlSr OX STATIOljrABY HYDROGEIir ATOM CONCEOTBATIOIS'S 

Semenoff ( 1935 ) has considered those chain reactions in which one active centre 
is continually replaced by another, but the problem on hand concerns a particle 
which retains its own identity until its final destruction. This, however, does not 
affect the physical concepts and similar methods may be directly applied. 

The conditions which are used in this particular problem are somewhat different 
to those of Semenoff’s calculations. Here, a reaction vessel is used in which the active 
centres are produced by irradiation of one plane surface of the vessel and are removed 
on a layer of molybdenum or tungsten oxides. Since the top surface has been shown 
to be a good reflector for hydrogen atoms, then it simplifies the conception and the 
mathematical treatment by considering the mirror image of the reaction v^sel to 
be placed at the generating wall and the wall removed, since to a hydrogen atom 
reflected from the waU, the effect is the same as if it were coming from another vessel 
of the same dimensions. 

In figure 1 the planes at 0 and B represent the walls of the reaction vessel. The 
plane at 0 is the reflecting wall and the plane at B the removing wall. Now construct 
the mirror image of this cell on the plane 0, The plane at O is now considered to be 
non-existent for the purposes of the following calculations. The mirror image of 
jB is 



If the plane 0 is considered as the origin of co-ordinates, then the planes B and A 
are determined by the equations a; = and a? = — ^ respectively. 

The active centres are produced in the wliole volume AB^ and then diffusion to the 
walls takes place by virtue of the concentration gradient established in neighbouring 
elements of the vessel. On the walls A and -B, the concentration of the active centres 
is zero and the maximum concentration of the active centres will be found in the 
centre of the vessel. On the plane 0, the concentration gradient dnjdx will be zero. 

Consider now two planes in the v^sel, x and x+dxy separated by a very small 
distance dx, and let D denote the diffusion coefficient for the active centres through 





470 


H. W. Melville and J. C.' Eobb 

the gas mixture. Then the number of active centres ■which pass through the plane 
X in the direction of the wall will be — D^dnjdx),. per unit area. The number of oen'fa’es 
passing through the plane x+dxia. the direction of the wall 'will similarly be given by 
—D{dnldx)xj^.^, There are therefore —D{d/iijdx)x centres which in unit time and 
area enter the element dx and 

-D{dnldx)^+ax = ~D{dnldx)^-D{dhildx^)^dx 

wMet leave it. 

The absorption of radiation will follow the normal law. Where I is the intensity 
per square cm. at a point x cm. inside the reaction vessel, /q the intensity per sq.cm, 
of incident radiation, and k is the extinction coefficient, then 

( 1 ) 

Differentiating equation (1), 

dljdx = — 

That is, the amount of light absorbed at any particular point in the vessel is kl^ e"**® 
quanta per unit volume. If each quantum of radiation produces c active centres, 
then at any point the number of active centres produced will be kcl^ e"*®. 

Now considering removal solely on the walls, in the layer dx^ —Didnldx)^ centres 
enter and -Didnjdx)^^ leave, while JccIq &-'^dx centres are generated within the 
layer. Thus, in the stationary state, 

-d(~\ +Ul^B-^dx = (i, 

\dx/x+dx Wx 

i.e. D|J+fccJoe-*» = 0, 

where the first term represents the loss of centres due to diffusion and the other the 
generation of active centres due to adsorption of radiation. 

Let a = lokcfB, then the equation becomes 

d^njdx^ = — ae-*®. 

The solution of this type of equation is of the general form 

n = A + Bx—a 

where A and B have to be determined. One of the boundary conditions is = 0 
at a; = ^. From the symmetry of the system, n is a maximum at the centre, and 
since transport by diffusion would be equal in both directions, dnjdx — 0. This is 
the other condition. • 

Putting n = 0 at x = \dy 

0 - + Bdl 2 ~ a e-^^t^lkK (2) 

Putting dnjdx = 0ata;==0 0 = B+ajk, (3) 

Prom equations (2) and (3), B = — a/jfc, 

aaid J. =? 
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Hence = a + adl2k - axjk - a 

n = a{e-^^l^--^e-^^+Jc{dl2--x)}lk^ ) 

In the case of removal of active centres in the gas phase by an olefine, the number of 
active centres removed in unit time will be given by 

(^r)® = (^)i> 

where is the stationary concentration of active centres in the layer, (JT) is the 
concentration of the olefine molecules and i^hie velocity constant of the reaction 


H + 






To simplify the notation, put 

9 ~ 

Then (nX = g{n^). 

The differential equation obtained for this case is 

D{dhi,ldx^)+I^hcer^—gn = 0 . 

Ijet a — IqIccID, = gjD. 

Then the equation resolves to the form 


d^njdx^—bhi — — oe~*®, 

where the first term accounts for loss of centres due to diffusion, the second for loss 
due to gas-phase reaction and the third generation of the active centres. 

The solution of this equation for n wiU be of the following general form: 

■ n = Af>^^+B e-*® - - 6®)) e-*®. (4) 

As before, the boundary conditions are » = 0 at a: = ^ and dnidx = 0 at a: = 0. 
Substituting these conditions in equation (4), t 

0 = A e6<*/2+ {aj{i^-b^)) e-W®, 

0==A-B,+aklb(¥-b% 

IVom these equations, A and B can be determined, 

A = a(e-*=*2_jfc/6e-“/2)/2coshM/2(F-62), 

B = o(e-*=‘*/2+l;/6eW)/2cosh6ii/2(P-6*). 

Substituting these values for A andvjB in equation (4), 


~ h®—2cosh6d/2 ® ) 




e-*''*/^oosh6a:+[hsinh.6(^—a;)]/6 
cosh6d/2 




P) 
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Observations on the foregoing CAiiCXJLATioNS 

First of all, it is of interest to see the shape of the distribution curve for the 
stationary concentration of the active centres. 

In the particular case applied in the work contained here, the reaction vessel has 
a top surface of silica to allow passage of radiation of wave-length 2537 A. This 
radiation produces mercury atoms raised from the state to the state. Since 
the pressure of hydrogen in the reaction vessel is of the same order as the pressure of 
neon in the mercury lamp producing the 2537 A radiation, pressure broadening of 
the 2537 A line emitted will be counterbalanced by a similar pressure broadening 
of the absorption line in the reaction vessel. This means that substantially the whole 
emitted Ime will be absorbed. 

The excited atoms of mercury will then undergo collision with hydrogen molecules 
and produce two hydrogen atoms by the reaction 

HgTO + Ha = H + H+HgeSo) 

or Hg(3Pi) + H 2 = Hg.H+H, Hg.H = Hg-i-H. 

Under the conditions of pressure employed, no mercury atoms can re-radiate 
their energy before undergoing reaction. The value of the factor c for the number of 
active centres produced per quantum absorbed is therefore 2 . 

The hydrogen atoms so produced then diffuse uniformly through the reaction 
vessel until they are removed by either of two reactions: 

(1) successful collision with a double bond in the gas phase, or 

( 2 ) collision with a layer of molybdenum oxide on the bottom surface. 

Under these conditions, generation of active centres is exponential throughout 
the reaction vessel, and the shape of the distribution curve will be dealt with. 

This type of generation will be discussed with reference to a reaction vessel 2 cm. 
deep ia which over 90 % of the incident radiation is removed within the first 5 mm. 
of the vessel, and with reference to a reaction vessel 2 mm. deep in which the intensity 
is reduced to only about 50 % in the joiimey through the whole vessel. 

The two types of conditions lead to somewhat different distribution curves. 

CAIiOITLATIONS INVOLVING THE 2 CM. REACTION VESSEL 

For mercury vapour at room temperature, 18® C, the vapour pressure is 
1*0 X 10~®mm. The absorption coef&cient of mercury for 2537 A radiation has been 
determined by Zemansky (Mitchell & Zemansky 1934; Zemansky 1931), who has 
shown that for low concentrations of mercury, the absorption coefficient varies 
nearly linearly with the number of atoms per ml. in the following manner: 

h = 1*38 X 10~iW, 

where N is the number of atoms per ml. 

Applying this figure in the usual formula, 
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where x is the thickness of the layer through which the beam, incident at intensity 
/q, is passing, and I is the intensity of the emergent beam, for a mercury pressure 
of 0*001 mm. , ^ .. 

h is then 5*0. 

As has been pointed out, c = 2. 

For a typical run done with 10 mm. pressure of molecular hydrogen, the value of 
the diEfusion coefficient is of the order of D == lO^cm.^/sec. 

The thickness, w, of the reaction vessel, is 2 cm. 

For a gas-phase reaction removing hydrogen atoms by collision with an olefine 
at a pressure of 1 mm., energy of activation 4kcal. and steric factor 0*1, g is of the 
order of 10^. 

Iq is of the order of 10^® quanta/sec./sq.cm. 

The shape of the curve of the concentration of ‘quanta’ removed at any point 
in the vessel is found as follows: 

' I = (dljdx) = 


Table 2 


X (cm.) 

0 - 5 ® 

-5e“5« 

(dl/dx)l{dlldx)^ 

0*0 

1-000 

-5*000 

1*000 

0-05 

0*779 

-3*895 

0*779 

0-1 

0*607 

-3*035 

0*607 

0-2 

0*368 

-1*840 

0-368 

0-4 

0*135 

-0*675 

0*135 

0*6 

0*050 

-0*250 

0*050 

1-0 

0*007 

-0*035 

0*007 

2-0 

0*000 

-0*000 

0*000 


Table 2 shows the rate of production of active centres in the reaction vessel at various 
points. The curve is plotted in figure 2 c. 

When the active centres are removed entirely by diffiision to the waU, formula (I) 
n = IoC{e-’<^-&-^+k(w-x)}lkD, 

where Zq is 10““, c is 2, h is 6-0, w is 2 cm., I> is 10® cm.^/seo. and n is the concentration 
of hydrogen atoms per ml. expressed as a pressure in mm. of mercury (table 3). 
These results are plotted in figure 26. 

Table 3 


X (cm.) 

n (mm. pressure) 

0-0 

1*00x10”® 

0*2 

0*96x10-® 

0*5 

0*82 X 10-® 

1*0 

0*55x10-® 

1*5 

0*28 X 10-® 

2*0 

0*0 


In the case where removal occurs both in the gas phase and on the waU, formula 
(H) gives jr , kaithb(w — x) 


IqJcc 

cosh 6a; 6""^ 

, ksxahbiw—x) 


cosh6t(? 

oosh bw 
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where Jq = 10^®, w = 2 cm., c = 2, D = 10* cm.*/sec. and b = 10, since b = ^JigjD). 
The value of 6 is about that encountered in the reaction being investigated here 
(table 4). These results also are shown in figure 2 a. 


Table 4 


X (cm.) 

n (mm. pressure) 

0-0 

2*0 X 10-5 

0-2 

1-2 X 10-5 

0*6 

3*2 X 10-5 

1^0 

0*0 

2-0 

0*0 



X (cm.) 

Figxjkk 2. Rate of production of hydrogen atoms and the hydrogen atom distribution in the 
i^tioji ve^l, 2 cm. thick, a, distribution of hydrogen atoms (gas-phase removal). 
b, distobution of hydrogen atoms (no gas-phase removal), c, absorption of 25371. 
radiation by merenry vapour at 18° C. 

In the case of figure 2 a, since the numb^ of centres transported in the reaction 
vessel in umt time through a layer is proportional to the slope of the curve 
of concentration plotted against distance iuto the reaction vessel, the stationary 
concentration is so reduced that no appreciable number of hydrogen atoms will 
reach the removii^ layer. This means that in a reaction vessel of this dimAuginn there 
IS virtually no competitive reaction and the hydrogen atoms produced will all be 
rernoved in the g^ phase. In the case of the reaction vessel 0*2 cm. f.hiclr the 

petition is quite different and some calculations involving this vessel will now be 
dettiled. 
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Calculations involving the 0-2 cm. ebaction vessel 
The values of the various constants are as follows: 

h = 6'0, c = 2, D = 10^ cm.®/sec., 

w = 0-2 cm., g = 10*, — 10*® quanta/sec. 

The curve relating amount of absorption per unit volume with the depth into the 
reaction vessel is given in figure 3 c. The values used are those which are relevant 
from table 2. Removal by diffnsion to the walls only requires the use of formula (I). 
Table 6 has been calculated from this formula. It may be noted that in this case, 
generation of active centres is proceeding throughout the whole volume of the 
reaction vessel. These results are plotted in figure 3 6. lYom this graph it is seen that 
the distribution of hydrogen atoms in the gas phase does not now follow an ex¬ 
ponential law. This is because the generation term is in this case important throughout 
the vessel, not just in the first fraction as with the 2 cm. vessel, indeed, the 2 cm. 
vessel ease can be regarded almost as a narrow element generation. 




X (cm.) 

Figtjub 3. Bate of production of hydrogen atoms and the hydrogen atom distribution in the 
reaction vessel, 0*2 mm. thick, a, gas-phase removal. 6, no gas-phase removal, c, absorp¬ 
tion of 2637 A. 

For tbe case of removal in the gas phase as well as on the walls, formula (II) ^ves 
table 6. The graph of these results is shown in figure 3 a. It will be seen that there is 
a finite slope at the wall of the reaction vessel which is responsible for the removal 
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of hydrpgen atoms. In this case, there is competition for the removal of hydrogen 
atoms between the gas-phase removing agent and the molybdenum oxide coated 
wall. 

Table 6 


X (cm.) 

n (mm. pressure) 

0*00 

6 xl0-‘ 

0-02 

4-9x10-' 

0-05 

4-6x10-' 

0-10 

3-6 X 10-' 

0-15 

1-9x10-' 

0-20 

0-0 


Table 6 

X (cm.) 

n (mm.) 

0*00 

2-00x10-' 

0*02 

1-97x10-' 

0-05 

1-86x10-' 

0-10 

1-43 X 10-' 

0*15 

0-86 X 10-' 

0-20 

0-00 


Application of the pbeoeding diffusion calculations to the measueembnt 

OF THE OOLLESION EFFICIENCIES OF EFFICIENT GAS-PHASE REACTIONS 

Since the most important case at the moment is that of the exponential production 
of active centres, it wiU be used throughout to illustrate the method of approach, 
although the same methods can be adopted for the cases of thin-layer generation 
and uniform generation. 

The expression has already been formulated which gives the number of active 
centres present in unit volume of a particular element located at an average distance 
X from the plane of generation. It was 

— fcoshbice”^ ksmhb{w—x) 

D{h^—b^) \ cosh bw ^ b cosh bw 

where w is the thickness of the reaction vessel. 

Now, by definition, the diffusion coefficient D is given by 

N' - -^Didnldx)^, 

where N' is the actual number of active centres which pass through the plane x in 
unit time, {dnldx)^. is the concentration gradient at the point distance x from the 
plane of generation. 

Bifferentiatiog the above expression for n and multiplying by D, 

^N' = Didnjdx) 

I^hc fbsmhbxe'-^ koosbb(t(?—x) , 

(P—62)\ cosh6^(? coshftt^? ^ 

where b = ^(gjD). 

Consider the case of a reaction vessel where the top surface is the plane of entrance 
of &e beam of light which generates the active centres and the lower is a plane where 
there is removal of every colliding centre. 
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If ij; in the equation just derived for W is put equal to w, then, will be the 
number of active centres colliding with the absorbing layer and being removed. 
Further, in the equation, the terms I^c can be elimi n ated as follows. The total amount 
of light which passes through the reaction vessel without being absorbed is 

I = Joe-*% 

so that the total amount of light absorbed by the mercury vapour in the reaction 
vessel will be 

The total number of active centres produced wUl then be cIq{1 — If the ratio 
of the number of active centres which reach the removing layer, to the total 
number produced be B, then 

Then substituting for NQI^c from the formula above. 




h 

6sinh6t£7e~*^ 


co%h.bw 


cosh6^^? 




.—kw\ ^ 


In this equation, B is the observable quantity and i, the factor which is required. 
The only method of dealing with this equation is to set the initial conditions, i.e. 
pressure of mercury vapour, depth of vessel, etc., and then to plot values* of B against 
chosen values of b. It is helpful if the approximate value of the diffusion coefficient 
and the collision efficiency are known. This enables a rough value to be calculated 
for b and the conditions chosen accordingly. 

By suitable choice of conditions, a curve can be obtained to cover values of b 
over a factor of 10 and a change of B from say 0*25 to 0*75. 

The following tables were prepared in this way. In table 7 is given the value of B 
for various values of b and for various vessel depths w. These values are plotted in 
figure 4, and it will be readily seen that the range of values of b which can be dealt 
with can be altered by changing the depth of the vessel. 



Figure 4. Calibration curves for various separations of the reaction vessel. 


VoL 196. A. 


32 
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It w€ts considered that the value of It might be extremely temperature dependent 
since the value of the mercury vapour pressure would change. To determine the 
extent of this effect, the following calculations were made. 

For a change of temperature from 18 to 14° C, the mercury vapour pressure . 
changes from 0*0010 to 0*0007 mm. and the corresponding change in k is from 5*0 
to 8*5. The values of It were calculated for a plate separation of 0*26 mm. and for 
various values of b, using the new value for k. In table 8 the values of B for k = 3*5 
and k = 6*0 are given. From this table, the close agreement in the values of B show 
that compensating factors render any close temperature control unnecessary. 


Table 7 


w (cm.) 

0-125 

0-20 

0-26 

0-40 

0-50 

6 

B 

JR 

B 

B 

B 

0 

1-00 

1-00 

1-00 

1-00 

1-00 

1 

— 

0-99 

— 

0-94 

0-90 

2 

— 

0-95 

0-94 

0-80 

0-70 

3 

— 

— 

0-82 

0*63 

0-51 

4 

0-92 

0-78 

0-73 

0-60 

0-37 

6 

0-84 

0-66 

0-56 

0-30 

0*19 

8 

0-75 

0*54 

0-42 

— 

— 

10 

0-66 

0-43 

0-32 

— 

— 

12 

0-58 

0-35 

0-26 

— 

— 

15 

— 

0-27 

0-16 

— 

— 

16 

0-45 

— 

— 

— 

— 



Table 8 


h 

3-6 

5-0 

b 

B 

B 

2 

0-94 

0-94 

4 

0-67 

0*73 

6 

0-56 

0-56 

8 

0-42 

0-42 

10 

0-33 

0-32 
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The kinetics of the interaction of atomic hydrogen 

with olefines 

III. Theory and technique involved in the use of the oxides 
of molybdenum and tungsten as hydrogen atom removers 

By H. W. MBLvmtiE, F.R.S. and J. 0. Robb 
Chemistry Department, Marischal CoUege, Aberdeen 

{Received 23 June 1948 —Read 10 February 1949) 


The colorimetric method of estimating the rate of addition of hydrogen atoms to the oxides 
of molybdenum and timgsten is discussed in detail. It is also shown that alkyl radicals are 
efficiently removed by molybdenum oxide, and allowance is made for the effect of their 
presence on the blueing rate of the oxide surface. 

The method of evaluating collision efficiencies from the data obtained is indicated in full, 
and the construction and operation of a calculator to assist in the computation is described. 

iKTRODTJCTIOlSr 

It has been shown that the coUision efficiency of a hydrogen atom with an olefine 
under the special conditions already described in part II can be related mathe¬ 
matically to the ratio of the number of atoms reaching the oxide layer to the total 
number produced in the gas phase. This paper deals with the technique of the 
measurement of the rate of addition of hydrogen atoms to the oxide surface by a 
colorimetric technique. A further complication proved to be the fact that alkyl 
radicals formed as a result of the addition of a hydrogen atom to an olefine could be 
removed on the oxide layer. These radicals on removal also turned the surface blue. 
It is important to note that this feature of the technique permits a single radical 
reaction to be separated from the normal reaction sequence in the photochemical 
hydrogenation of an olefine. This reaction can then be studied exclusively, since the 
attendant complications of secondary radical reactions are entirely eliminated. 

The technique further permits measurements to be made and the collision 
efficiencies to be computed without the necessity of measurmg absolute intensities 
or absolute rates of production of atoms. 

Theory and technique involved in the use of molybdenum 

TBIOXIDE AS A HYDROGEN ATOM REMOVER 

In the treatment described in part II the velocity constant of the reaction of a 
hydrogen atom with an olefine was related mathematically with the ratio of the 
number of hydrogen atoms removed on the molybdenum oxide wall to riie total 
number generated. In this treatment, no account was taken of the diminution in 
the concentration of the olefine due to reaction. As a result, a method had to be 
devised for measuring the ratio under conditions where only a small fraction of the 
olefine was removed. 
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The technique adopted permitted a measurement to be made after removing less 
0-025 mm. of olefine. The initial pressure of olefine was about 0-5 mm. and 
hence the reduction of concentration due to reaction was negligible. The measure¬ 
ment of the vay small number of hydrogen atoms removed on the layer of oxide 
was accomplished by measuring th© blueness of the surface. Qualitatively, then, 
since the surface becomes progressively more blue as hydrogen atoms add on, the 
intensity of reflected light will decrease, and this decrease can be directly related to 
the number of hydrogen atoms which have been removed. The apparatus employed 
to measure the intenaty of light reflected from the surface, using a lamp of constant 
intensity, has been described aheady in part I, figure 4. 

A normal run with hydrogen commences with a reflected intensity of about 
16/iA, and after 15 min. the intensity drops to about 6/iA. The surface is by this 
time quite blue, but as seen m table 1 and figure 1, the rate of uptake of atomic 
hydrogen is stUl uniform and smooth. The surface blueness is changing but very 
little, and it seems that the possibility exists for the penetration of hydrogen atoms 
to deeper layers of the molybdenum oxide, presumably after removal on the surface 
layer, by some diffusion process. Thus the first point is that the surface layer alone 
is not entirely responsible for th© removal of the hydrogen atoms and the underlying 
layers also play a part. 



Figubb 1. Uptake of hydrogen atoms by molybdenum trioxide. 


The plot of a run is shown in figure 2. In this graph, the current generated by the 
photocell in the colorimeter is plotted against tune. This curve seems to suggest 
some kind of reciprocal relationship between the two variables. In the following 
section a physical picture will be developed of what may be taking place dn ring this 
period. The picture may not be entirely accurate, but it does fit the facts and provides 
a usefiil conception on which to base the deduction 
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Suppose the surface of the molybdenuru trioxide has an. area A, uniformly packed, 

possessing in the normal, or unreduced, state (white) a reflexion coefficient R^. 

Ijet the intensity of incident radiation he /g/unit area. Then the total incident 

radiation is r t , 

I = loA. (1) 



time (min.) 

FraxTUB 2. Photocell current as a function of the time of irradiation. 


Table 1. Removal of HYDBoaEN atoms on molybdenum oxide 

time pressure of photocell current 


(min.) hydrogen (mm.) {/lA) 

0 2*3 6*1 

80 1-95 4*0 

114 1*80 3-9 

240 M 3*6 

285 0*9 3-6 

360 0-5 3-5 


. The intensity of the reflected light is then, 

/ X i?! == (2) 

Now, if hydrogen atoms are generated and undergo collision with the surface, 
resulting in absolute removal, a new type of surface is formed, a blue surface, con¬ 
sisting of some unidentified reduced form of the oxide. Let the reflexion coefficient 
for this surface be iZg. Since the surface reflects less light, 

As already pointed out above, the deeper layers also play a part in the removal of 
hydrogen atoms. The most likely mechanism is that of the hydrogen atoms removed, 
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only those ■which strike a white patch ■will affect the blueness of the surface and may 
affect a deeper layer. This means that, although the rate of removal of hydrogen 
atoms remains cons^tant, the rate of removal on white patches ■will continuously 
decrease. , 

If the atoms removed on the s^urface are considered to retain a certain iden^tity, 
then, after a time t, the ■to^tal number of hydrogen atoms removed "will be Nt, where 
N is the n'umber removed in ■unit time. Ijet the fraction of the s^urface covered by 
hydrogen atoms be 6, ■then the fraction uncovered is (1 — 0). The number which can 
add on ■to ■the whi^te region ■will be 

and the number migrating off a blue region ■will be hd, where Ic is & constant. Now, 
in the eq^uilibrium case, the n^umber adding on ■to the white surface ■will be equal ■to 


the number leaving the blue surface, and 

mo—6) = he, (3) 

m = hdio-e). (4) 

Now the blue area is and 

0^0 = (S) 

where A,„ is the area still unreduced to blue. Hence 

0 = (-^o— A^^jA^, (6) 

1-0 = ^J^. (7) 

IVom (4), (6) and (7) Nt = h{Af^—A^jA,„, (8) 

i.e. Kt = {AalAJ-l, 

where K = Njk, or Ay, — AJ0+^^)‘ W 

The intensity of ■the reflected light from the area Ay, will be given by 

4 = I^B^Ay,, ( 10 ) 

and from the blue area Jj, = I^R^{AQ—Ay,). (11) 

The ■total intensity of the reflected radiation will be given by 

/' = 4+J» 

~ —-^ 2 )+-4o'®2}‘ (1^) 


Since, in the use of a photo-element with a low external resistance, the current 
developed is proportional to the intensity of illumination, denoting the photocell 
current by C', 


O’ = K’l', 


(13) 


where F is the intensity of illumination and K' a constant. Substituting for F 
from formula (12), 

C = K'I,{A,iIt^-B^)IO+Nt)+A^B^ 

^A,K'I,{R^-R^){llO + Kt)+R^I(B^~B^)}, (14) 

or C'= X''{llO+Kt)+k'’}, (15) 

K" = AQK'If,{Ri—R 2 ) and k" = RJ{Bj^—B^). 


where 
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Equation (15) reduces to the form 

M+]ci=ll(0'-hz). (ie) 

Since K is proportional to the number of hydrogen atoms removed on the 
molybdenum oxide surface in urdt time, then by plotting IjiG—k^) against time, 
a straight line should be obtained, the slope of wMch wiH be proportional to the rate 
of addition of hydrogen atoms to the molybdenum oxide surface. 

The technique adopted was to carry out the measurement of the value of C 
varying with time when only hydrogen was present in the reaction vessel from time 

to 4- The reaction mixture was then altered to include a certain pressure of olefine 
and the run continued. Finally the run was completed by reintroducing hydrogen 
and continuing the measurement from tg to t^. Before a linear relationship can be 
obtained, the value of the constant has to be determined as follows. 

At time t^, 

and at time igj = 1/(^2 ~ ^ 2 )" 

Eliminating hi &om equations (17) and (18)^ 

Hh-h) = {C^-0^)l{(\-h){C,-h).f 
Similarly, k{t^ - 1^) = (O 4 - ( 73 )/(( 7 s - k^) (O 4 - h). 

Eliminating k between (19) and (20), 

^i~^2 _ ~ ^ 2 ) (^3 ~ kj) {Oj —k^ 

^3 ~ ^4 (^3 “ ^ 4 ) (Pi ~ ^ 2 ) (^2 "■ ^ 2 ) 

Multiplying out equation (21) to expose terms in k^, 

(h ~ ^2) (^3 ^4) (^2 — (^1 "t ^2) k ^- hO ^ 

= {h-h){C^-0,)(kl-{C,-C,)k^+C,C,). ( 22 ) 

ibj can thus be readily determined. 

The value of C can now be corrected by subtractmg k^ and a value CJ. obtained. 
The reciprocal of this value, when plotted against time, will give a linear relationship. 

As an example of this method, and to illustrate the attainable accuracy, a typical 
run such as that in figure 2 will be taken and corrected to obtain a linear plot. The 
data obtained are as set out in table 2. 

To deternaine the value of k^, the following points were chosen arbitrarily: 

= 1-Omin. = 16-00, 7-Omin. 08=10-00, 

= 3-0 min. 0^ = 13-00, = 15-0 min. = 7-66. 

The value of the k^ was determined by substituting these values in equation (22). 

Figure 3 shows the corrected plot. This demonstrates the applicability of tiie 
preceding treatment. The slope of this line is the measure of the total number of 
hydrogen atoms being removed per unit time on the surface, and the value of 1/CJ, 
is a measure of the total number removed at any time. 


(17) 

(18) 

(19) 

( 20 ) 

( 21 ) 
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The next point to be cleared up is that the slope of the line obtained is proportional 
to the rate of addition of hydrogen atoms to the surface. This can be investigated by 
follo'wing the blueness of the surface for a certain time, then cutting down the 
intensity of radiation by interposing an intensity screen between the lamp and the 


Table 2 


time 

photocurrent 


Vpo 

(min.) 

(M) 

Co = 0-4-0 

0-00 

19-05 

15-05 

0-066 

0*25 

18-05 

14-05 

0-071 

0*50 

17-40 

13-40 

0-075 

1*00 . 

16-00 

12-00 

0-083 

1-50 

15-00 

11-00 

0*091 

2-00 

14*05 

10-05 

0-099 

2-50 

13*50 

9-50 

0-105 

3-00 

13-00 

9-00 

0-111 

4-00 

12-05 

8-05 

0-124 

5-00 

11*25 

7-25 

0-138 

6-00 

10*50 

6-50 

0-154 

7-00 

10-00 

6-00 

0-167 

9-00 

9-05 

5-05 

0-198 

12-00 

8-05 

4-05 

0-247 

15-00 

7-55 

3-55 

0-282 

20-00 

6-95 

2-95 

0-339 


The value of used to obtain the value of Cq was 4^00. 
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reaction vessel. By cutting down the intensity by a factor B', it would be expected 
that the slope of the lines obtained in the two cases would differ by a factor B'. 

Ruu 240, the data for which are shown in table 3, was conducted for the first 3 min. 
without an intensity screen; the screen was then inserted and the run continued for 
a further 7 min. The value of was found to be 5*4. The ratio of the two slopes was 
0'39 and the transmission factor of the screen about 0*35. This agreement is con¬ 
sidered to be satisfactory. The plot is shown in figure 4. 


Table 3. Ebeect of intensity oe ibeadiation on bate oe blueing 


time 

(min.) 

C 

(7c 

lICc 

0 

17-55 

12*15 

0*082 

0-5 

13-9 

8-15 

0*118 

hO 

12-0 

6-6 

0*152 

1*5 

10-9 

5-5 

0*182 

2-0 

9-9 

4-5 ‘ 

0*222 

2-5 

9-45 

4*05 

0*247 

3*0 

8-95 

3-55 

0*282 

4-0 

8-60 

3-20 

0*313* 

0*0 

8-35 

2*95 

0*339 

6*0 

8-15 

2*75 

0*364 

7-0 

7-95 

2*55 

0*392 

8-0 

7-65 

2*25 

0*444 

9-0 

7-5 

2-1 

0*476 


* Intensity screen inserted after 3 min. 



It is then clear that the slope of the curve plotted from the values oil jC^ against 
t provides a measure of the number of hydrogen atoms being removed on the oxide 
surface in unit time. 

It is a well-known fact (Neujmin 1937 ? Taylor & Bates 1930 ) that radicals 
other than hydrogen atoms can add on to a surface of molybdenum oxide or tungsten 
oxide, so that the possibility had to be considered that the alkyl radicals produced 
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by the primary addition of a hydrogen atom to an olefine might add on to the oxide 
surface as well and affect the blueness of the surface. By decomposing mercury 
dibutyl in the cylindrical reaction vessel by 2537 A radiation, the rate of increase 
of pressure is a measure of the rate of decomposition of the dialkyl. The results of 
such runs are shown in table 4 and figure 5. Runs 176 and 176 are then a measure of 
the rate of decomposition of the alkyl which was present in the reaction vessel at its 
vapour presstire, liquid dialkyl being present throughout the experiments in excess 
to maintain the vapour pressure. The reason for the decrease in rate with time is 
possibly due to deactivation of the excited mercury atoms by the increasing amount 
of hydrocarbon products of decomposition, but this need not affect the general 
conclusions drawn here. Runs 177 and 178 were done in the same reaction vessel 
under the same conditions, except that in this case, the bottom of the reaction vessel 
was covered with a thin layer of powdered molybdenum oxide. The pressure in this 
case rises much more slowly. At the same time, the oxide turns blue, indicating that 
something is being removed, and that the effect on the surface blueness is not to be 
n^lected. 



time (min.) 

FiauBB 6. Decomposition of mercury dibutyl, x Run 176; 
O run 176; o- run 177; -o run 178. 


Under these experimental conditions, the alkyl radicals had to diffuse some 20 mm. 
before colliding with the oxide surface, but nevertheless, about 86 % of those formed 
retained their identity and ability to react on the surface of the oxide and be removed 
from the gas phase. Under these conditions, which wiU be defined later, this path 
length is reduced to less than 2*5 mm. It is reasonable to infer that when the lifetime 
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in the gas phase is so reduced, all the radicals produced will be removed by interaction 
on the molybdenum oxide surface. Further proof of the correctness of this will be 
demonstrated later. 


Table 4. Decompositiok oe meecury dibtjtyl with 2537A BADiATio^r 


time 

clean reaction vessel, 

pressure (mm.) 

_ 

reaction vessel with layer of MoOj 
pressure (mm.) 

(min.) 

run 175 

run 176 

run 177 

run 178 

0 

0-06 

0*05 

0-15 

0-15 

1 

0-50 

0-45 

0*30 

0-25 

2 

0*90 

0-70' 

0*35 

0-35 

3 

M5 

1‘0 

0*40 

0-40 

4 

1-40 

1*25 

— 

_ 

5 

1-76 

1-65 

0'45 

0-45 

7 

2-10 

1-95 

0-50 

0-48 

10 

2-90 

2-50 

0-50 

0-50 

12 

3*20 

2-95 

— 

_ 

14 

3-65 

3-15 

— 

— 

15 

3-80 

3-30 

0-60 

0-65 



Figube 6 . Type of experimental run to be expected. 


Suppose a run is conducted for a certain time with hydrogen alone, then with an 
olefine present, and finally again with hydrogen. If the values of the current gmer- 
ated by the photocell are corrected by the determination and use of the constant 
then a graph should be obtained as shown in figure 6. The ratio of the slopes of 
the different parts of the curve gives the ratio of the number of atoms reaching the 
surface of oxide to the total number of atoms produced. This presupposes that the 
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aJkyl radicals removed on the oxide surface have no significant effect on the blueness 
of the surface. However, it is known that this is not necessarily the case and allowance 
must be made. 


Let the blueing effect of a hydrogen atom be and the effect of an alkyl radical 
be Then if N' atoms are generated in unit time, the blueing rate will be 

iJn = ksN'. (23) 


If the fraction reaching the removing surface is 
due to hydrogen atoms will be 


N's^IN', then the rate of blueing 

(24) 


and the rate due to the alkyl radicals, one of which will be formed for each hydrogen 
atom removed in the gas phase, is given by 

( 25 ) 

The observable rate will then be given by 

B' = It's+R's 

= ]c^N':a{l + ks{N'IN'^-1 )}. (26) 

The rate for hydrogen alone is given by equation (23), and the ratio of the two rates, 
A', a measurable quantity will then be expressed by 

A’ = R'lBs ■ ' 

A' = N's.{l-k^)IN' + kn, ' ^ 

NyN' = {A'-ks)l(l-k^). J 


Now, N'^jN' is the fraction of the atoms produced which get to the removing 
surface. Suppose the experiment is carried out again using a different path distance, 
i.e. placing the removing surface at a different distance from the silica window, then 
the following will be the expression obtained: 

N'yN'' = {A"-kj,)l{l-k^). (28) 

By taking the path distance to be (a) 1-25 mm. and (b) 2-5 mm. respectively, it 
can be seen from part II, figure 4, that the ratio of N'^jN' to N^jN', i.e. B' to B", 
varies with the value of b from 1 to approximately 2 and that for the value of 6 in 
a particular reaction, there exists also a singular and characteristic value for the 
ratio B'jB", 

B'IB'' = iA'-kj,)l{A''-k^). (29) 


It is, of course, necessary that the value of D remains constant in both experiments, 
but by using the same gas pressures in both, this is readily achieved. 

If a random value is taken for B'jB" between 1 and 2, the corresponding value 
for kj^ can be obtained from equation (29) since A' and A" are determined experi¬ 
mentally. This value can then be substituted in equation (27) and the value of B' 
obtained. From the curve in part 11, figure 4, the corresponding value of b is obtained. 
The value of B" can then be obtained from the curve for the appropriate value of 6. 
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The new ratio of B'lM" which can now be obtained will form a better approximation 
to the true value and a better value for can be obtained on substitution in 
equation 29. By progressing ia this way, a number of successively closer approxi¬ 
mations can be obtained which converge on the value satisfying the conditions. 

The convergence can be obtained either by repeated and exhaustive use of the 
above method, or by obtaining several values for as above and evaluating the 
corresponding values of M' and B", thence obtaining the values of b' and b". These 
can be plotted against the values of k^ used and the point of intersection of the two 
curves gives the true value of b and The graphical method is rather inaccurate 
as the relationship of b to kj^ is not linear. However, a mechanical method wiO. be 
described below which greatly simplifies the labour of this type of calculation. ' 
Perhaps an example will serve to clarify the method just described in the past 
few pages. 

Suppose for a mixture of constant composition, and constant diffusion coef&oient 
D that the value of 6 is 8-0, then referring to part II, figure 4, the corresponding ratio 
B' at a separation of 1'25 mm. is 0*745, which means that the number of hydrogen 
atoms reaching the layer is 0-745.^ and the number of radicals is 0-255N. 

The rate of blueing will be given by B', 

B’ = hg^x 0-7451V +kiik^x 0*256iV 

= ks:N {0-^5 + 0*255 x Ajjj). 

The corresponding rate for hydrogen alone would be 

JKh = JcsN. 

Then A' = 0*745 -t- 0*255^22. 

Let the value of k^^ be 1*2, i.e. the radical is 1*2 times as effective as a hydrogen 
atom in turning the surface blue. 

This gives a value for A' of 1*051. 

In the sa m e way, for a separation of 2*5 mm., the corresponding value of N^jN" 
for b = 8*0 is 0*42 which leads to a value of 

A" = 1*115. 

By carrying out a run, the only observable quantities would be 

A' = 1*051, for spa<mg of 1*25 mm. 

' A" = 1*115, for spacing of 2*50 mm. 

By the method of successive approximation, applying equation (29), 

= {A'-k^)l{A''-ks). 

Now, take an average value for the ratio of the left-hand side of the equation. Take 
1*5 as already suggested above, then 

1*5 = (h051-ka)l(l-n5-ks). 


from which, 


k^ = 1*242. 
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Substitute for in equation (27), 

= 0*79. 

For this value the corresponding value for would be 0*48 (see part II, figure 4) 

so that the new approximation for {N'-s,IN')l{N'iilN'') is 0-79/0-48 which is 1*65. 
Appl ying this new and more accurate value to equation 29, the new value of 
is obtained, _ 2 . 2 i 

Substituting for in (27), 

The corresponding value for is 0’435 which gives the value for 

m^')/= 1-75. 

Again substituting this value for N'^jN' in equation (29), the value for kj^ is 1*2, 
and by use of equation (27), the value of N'-^jN' is found to be 0-76. 

This gives avalueforjN’H/-N'^ of 0*425; therefore the new value of ) 

win be 1*76. This is so close to the last value that the solution has been obtained. Thus 

kji = 1*2, N'^jN' = 0*76, b - 8*0, - 0*425, b = 7*9. 

The graphical method is as follows. 

After making the first approximations of = 1*5 and obtaining 

kji = 1*24, substituting in equations (27) and (28), the values of ATh/A"' and N^jN" 
can be obtained. 

N':b:IN' = 0*79, = 0*625, 

b = 7-0, b = 6*3. 

After the second approximation, kj^ = 1*21, 

AryAT' = 0*76, N'^N" = 0*45, 

b = 7*7, b = 7*4. 

After the third approximation, = 1*20, 

N':qIN' = 0-75, N^IN" = 0*425, 

6 = 8*0 b = 7*9. 

These r^ulte are tabulated in table 5. By plotting these results as in figure 7 the 
point of intersection can be determined and the value of b obtained. 


Table 6 



h' 

h" 

1*24 

7-0 

6-3 

1-21 

7-7 

7-4 

1-20 

8-0 

7-9 


This method is not always applicable since the plot of b against k^ need not be 
linear and the extrapolation of the curves is not a very simple matter. Further, 
in the example shown above, the values have been chosen for simplicity of mani- 
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pulation and, in practice, it is rare that only three approximations have to be used. 
The method can then be extremely laborious and time-consuming. A mechanical 
method was devised to overcome these mathematical difficulties and it will now be 
described. 



Ficdbe 7. Graphical method of solution for h. 

MaTHEMATICAIi OAIiOniiATOE 
Theory 

When accoimt is taken of the effect of alkyl radicals in the blueing of molybdenum 
oxide, the equations used are 

• N(alN' = {A'-^}cj,)l{l^kj,), (27) 

and = {A' - - kj,), (28) 

where the values of A' and A" represent the experimentally observed blueness ratios 
mentioned above and is a constant depending on the radical generated by the 
addition of a hydrogen atom to an olefine. Further, the value is such that N^jaiJN' 
and when referred to their respective curves in part 11, figure 4, will both 

give the same value for b. Thus the problem is to alter kj^ imtil these conditions are 
satisfied. 

In figure 8, let the length AG he I unit. CE is perpendicular to AD, Let AH I AO 
represent the value of-4' and AJf/A <7 the value of 4.^. Erect the lines JSTjff'and 
perpendicular to AD, Now, let the line AB move along A G and GE so that its length 
remains constant and let AEJEG be the value of k^. Then 

A'-kji=^FHIAG, A"-kj^^FKIAG, l-^k^^FGlAG 
= {A'-^k^)lil-k^) - FHjAG.AGjFG - FEIFG, 

= FKIFG, 


also 
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By geometry of the system, 

FHjFC = FM'jFO, FKIFC = FN'IFQ, 
so that if FQ is tmity on a new scale, 

NslN' = FM' and N^jN" = FN'. 



FiGUitE 8. Theoretical diagraaxii of calculator. 

By affiinTig to the sliding member FGy a calibration scale relating the fraction of 
the length of the member from F with the corresponding value of 6 for the two values 
of the path distance, there are then two scales on the sliding arm. By setting the 
experimentally observed values of A' and A'' on the sliding cursors KK' and EH' 
and moving the arm AB until the reading indicated by the intersection of the two 
cursors on their respective scales is the same, this value is the required value of b 
and the distance AF measured on another scale is the value of Icj^. 

Construction of the machine 

The apparatus is illustrated in figure 9. 

The two cursors move on two rods A, of J in. duralumin rod. The inset I 
shows the details of the travelling ends of the cursors. These are made from brass 
tube and sheet, the small pointers of which have a small hole and slot as indicated 
to facilitate the fitting and removal of fresh cursor threads. The cursors are thin 
black linen threads, maintained taut by two light springs C of half-hard brass wire. 
The two cursor scales B must be lined up accurately parallel and when the thread 
is reading the same on both scales, the thread must be parallel to the vertical tube 
and at right angl^ to the scales. Twin scales are used to provide a simple means for 
setting the curaors to a particular value and keeping the thread parallel to the 
vertical tube. The scales are mounted on wooden dowel-rods and are slotted so that 
final adjustments can be made. 

The runners E and F are of Jin. brass tube fastened down with hoops of brass. 
The sliding parts E are constructed by fitting brass tubing snugly to the size of E 
by inserting liners of thin brass until the desired fit is obtained. The lower sKding &n.d 
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E 2 carries a pointer lined up to the point about which the bar G pivots. The bar G 
is made accurately 20 cm. between the centres of the pivots on and and is held 
in place by two countersunk screws fitted to hold the bar securely, but to allow easy 
rotation about the screw. 



Figubb 9. Construction of calculator. Figuee 10. Scale 

fixed to calculator. 

F is lined up perpendicular to A and its midline opposite the 10 cm. division of 
scales jBjB. E is run parallel to A, The scales on G are constructed from figure 7 and 
are divided by marking the values of b at the point on the scale such that FM'jFG 
is the required ratio determined from the graph. The scales are seen in figure 10. 
Now, by measuring the values of the ratios A' and and setting them on the 
cursors, with the pointer on H 2 at zero, the runner 5^ can be slid along until the 
readings on the scale on G indicated by the respective cursors are the same. This is 
then the value of b required and the factor kj^ is indicated on the lower scale by the 
pointer on 

This instrument reduces the time required for a calculation of this kind from 
perhaps 40 min. to 30 sec. 
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IV. Results obtained by the foregoing techniques 
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The experimental techniques theoretical considerations developed in the previous parts 
have b^n utilized in obtaining data on the reactions of the type H+C„H 2 n == ^n^ 2 n+y 
The olehnes used were ethylene, propylene, -wo-butene, n-pentene-2 (c^^), and 2, 3, 3, tri¬ 
methyl-butene-1. Certain tentative suggestions as to the effect of structure on the reactivity 
of the double bond are put forward, but in general, the collision efficiency of a hydrogen 
atom with an olefine lies between 10”® and 10“^. 

It is noted that in the computation of the collision efficiency, it seems to be rather unsatis¬ 
factory that the diameter of the whole molecule should be used and it is suggested that 
perhaps the effective diameter of a more intimate part of the molecule in the region of the 
double bond should be employed. 


IhTTROBUCTION 

In the previous parts, the apparatus has been described and the method of differ¬ 
ential equations applied to the solution of the necessary diffusion theory. The 
colorimeter technique for the estimation of the rate of addition of hydrogen atoms 
to the oxide surface has been developed and the effect of alkyl radicals on the oxide 
blueness allowed for. 

In this paper, some results obtained by this technique are given. These results, 
although limited in number, permit a certain tentative correlation of the data 
obtained. The olefines are discussed in the following order: ethylene, propylene, 
iso-butene, »-pentene-2 (cis), 2,3,3, tri-methyl-butene-1; and observations peculiar 
to a specific olefine are included in the relevant sections. 

ETHYIiBlTB 

It shoiild be noted here that the technique involves carrying on a blueing run for 
2-6 min. with hydrogen alone, then introducing a small pressure of olefine by opening 
the injector and flowing the mercury up and down several times. This ensures 
complete mixing of olefine and hydrogen. The run is then continued for a farther 
5-5 min., and the gas mixture pumped out completely. The appropriate pressure of 
hydrogen is then introduced and the blueing continued for a further 7 min. From the 
values obtained during the two ‘hydrogen’ periods, the value of the corrective 
constant A, is obtained. AH the observed values of photo-cell current are then 
corrected by the subtraction of fHe reciprocal of these values plotted against 
time. The ratio of the first two portions of the graph is then used to calculate directly 
the collision efficiency with the aid of the calculating machine already described in 
part HE. 


[ 494 ] 
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Since at ^ = 2*5 and t = S min., a physical manipulation of the gases occurs, it can 
occur that the oxide surface becomes slightly altered as a result of the gas flow. This 
has the effect of shifting the next portion of the graph bodily either up or down, but 


does not alter the resulting slope. It is not then surprising that the curves are not 
necessarily continuous at the times mentioned above. The collision efficiency of 

tte reaction H+0A = 0^. 


was measured by carrying out the run at two spacings, 1*26 and 2*6 mm., using 
tungsten oxide as a removing surface. Table 1 gives the data obtained in runs 335 
and 336 for a spacing of 2-5 mm. 


Table 1 . Rmsrs with ethylene—spacing 2*5 mm. 


rim 335 run 336 


time 

(min.) 

C 

0, 

l/Oc" 

G 

Gc 

i/o/ 

0*0 

15*0 

10*6 

0*094 

16*0 

11*7 

0*085 

0*5 

14*0 

9*6 

0*104 

14*95 

10*65 

0*094 

1*0 

13*4 

9*0 

0*111 

13*9 

9*6 

0*104 

1*5 

12*7 

8*3 

0*120 

13*4 

9*1 

0*110 

2-0 

12*3 

7*9 

0*127 

12*9 

8*6 

0*116 

2*5 

11*9 

7*5 

0*133 

12*4 

8*1 

0*123 

2*5 

11*9 

7*5 

0*133 

12*25 

7*95 

0*126 

3*0 

11*6 

7*2 

0*139 

12*0 

7*7 

0*130 

4*0 

11*3 

6*9 

0*145 

11*5 

7*2 

0*139 

5-0 

10*95 

6*55 

0*153 

11*0 

6*7 

0*149 

6*0 

10*5 

6*1 

0*164 

10*55 

6*25 

0*160 

7*0 

10*40 

6*00 

0*167 

10*4 

6*1 

0*164 

8-0 

10*05 

5*65 

0*177 

10*0 

5*7 

0*175 

8*0 

9*85 

5*45 

0*183 

10*0 

5*7 

0*175 

9*0 

9*5 

5*1 

0*196 

9*6 

5*3 

0*189 

10*0 

9*05 

4*65 

0*215 

9*4 

5*1 

0*196 

12*0 

8*5 

4*1 

0*244 

8*6 

4*3 

0*233 

15*0 

7*9 

3*5 

0*286 

7*9 

3*6 

0*278 


Rim 335: Time A: 6*2 mm. hydrogen in reaction vessel. 



Time ] 

B: 0*5 mm. ethylene injected. 




Time ( 

ZJ; 6*0 mm. hydrogen in reaction vessel. 


Run 336: Time i 

6*1 mm. hydrogen in reaction vessel. 



Time ] 

B: 0*5 mm. ethylene injected. 




Time < 

U: 6*0 mm. hydrogen in reaction vessel. 


0 is the photocell current in jllA, is the value corrected by ^2 l/£/^ the 

reciprocal of the corrected value. The correction factor k^ is calculated by using the 
formula (22) derived in part III. The values substituted in the equation were 
those at = 0*6, = 2*5, = 9*0 and = 16*0 min. 

The value of k 2 for run 335 is 4*4, and for run 336 the value is 4*3. These two runs 
are plotted in figure 1. Tor clarity, run 335 is ^placed 0*01 unit upwards. For run 
335, the slope of the first part is taken between t = 0:5 and t = 2*5 min, and is 

(0*133-0*104)/2 = 0-0145. 


33-2 
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The slope for the second part is taken between t = 3*0 and t = 8*0 min. The value 
of the dope is (0.m-0-139);6.0.(»76. 

The ratio of these two slopes is 0-53. 

In a similar manner, the ratio of the two slopes in run 336 is 0-56. This gives an 
average slope of 0'546. 

Table 2 gives the data obtained for runs 337 and 338 carried out at a spacing of 
1*25 mm. using again timgsten oxide as a removing surface. From the data in this 
table, for run 337 the value of is 7-0 and for run 338, the value of k^ is 6*1. The 
plots of the corrected curves are given in figure 2. In this figure, run 337 is displaced 
0*01 upwards. The ratios of the two slopes in the two runs are respectively 0-76 and 
0-72, giving an average ratio of 0-74. 

Thus fora spacing of 2-5 mm., the ratio is 0-64 and for a spacing of 1-25 mm., the 
ratio is 0'74. 

Table 2. Rtots wrrH eth:ylb3se—spacsostg 1-25 mm. 


run 337 


run 338 


time 

(min.) 

G 

Gc 

I/O,' 

* C 

Cc 

I/gI 

0-0 

16*4 

9*4 

0*106 

16*45 

10*35 

0*097 

0*5 

15-1 

8*1 

0*123 

15*45 

9*35 

0*107 

1-0 

14-5 

7*6 

0*133 

14*5 

8-4 

0*119 

1*5 

13*86 

6*86 

0*146 

14*0 

7*9 

0*127 

2-0 

13*5 

6*5 

0*154 

13*55 

7*45 

0*134 

2*6 

13*0 

6*0 

0*167 

13*0 

6*9 

0*145 

2-5 

13*0 

6*0 

0*167 

13*0 

6*9 

0*145 

3-0 

12-6 

5*6 

0*179 

12*6 

6*6 

0*164 

4'0 

12*1 

6*1 

0*196 

12*0 

5*9 

0*169 

5-0 

11*6 

4*6 

0*217 

11*5 

5*4 

0*185 

6-0 

11*4 

4*4 

0*227 

11*15 

5*05 

0*198 

7*0 

11*05 

4*05 

0*247 

10*85 

4*75 

0*211 

8*0 

10*8 

3*8 

0*263 

10*6 

4*5 

0*222 

8*0 

10*8 

3*8 

0*263 

10*6 

4*5 

0-222 

9-0 

10*45 

3*45 

0*290 

10*5 

4*4 

0*227 

10-0 

10*2 

3*2 

0*313 

10*1 

4*0 

0-250 

12-0 

9*76 

2*75 

0*364 

9*56 

3*46 

0*290 

15-0 

9*1 

2*1 

0*476 

9*0 

2*9 

0*345 


Bun 

337: Time A; 6*0 mm. 

hydrogen in reaction vessel. 



Time B: 0*5 mm. 

ethylene injected. 




Time C: 5*8 mm. 

hydrogen in reaction vessel. 


Bun 

338: Time A: 5*9 mm. 

hydrogen in reaction vessel. 



Time B: 0*5 mm. 

ethylene injected. 




Time C: 6*0 mm. 

hydrogen in reaction vessel. 


By setting these two values on the calculator and sliding the scale until the same 
value of 6 is obtained on both scales when read against their respective cursors, the 
value of 6 is found to be 12 and the corresponding value for kj^ is 0-38. 

Since, by definition. 


6 = (?/!>)*, g=lUD. 


( 1 ) 



498 H, W. Melville and J. C, Robb 


D is obtained as shown in paxt II of this series and is calculated to be 1-14 x 10* 
cm.2/seo., hence ^ ^ j.gg ^ io4. 

Further, by definition, g = hn,, (2) 

where h is the velocity constant and n the number of olefine molecules per ml. 
Tn 1 ml. of gas at a pressure of 1 mm. there are 3‘ 6 x 10*® molecules. Then substituting 
in equation (2) ^ ^ ^ ^ j.g ^ 

= 9-1X 10~*®ml.mol.“*sec.~*. 

The collision efficiency is obtained by dividing the velocity constant, k, by the 
collision number. The collision number is given by 

Z = cr^{8BT(M^+M2:)IMs.M:^}i, 

whCTe O' is the collision diameter of the two species involved, B is the gas constant, 
T the absolute temperature, the mass of the hydrogen atom and the mass 
of the olefine molecule. The values of Z for the various olefines used is given in 
table 3. 

Table 3. CoLLisioiir isnaMBBE eoe H + olbeine 


olefine 

ethylene 
propylene 
-&-bntene 
n-pentene-2 (cis) 

2 , 3, 3, tri-methyl-bntene-l 


collision number 

1*1 X 10-® 

1-6 X 10-» 

1- 5 X 

2- 1 X 10-® 

1-9 X lO-® 


Table 4. Exjisr with ethylene—spaoing 4*0 mm. 


run 321 


time 



- 

(min.) 

C 

Co 

VCo 

0-0 

14*9 

12*3 

0*081 

0*5 

13*9 

11*3 

. 0*088 

1*0 

13*6 

10*4 

0*096 

1*5 

12-5 

9*9 

0*101 

2*0 

12-0 

9*4 

0*106 

2*5 

11*45 

8*85 

0*113 

2*5 

11*5 

8*9 

0*112 

3*0 

11*2 

8*6 

0*116 

4*0 

10*9 

8*3 

0*120 

5*0 

10*55 

7*95 

0*126 

6*0 

10*4 

7*8 

0*128 

7*0 

10*0 

7*4 

0*135 

7*0 

10*1 

7*5 

0*133 

8*0 

9*55 

6*95 

0*144 

10*0 

8*5 

5*9 

0*169 

12*0 

7*8 

5*2 

0*192 

15*0 

6*95 

4*35 

0*230 


Time A: 6«2 mm, hydrogen in reaction vessel. 
Time B: 0*5 mm. ethylene injected. 

Time C: 8*0 mm. hydrogen in reaction vessel. 
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Hence, for ethylene, 

collision efBlciency = 9-1 x x 10”^ 

= 8*3 X 10-^. 

Referring to part II, figure 4, it is seen that if a path-distance of 4 mm. is em¬ 
ployed, virtually all the hydrogen atoms would be removed before reaching the 
oxide layer. Certainly, at the most, only a fraction of about 0*05 could get to the 
layer. This would mean that 0*95 of the active centres removed would be ethyl 
radicals, assuming that no radical recombination occurred in the gas-phase. Then 
the blueing rate in presence of ethylene would be 

0*95 xi?jg4-0‘05, 

referred to the hydrogen rate as unity. Since the radical blueing coefficient has been 
shown to be 0*38, this gives a relative rate of 0*41. Thus, the ratio of the two parts 
of the run done at this spacing should lie between 0*41 and 0*38. 



In table 4 are given the data obtained from run 321, at a spacing of 4 mm. 

The corrective factor is found to be 2*6. The plot of the corrected curve is shown 
in figui;e 3. The ratio of the two slopes is’obtained from the values at i == 0, ^ = 2*5, 
t = 2*5 and t = 7*0 min. The slope of the first part is given by 

(0*113-0*081)/2*5 = 0*0128, 
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and the slope o£ the second part is given by 

(0*135-0-113)/4-5 = 0-0049. 

The ratio of these two slopes is then 0-38. 

This is good evidence for the fact that there is no recombination taking place and 
aU the radicals formed are being removed on the oxide surface. 

Peopylbne 

Before the technique of measuring the blueing rate of molybdenum oxide was 
developed as a measure of the rate of addition of hydrogen atoms to the surface, the 
problem of measuring the ratio of the number of atoms reaching the layer to the 
total number produced was tackled by measuring the number of double bonds 
removed in the gas phase by the technique already described involvmg the hydro¬ 
genation of a sample in the micro-hydrogenation gauge. TJiis method could not be 
considered satisfactory since it involved removal of a finite amount of olefine and 
consequent uncertainty as to the correct concentration of olefine to be applied to 
the calculation. These results can be regarded only as giving the approximate order 
of magnitude of the collision ejBficiency. 

The reaction vessel which was used was constructed from a filter funnel with a 
top plate of silica waxed in position and a glass plate fitted inside, 2 mm. from the 
top. The experiment was in the nature of an exploratory one to ascertain whether 
a short-path technique could be adopted or not. 

, The rate of production of atomic hydrogen was obtained by conducting a blank 
run with hydrogen. AU the hydrogen atonas produced were removed on the molyb¬ 
denum oxide surface and hence the drop in pressure of the hydrogen gave a measure 
of the rate of dissociation of the molecule hydrogen. For this determination, the 
reaction was opened to the manometer system. The ratio of the reaction vessel to 
the total volume of the reaction vessel and manometer was 1/1-9. The result obtained 
is shown in figure 4. From the slope, the average rate of removal of hydrogen is 
0-2mm./mjn. Now, if the available volume had been the reaction vessel alone, the 
rate of removal would have been 0-2 x l-9mm./min. =: 0-38mm./min. 

The results obtained by carrying out runs with propylene are given in table 5. 
This table requires a few words of explanation. Column 2 gives the average pressure 
of propylene during the run. Column 3 gives the average pressure of hydrogen 
during the run. Column 5 gives the amount of propylene removed from the system 
as determined by unsaturate analysis before and after the run in the micro-hydro¬ 
genation gauge. Column 7 gives the amount of molecular hydrogen required to 
remove the propylene. 

Table 5. 'Rims witk peopyleke—^spacing 2 mm. 


time of 





irradi¬ 

CsHe 

Hg dis¬ 

Hg used 

Hg on 


run 



ation 

used 

sociated 

by CgHe 

oxide 


no. 

(mm.) 

(nun.) 

(min.) 

(mm.) 

(mm.) 

(mm.) 

(mm.) 

B 

146/1 

0*8 

5-4 

1 

0-5 

0-38 

0-25 

0-13 

0-34 

145/2 

0-7 

5-2 

1 

0-47 

0-38 

0-24 

0-14 

0-37 

146/3 

0-75 

5-6 

1 

0-34 

0-38 

0-17 

0-11 

0-29 
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Since the reaction is 


H + C3He==C3H,, 
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followed by removal of the radicals, the pressure of molecular hydrogen required 
to remove the propylene is half the pressure of propylene removed. 



Figxtbe 4. Bemoval of hydrogen atoms on molybdentim trioxide. 


By subtracting column 7 from column 6, the amount of molecular hydrogen re¬ 
moved on the oxide layer to the total amoxmt dissociated. This is the required 
ratio for determining the value of b from the curve given in part II, figure 4, for a 
spacing of 2 mm. The results obtained for this experiment are given in table 6. In 
this table, column 3 gives the value of b. Since by definition, b = {gjl>)^, g can be 
determined, knowing the value of J5, tabulated in column 4. Further, since g ^ kxn, 
as already defined, k can be evaluated and is recorded in column 6. A is given in the 
units ml.mol.’'^sec.“’^. Dividing k by the collision number for H-CsHg, the collision 
eflS.ciency can be obtained. 


Table 6. Results oe exjks with pbopylehe 


run no. 

B 

b 

D 

g 

k 

coH. eff. 

146/1 

0-34 

12-6 

1-09 X 10* 

1*7 X 10* 

6 xlO-w 

4x10-* 

145/2 

0-37 

11-5 

1-16x10* 

1-5x10* 

6 X10 -M 

4x10-* 

145/3 

0-29 

14*1 

1-1 xlO* 

2 -0x10* 

7-5 X 10-“ 

5x10-* 


In view of the limitations already discussed, these results can be expected only 
to give an approximate value for the collision efficiency of the reaction. 
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Figuru 5. Rmis with propylene—spacing 2*5 mm. (Tungsten oxide). 
339 and 349: 6-0 mm. 0-5 nun. propylene. 



Figxjke 6 . Biuns with propylene—pacing 1*25 mm. (Tungsten oxide). 
341 and 342: 6*0 mm. 0*5 mm. propylene. 
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The blueing technique has been applied to the determination of the collision 
eflSciency of the reaction. tt . ri tt tt 

Xl + O3XI0 =: OjXiy. 

The corrected experimental curve for a separation of 2*5 mm. is shown in figure 5. 
Rtm 340 has been shifted upwards by 0-02 unit for clarity. The ratio of the slopes 
is 0-71 in both runs. 

For a spaomg of 1*25 mm. the corrected curves shown in figure 6 were obtained. 
Run 342 is shifted 0-02 unit upwards. The ratio for run 341 is 0-88 and for run 342 
is 0-90. This gives an average of 0-89. Setting the values obtained for these two 
separations on the calculator, the value obtained for 6 is 6-0 and for 0 * 34 . 

The value of D is 1*1 x 10 ^ cm.^/sec., therefore, 

^==62 x )= 3 - 96 x 103 . 

h = 3-96 X 103/0-5 X 3-66 x lO^® = 2-2 x 

Collision efficiency is then given by 

2-2 X 10-13/1.6 X 10-3 *= 1-4 X 10-^. 

Some criticism has been levelled by Bamford ( 1947 ) at the technique developed 
here. The suggestion put forward is that the observed decrease in blueing rate in 
presence of olefine is due to a reaction, 

Hg + C 3 H 7 = C 3 H 7 . Hg, 

which lowers the mercury concentration in the gas-phase and so decreases the rate 
of production of hydrogen atoms. However, the fact that the collision efficiency of 
this reaction has been determined by two distinct methods as described above with 
agreement as close as can reasonably be expected, indicates that any occurrence of 
the above reaction removing mercury atoms does not significantly affect the results. 


isO-BXIXENB 

The reaction of hydrogen atoms with iso-butene has been investigated by the 
blueing technique in the same way. The runs obtained at a spacing of 2-5 mm. are 
given in figure 7. The value of the ratio of the two slopes for curve 311 is 1-52 and for 
run 316 is 1-44. This gives an average slope of 1-48. 

For a spacing of 1-25 mm. the data obtained from runs 314 and 315 enable the 
corrected curves shown in figure 8 to be obtained. Run 315 has been shifted 0-01 
unit downwards for clarity. For run 314, the ratio of the slopes is 1-23 and for run 
315 the ratio is 1-31. Setting these values on the calculator, the value of 6 is 12 and 
kj^ is 1 * 6 . This gives a value for g of 1-25 x 10 ^. 

From this A = 6-7 x lO-^^ (j^Q^ijo^oh-^sec.-^, 

and the collision efficiency is 

0-7 X 10 -i 3 yi .5 X 10-3 = 4-7 x 10"^. 



and J. C. Robb 



time (min.) time (min.) 

Figure 7. Rxms with i^o-butene—spacing 2*5 mm. (Tungsten Figure 8 . Rims with ^so-butene—^spacing 1*26 mm. (Tungsten oxide). 314: 7*8 
oxide). 311: 7*6 mm. H2, 0*6 mm. i^o-butene. 316: 7*8 mm. mm. H2, 0*5 mm. iso-butene. 315: 8*0 mm. H2, 0*6 mm. i^o-butene. 

Ha, 0*5 mm. iso-butene. 
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7l«PB]5!rTE]S’E-2 (ci^) 

The results for a spacing of 2-6 mm. are given in figure 9. For run 343 the value of 
the ratio of the slopes is 0-83 and for run 344, the ratio is 0*78. This gives an average 
slope of 0‘805. 

For a spacing of 1-25 mm. runs 346 and 347 were obtained as shown in figure 10. 
For run 346, the ratio of the slopes is 0-90 and for run 347, the ratio is 0*89. This gives 
an average of 0*895. 

From the calculator, the value of 6 is 11 and the value of is 0*72. The diffusion 
coefi&cient D is 0*86 x 10^. This gives a value for g of 1*03 x 10^ and hence 

i = 5-8 X 10“^®ml.mol.“'^sec.'“^. 

The collision efficiency is then 

5*8 X lO-i^/2-l X 10-» = 2*8 x 10~^. 


2, 3, 3, TEI-METHYL-BUTENE-l 

This olefine proved to be most interesting since the radical produced had precisely 
the same blueing effect as had a hydrogen atom on tungsten oxide. Run 350 is 
typical of the behaviour with tungsten oxide, at a spacing of 2*5 mm. This run is 
shown in figure 11. It is readily appreciated that there is no change in the slope 
of the lines in the two parts of the graph. 



Figuke 11. Run "witb 2, 3, 3, tri-metliyi-butene-l and tungsten oxide—spacing 2*5 mm. 
6*0 mm. H2+9*5 mm. olejBne at.j4. 

The removing agent was changed to molybdenum oxide to investigate whether 
or not the effect would remain the same. It was observed that "wjth molybdenum 
oxide, the blueing effect did in fact alter. 
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The niHS for a spaoixig of 2-6 mm. are given in figure 12. For run 361, the ratio of 
the slopes is 1-18 and for run 352, the ratio is M5. This gives an average of 1-165. 

For a separation of 1‘26 mm. the data obtained are plotted in figure 13. For run 
363, the ratio of the slopes is 1-14 and for run 355, the ratio is 1-11. The average 
ratio is then 1*125. 



Fisdbb 12 . Buns Tvitli 2, 3, 3, tri-naethyl-butene-l—i^acing 2*5 mm. (Molybdenum oxide). 
351 and 352; 6-0 mm. Hj, 0*5 mm. olefine. 

By setting these values on the calculator, the value of 6 is difficult to ascertain. 
The closeness of the ratios, determined by the very similar effect of the radical and 
a hydrogen atom in blueiag the surface precludes accurate determination of the 
value of b. Further, the low ratios are very sensitive to even slight adjustment of 
the slopes of the lines on the graph. It is judged, however, that the value of b lies 
between 10 and 20 and ® value of about 1*2. This means that 6® lies between 

100 and 400. Taking the value of 200 for b^, 

g = 1*76 X10* 

This gives a value for k of 

1*76 X 10*/0*6 X 3*66 x 10*® = 9*9 x 10~*®ml.mol.~*sec.-* 
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which leads to a value for the collision efficiency of 

5-2x10-*. 



Figubb 13. Bbus with 2. 3, 3, tri-methyl-buteae-1—i^aeing 1-26 mm. (Molybdenum oxide). 
353 and 355: 6*0 nun. H 2 , 0*5 nun. olefine. 

Summary of results 

In tfSrble 7 ajs coUectsd. tli© dsita; obtained for tbe various olefines. 

Table 7. Collision efficienoy of a hydrogen atom "with olefines 


olefine 

k 

coU. 

eff. 


ethylene 

9*1 X 

8*5 X 

10-4 

0*38 

propylene 

2 -2xl0“i» 

1*4 X 

10-4 

0*34 

-i-bntene 

7*0x10-13 

4*7 X 

10-4 

1*6 

n-pentene-2 (cis) 

5*8 X 10-13 

2*8 X 

10-4 

0*72 

2, 3, 3, tri-methyl-butene-l 

9*9x10-13 

5*2 X 

10-4 

1*0 


In this table, the velocity constant h and the collision efficiency of the reactions 
are listed. In addition, the blueing constant for the radial h^, relative to a hydrogen 
atom is given on the surface of tungsten oxide. The velocity constant is expressed 
in ml.niol.-isec.-i. AH these observations were made at room temperature between 
14 and 18“ C. 
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Observations 


In the determination of the collision ej0S.ciency, the molecular diameter is involved. 
This does not seem to be very satisfactory since perhaps in the case of complex 
molecules, a more intimate part of the molecule is involved and the collision diameter 
should perhaps be a function of the close surroundings of the double bond. The errors 
involved will not be significant in dealing wnlth the smaller molecules, but could 
become appreciable when larger molecules are concerned. 

It is difficult to attempt generalizations on the data given above, but it may be 
tentatively suggested that the collision efficiency increases with the number of alkyl 
groups replacing the hydrogen atoms of ethylene. Ethylene does not fit into this 
scheme, but since it is not subject to the presence of bulky alkyl groups, this is 
perhaps not suprising. Propylene, with substitution of only one hydrogen atom is 
the least reactive. 7i-pentene-2, with replacement of two of the symmetrically dis¬ 
posed hydrogen atoms is next in order of reactivity, while iso-butene and 2,3,3, tri- 
methyl-butene-1 with replacement of two unsymmetrical hydrogen atoms are next 
in order. Since there is little difference between the activities of the two latter 
olefines, 


0(CH,)3 


OHtf 


CH3 

and CH^=C 


it might be that the htilk size of the substituent, in the former an *so-butyl group 
and in the latter, a methyl group, has little effect on the reactivity, the mere presence 
of a group being suiBScient to determine the reactivity. 

These observations are merely speculative, but when many more data are 
accumulated, a true correlation of the effect of substitution on the reactivity of the 
olefinic bond may be obtained. 

We wish to thank Dr A. J. Wildschut (Amsterdam), Bataafsche Petroleum 
Maatschappij for samples of the more uncommon olefines used in these investiga¬ 
tions, and the Trustees of the Carnegie Trust for the award of a Scholarship to one 
of us (J.C.R.). 
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Molecular orbitals and the Hartree field 

Bt W. Mopettt, N&w College, Oxford 

{Communicated by F. E. Simon, FJt.8.—Receive 6 August 1948— 
Bemsed 11 November 1948) 

The aim of this paper has been to introduce self-consistency into a general, but necessarily 
rather oversimplified, method of molecular orbitals. Thus the non-linearity of the equa¬ 
tions (19) has enabled us to deal id a systematic way with the charge distribution and bond 
properties of different conjugated molecules in a variety of configurations. Further analysis 
is required before term values can be predicted. The electro-affinity scale which may be set 
up for both cr and tt electron pair bonds by means of this method turns out to be identical 
with that of Mulliken. A general account of the configurational theory of molecular structure 
has be^ given in an introductory section. 


iKTRODXrCTION 

The conventional molecular orbital method, which expresses one-electron mole¬ 
cular orbitals as linear combinations of atomic orbitals, has been successfully applied 
quantitatively to but a restricted class of molecules. And it is perhaps surprising at 
first sight that this class should contain only molecules with a reasonably uniform 
charge distribution, which are in general tractable by means of the HLSP or pairing 
approximation. Formally, the molecular orbital method is apparently much the 
better suited to treatments of heteropolar molecules—^and, indeed, its qualitative 
success in the hands, particularly, of Mulliken, would lead one to hopes of its more 
general validity. It is proposed to apply the results of a detailed examination of this 
so-called LCAO approximation to the problem of the bonding between systems of 
atoms with different electronegativities. The larger part of our discussion will be 
confined to that of the unsaturation or tt electrons of linear or planar molecules; the 
individual molecular orbitals will either have nodal surfaces in the molecular planes, 
or be characterized as having unit components of angular momentum about the 
molecular axes. It is believed that rather similar considerations may also be applied 
to <r electrons. 


Atomic and MOLEcxjiAit cootigttbations 

Owiog to the similarity between the configurational theory of atomic spectra and 
the molecular orbital theory, it is proposed to introduce the latter briefly in the 
light of this analogy. 

The configurational theory of atomic spectra begins with a set of one-electron 
functions where (a) represents the fourfold symbol These 

are orthonormal inasmuch as 

The ^dmuthal quantum number indicates that irreducible representation of the 
atom’s spatial symmetry group (three-dimensional rotation group) to which 

[ 510 ] 
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bolongs, and the magnetic quantum number designates some row of this 
(2Z(“) + l)-fold degenerate representation. The principal quantum number 
serves to distinguish the various with the same transformation properties but 
with different ‘energy parameters’ e<“>, and mf) represents the spin co-ordinate. 
It is assumed that this set of functions contains no accidental degeneracies: 
only holds when and For an w-electron system, the set of all 

product functions 

which may be formed by choosing the (a) = {N(^\ P‘\ mf>, rdfi) so as to be consistent 

71 

with Pauli’s exclusion principle and a given total zeroth-order energy e = S 

a=l 

and by permuting the electrons m amongst the may be called a configuration. 
Since e depends only on the and a given configuration may be uniquely 
specified more simply by the notation 

a now only represents the twofold symbol {N'*, l“) and a = «,“ is the number of 
electrons in this configuration which are associated with the functions so that 

/I 

w. = S » 2 '“- The spectral states and their term symbols which arise firom these con- 

a=«l 

figurations may easily be found (e.g. Slater 1929 ), and give a satisfactory account 
of the essential features of atomic spectra. 

The best one-electron atomic orbitals (f>^ may be obtained as central, but non- 
Coulomb, field functions by Hartree^s method ( 1928 )—^in which each electron is 
supposed to move in the field of the nucleus and the time-average field of all the 
other electrons. The epergy parameters e* which occur in the differential equations 
for the obtained by separating the many-electron Schxodinger equation in this 
way, are found to give surprisingly good values for the ionization potentials corre¬ 
sponding to the removal of electrons in the <j>^. Further, the electronic charge dis¬ 
tribution and magnetic properties of atoms and ions may be calculated directly 
from these so-called self-consistent field functions. 

In order to obtain a more detailed account of atomic spectra including Heisenberg 
resonance effects, it is necessary to utilize the full-determinantal (anti-symmetrized) 
many-electron functions which may be constructed for any state from the product 
functions characterizing the parent configuration. This may be readily accomplished 
using either Slater's method ( 1929 ) or Dirac's vector model of the atom (van Vleck 
19346 ), 

Now, just as in the case of atoms, electronic configurations may be assigned also 
to molecules: 

In order that these be significant it is necessary that the one-electron molecular 
orbitals be orthonormal 
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and further, that they belong to irreducible representations of the molecule s spatial 
symmetry group (point group), t, just as ol for atoms, is a twofold symbol. It in¬ 
dicates, first, the transformation properties or symmetry characteristics of — 
as did Z* for the <f >^—and secondly, it contains an ordering symbol, analogous to 
in the atomic case, which distinguishes molecular orbitals belonging to the same 
irreducible representation but with different energy parameters or ‘vertical ioniza¬ 
tion potentials ^ is the number of electrons of the Ti-electron system which are 

associated with so that ^ representation to which belongs is 

T=1 

gr^-fold degenerate, it is clear that ^ by Pauli’s principle; similarly, in the case 

of atoms, of course, a = < 2 ( 2 Z* 4 -1), and for the same reason. 

In constructing atomic configurations it is usual to begin using simplified one- 
electron atomic orbitals (e.g. Slater 193 P)—and these are generally a sufficient 
guide to an explanation of the qualitative features of atomic spectra. In the case of 
molecules, one may begin in one of two different ways. P or certain diatomic molecules 
and very simple polyatomic molecules, such as methane, it may be convenient to 
use the united-atom approach, but a more generally useful method is that of LCAO 
molecular orbitals which was developed by Hund ( 1933 ) and MuUiken ( 1934 a). 
LCAO molecular orbitals are functions which are constructed as linear combina¬ 
tions of atomic orbitals (The subscript i refers to the atom with which (pl is asso¬ 
ciated; the superscript r characterizes that orbital of atom i which is to be a con¬ 
stituent of T, for the , contains not only the symbol (iVJ, ZJ), but also includes 
a d<^riptive ‘local’ symmetry symbol and an appropriate screening constant.) 

The LCAO molecular orbitals and the electronic configurations which may be 
constructed from them have been conspicuously successful in explaining quali¬ 
tatively the ultra-violet spectra of molecules, particularly of those with high sym¬ 
metry (e.g. Mulliken 1934 a). For the molecular states arising from any given con¬ 
figuration are easily written down together with their molecular term symbols. 

For the best ^’'’s one would presumably again use Hartree field function; the loss 
of spherical symmetry, however, introduces prohibitive numerical difficulties 
which make these but distant ideals. Accordingly, if quantitative results are to be 
obtained at aU, rather drastic approximations must be introduced, and the most 
common of these is to use those LCAO forms which minimize the zeroth-order energy 
of the configuration. Unfortunately, this method can, at present, only be carried 
through plausibly for certain conjugated systems with reasonably uniform charge 
distributions (e.g. Coulson & Longuet-Higgins ( 1947 ), where back references will be 
found); in other cases predictions tend to depend rather critically on an appropriate 
choice of rather too many ‘semi-empirical parameters’. It is the aim of this paper 
to examine in greater detail the foundations of the LCAO approximation, and to 
suggest a more general method for its application to a wider range of molecular types. 
We shall, therefore, develop an LCAO approximation, primarily for tt electrons, 
which minimizes the zeroth-order energy; the overlap integrals are ‘transformed 
away’ in order to simplify the discussion. 

From a knowledge of the best LCAO forms of the it should be possible to cal¬ 
culate the electronic charge distribution in molecules, to predict their magnetic and 
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bond properties and to estimate the Vertical ionization potentials’ of their various 
electrons. In order to explain the more quantitative aspects of ultra-violet spectra 
—^just as for atoms—^antisymmetrization is necessary (Goeppert-Mayer & Sklar 
1938 ) and may be attained most simply by an adaptation of Dirac’s vector model 
to molecules. The intensities of electronic spectra have, however, been calculated 
relatively successfully (MulHken 1939 ) using simple LCAO without this com¬ 
plication. 


The LCAO molechlae obbitals 

Consider a configuration of = 2 mobile tt electrons in v diJBferent molecular 

T 

orbitals ^j/^, each containing f = w’" electrons: 

The LCAO forms for these molecular orbitals, which are responsible for the tt- 
bondiug between N atomic nuclei, will be 

r = = (1) 

i 

here (f>l refers to the best atomic orbital of nucleus i for use in constructing and 
yl is its coefficient in In general, as is implied in our notation, a slightly different 
atomic function from any given atom is required for each molecular orbital, corre¬ 
sponding to a different screening constant Zl in each case. It will always be possible, 
for our purposes, to arrange for the <f>l and yl to be real, and we shall assume that 
this is indeed the case. 

If is the self-consistent Hamiltonian operator which determines the motion 
of an electron in the molecular orbital it may be written in the form 

7 )^ 

where represents the contribution from the ith attracting centre to the total 
potential energy F^ consists of the potential energy due to the 

i 

nuclear skeleton and to the self-consistent field of aU the other electrons. Ideally, 
therefore, the atomic orbitals would be solutions of the equations 

{ - ^ -I- vKr,)} = vmri), (3) 

and we might caU — ■j/J the ‘term value’ of an electron in However, the decom¬ 
position = S is unique, since we have no unambiguous way of assigning 

the self-consistent field of the other electrons to the various nuclei. In regions where 
vl is large, for example, will be small but will not, in general, vanish (cf. (d), below). 
Thus the vl are not defined by means of fields due to electronic distributions within 
closed surfaces about the atoms i, but will depend in a much more complicated 
fashion on the solutions of equations (3) with which they are associated. 



514 


W. Moffitt 


Fortmiately, we do not need to specify the explicitly, and it will be sufficient 
that the if satisfy the following requirements: 

(а) = 

i 

(б) It is necessary that the'^J should not lose their property of being essentially 
atomic orbitals. Therefore, as the atoms go separately to in finit y while retaining 
the charge associated with them in the molecule {vide infra), so must become 

—^which is the field of the nucleus i, the non-TT-bonding electrons of i and the other 
TT valence electrons associated with i. then becomes 4>J, satisfying 

{-^V2+vJ(r,)}«|>Kri) = rami), (4) 

and is a proper atomic 'valence state" function whose screening constant Zj is deter¬ 
mined by vj and whose term value is -tqJ. 

(c) The vl transform, under the operations of the molecule’s symmetry group, hke 
the atomic nuclei to which they refer, i.e. they have the symmetry of the corre¬ 
sponding atomic sites in the molecule. 

{d) The vl remain as close to the vj as is consistent with the condition that the 
orthonormality of the may be expressed, to some arbitrary degree of approxuna- 
lion, by . 

j dv = 'Zylyi= (allp, r), (5) 

(The condition {d) may be replaced at a later stage of the argument by a neglect of 
the overlap integrals between atomic functions. For a semi-empirical method such 
as the LCAO method, however, our procedure is logically if not fundamentally more 
satisfactory.) We notice that, in general, the <j>l will no longer be central field 
functions, but will be closely related to the which may be taken as central, but 
only roughly as Coulomb, field functions. 


Bond orders and charge distribution • 

Let us assume that the coefficients yl have been determined by a variational 
treatment so that we know the forms of each of the molecular orbitals 


By normalizing (5) we shall have 


i 

S(75)**=1, 


so that it is natural to associate some {ylY of the charge of an electron in ^ with 

atom i. The net formal charge associated with this atom is therefore (in units of the 

electronic charge) „ ^ / -v. 

* ^ = 2i - S rf{yD\ (6) 

T 

where is the charge on the atom i when stripped of its tt electrons. Similarly 
(Coulson 1939 ) mobile bond order between neighbouring atoms i and f may be 
considered as made up of contributions n^ylyj firom each molecular orbital shell 
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It is primarily with these quantities that Coulson & Longuet-Higgins ( 1947 ) 
have associated the properties of conjugated systems, though their method of 
determining the yl differs from that which we shall develop. 

We may now examine y)| and vj of (4) more closely, vj has been defined as the 
field determining the motion of an electron in around atom i, when the atoms are 
separated while retaining the charges associated with them in the molecule. That is, 
vj is the field of the nucleus i, the non-Tr-bonding electrons of i and the remaining 

= ( 8 ) 

p 


electrons associated with the tt valence shell of this atom; — ■/jJ is the term value of 
an electron in such a field. When there is only n = 17r-bonding electron in the mole¬ 
cule and 2 ;^ = 1 , it is clear that coj = 0 and — may be taken as the ionization 
potential of a tt electron from the appropriate valence state of the atom i. Similarly, 
if = 1 and = 1 , —tqJ is the corresponding electron affinity In general, 


therefore, 




( 9 ) 


is a function of o)l which, when assumes integral values, may be related to spectro¬ 
scopic data on atom i. 

We note that 1^ and refer not to processes in which actual spectroscopic states 
of atoms are involved, but atomic ‘valence states’ (van Vleck 1934 a). A valence 
state of an atom is chosen (and mathematically defined) so as to have as nearly as 
possible the same intra-atomic electronic spin coupling as when the atom is part of 
a molecule. Its term values may be fairly accurately related to those of the spectro¬ 
scopic states by means of certain interaction integrals introduced by Slater ( 1929 ). 
Mulliken ( 19346 ) has calculated such ionization potentials and electron afiSnities 
for many atoms in various valence states. 

We shall assume that for non-integral values of the appropriate rffs may be 
found by some interpolation between their values which may be derived from 
spectroscopic data. In many cases where % = 1, it will be shown, for example, that 
it is reasonable to take the linear formula 




( 10 ) 


Tedb VAIUCATIOH’ method 

The LCAO method proceeds by mimmizing the zeroth-order energy of the mole- 
cidar orbital configuration with respect to the coefficient-parameters yj. The total 
zeroth-order energy is 

= S 7’’ = 

T 

or, in the approximation ( 1 ) that the molecular orbitals are linear combinations of 
the atomic orbitals 


J’ 






( 11 ) 
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and plj=^4)\3^''4i'jdv = ^'^<j>lvl4>'jdv {k4=j) 

are the so-called Coulomb and resonance integrals respectively. In performing this 
process of nuijiniization^ we must ensure that the molecular orbitals remain 
orthonormal, namely, that conditions (5) are satisfied 

^ylyP. = 
i 

In order to carry through the analysis, certain simplifying assumptions will now 
have to be made. This is necessary because the functional forms of ej and which 
will depend in no simple manner on the yl and the equilibrium intemuclear distances 
r^^, are unknown. These assumptions have been chosen so as to exhibit the maximum 
number of physically significant factors consistent with relative analytical sim¬ 
plicity. In particular the compromise between ionic and covalent bonding, and the 
nec^ity of using self-consistent Coulomb integrals are included, while the usual 
properties of calculations on conjugation problems are retained. The eventual 
justification of any such assumptions will be in the measure of agreement attained 
between predicted and observed properties of molecules. No attempt will therefore 
be made to evaluate the integrals el, a zeroth-order treatment is very probably 
too approximate to warrant the attack of such quadratures in the first place. (It is 
because of this that we have introduced the polarized atomic functions e.g. (5), 
which simplify the formal development of our approximation, but which would 
complicate considerably the direct evaluation of these integrals.) 

We shall assume, first, that the resonance integrals depend only on the nature 
of atoms i and so that for all r. (This assumption would, however, have 

to be modified if both p??: and dm electrons of the same atom were considered as 
participating in the conjugation—as is possibly the case for the sulphur atom in 
thiophene, for example.) Since the e\ will occur only as differences (mc?e infra for 
00, A ^n), our suppositions concerning these will be relative only: it would be rash 
to use these ej’s for the prediction of Vertical ionization potentials’ or orbital term 
values without further analysis. Our second assumption is now that 

e\ = T],((yO, = S (^-5^0 W. (12)' 

p 

where the function is the same as that defined in equation (9) above and, more 
specifically, takes a linear form 

%(a;) = 7?+%(*)• (13) 

To a first approximation, therefore, it is assumed that, with an appropriate choice 
for the Pip we may take el = iqJ. This is certainly the simplest of feasible forms for 
the el when dealing with atoms of different electro-affinities; it is the more plausible 
when it is shown (vide infra) that this choice leads to an absolute electro-affinity scale 
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wMch is identical with that set up so successfully on other theoretical grounds by 
MuUiken in 1934. If, however, we were to introduce these values in ( 11 ), we should 
count the interactions between the various electrons twice. Accordingly, with the 
linear form (13) for the functions iQi(aj), it is clear that when considering the total 
energy of a configuration we must use not the values ( 12 )' but rather 


4 = 'nikMY 


( 12 ) 


If we could treat aU the yl as independent variables we should have, using ( 8 ), 
(9), (12) and (13), 


or 

where 
and thus 


= S S +S' rJAi) 

r i 3 


(14) 

(16) 

(16) 


However, the nv coefficients yj must satisfy the orthonormality conditions ( 6 ), so 
that the iv(v+ 1 ) conditions 


5(sr?r"4 = Y.yim+'Zy’iSyi = o 

\ i / i i 


(17) 


must hold at the outset. Accordingly, we combine (16) and (17) by Lagrange’s method 
of undetermined multipliers and obtain for our condition that ^ be a TninimuTn 

S S + S' rmij - S Syl = 0 . (18) 

Here [A^^] is a symmetric matrix. Since the Syl are arbitrary, we obtain the equations 
{nv in number) , x 

n^{7Ul + S'rJ A 7 ) S = 0. (19) 

From these we may elimiiyite the ^v{v+ 1 ) undetermined multipliers = A^ and, 
together with the ^v{v+l) conditions (5), we shall have sufficient equations to 
determine our nv unknown coefficients yj. We notice that since has been defined 
by means of (15), the equations (19) are not, in general, linear. They are inevitably 
more complicated than those obtained by the usual secular equation method (e.g. 
Coulson & Longuet-Higgins 1947 ), but may be solved numerically by the method 
of steepest descents. Since it is generally possible to construct an approximate 
set of yj, on qualitative groimds, no difficulties with multiple roots should be 
encountered. 

An example: CO, A ^11 

In order to illustrate our use of equations (19), consider as an example the excited 
state A of carbon monoxide. This wiU be discussed more fuUy in the following 
paper (Moffitt 1949 ), some of whose conclusions we shall anticipate here. CO, A 
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has five n electrons and may be treated as arising from the configuration 
where are both doubly degenerate, the former being a bonding and the latter 
an antibonding function. It is assumed that the cr electronic charge distribution is 
predominantly homopolar and may be neglected in the variational problem. In 
LCAO approximation, therefore, 

\^' = 7c^c+ro^o» f = 7o4>o+7o<f>o- 
By orthonormality we have 

7%+7o = 1 = 7o+70, 7o7b+7o7o = 0. 
and the equations (19) may in this case be written as 

^(7c&+ Yo^co) + ^7c+(T c^c +Jo Poo )+ 

^(7o ^o+7c^co)+^To+^Vo = (To io + JoPco) To + ^ Vo == 

On eliminating A, A^ and A'', it is found that 

4^yoyo{^o'-^o)^yWo{^o-^o)+Kyl-^^^ = o, 

from which we may farther elimiiiate Jq and y'o by means of the orthonormality 
conditions and obtain the equation 

yc.lii-y%)mo-Eo)-i^o-m^ - 0 . (A) 

Smce the five tt electrons may be considered as responsible for the bonding between 
the two nuclei C++ and 0 +++, it is readily shown that 

(27o)> 

To = -/o + {/o - ^o) M +72“ 2) = - Jo + (/o - ^o) (1 ” 27 ^c), 
io = + {^7c“l)j 

fo = “^ + (4 ” So) M “2) = - Jo + (Jo - Eo) (2 - 4/0). 

Accordingly these values may be substituted in (A) which becomes an equation 
containing only one unknown, namely, yc. When the appropriate root (0 < 70 < 1) 
has been extracted, 70,70 and 70 are readily evaluated, so that the charge distribu¬ 
tion and bond order in the molecule may be calculated from equations ( 6 ) and (7). 

Some symmetry coNsmERATioKs 

It is interestmg to find under what conditions the system of equations (19) 
reduces to the simpler and (vide infra) apparently conventional set 

7l(ll-^A") + S'yJ/?,j = 0 (20) 

(and incidentally to evaluate the A^^). In order that this should occur, it is both 
necessary and sufficient that the matrix [A*^^] be diagonal. For if S" A^^ 7 ^- = AJ, 

p 

then 2 (AJ)^ = 2^ (A^^)^ by conditions (5), so that if all the AJ are to vanish so must 

i p 



Molecular orbitals and the Hartree field 519 

all the with p+r. Let us therefore determine the /(Jp. On multiplying (19) by 
and summing over aU i, using ( 6 ), it is found that 

A-/> = +2' A#}. (21) • 

Now it is always possible to find a set of functions dl with the symmetry properties 
of the <j>l, and a set of symmetrical operators .S?’’ (symmetrical in the sense that they 
transform under the identical representation of the molecule’s point group), such that 

and 

Then T 

i i 

transform like i/tp, ^ respectively, and ( 21 ) becomes 

X-rp = dv. 

Accordingly, if and, in general, only if ^p, ijr' belong to different-irreducible repre¬ 
sentations of the appropriate symmetry group, wUl Xfp = A'"' vanish. In cases of 
high symmetry, therefore, our system of equations may be considerably simplified. 
The extremely simple form ( 20 ) of our equations (19) is only assumed when all the 
V molecular orbitals ijr'' transform differently—as, for example, in benzene and the 
ground state of glyoxal—i.e. when the orthogonality requirement is satisfied 
automatically. 

Our evaluation of the X^p of (19) by means of (5) suggests an alternative method of 
solving our equations (19). In many cases the elimmation of the A’’^ will be tedious 
algebraically, so that it is better to substitute the values ( 21 ) for these and then 
proceed with the numerical solution of the modified and i^mmetiical set of equations 

j P I \ k } ^ 

There are occasions when the variational method which we have outlined breaks 
down. Suppose we have a configuration 

... {(JrPY••• (t = Ij == 

where the number of independent molecular brbitals is equal to the number of' 
atoms participating in the conjugation and a? ^ 2 gr, each ^ being y-fold degenerate. 
Such configurations would describe molecule which are in certain excited sub- 
Rydberg states (Mulliken 1939 )—when a; < 2g —or whose tt valence shell is completely 
filled {x = 2 gr). It may readily be shown that, in our approximation, the n bond 
orders all vanish and the resultant electron distribution is uniform, whatever the 
nature of the constituent atoms: For we may regard the yj as elements of a real 
square matrix y, in general non-sii^ular. Then the orthonormality condition 
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expresses the condition that yy' = 1 , where y' is the transpose of y. Consequently 
y is real orthogonal and we have 

S(rJy5) = V 

T 

But for such configurations our equations in the form ( 22 ) reduce to the identity 

rI ^5+S' yJ h ^yUl+Z'7l Pih . 

i * 

and thus tell us nothing more about the y\. In these cases it is most convenient to 
regard the conjugating system as a series of n localized orbitals, one on each atom, 
and each containing x electrons. 


Belation to the electro-affinity scale 

Consider a simple electron pair bond between two univalent atoms a and 6 , and 
suppose that the ^sential features of the preceding analysis are also appHcable to 
such O' bonds. Let us find a physical interpretation of the condition for homopolar 
bonding between a and b: 

7a = r6> Qa = Qb- 

Brom equations (19), if ^ = ya^a 7b4^b bonding molecular orbital, we have 

+ = 7b{k-^)’^7a^ab ^ 

where == 'ni(yl) = - -^i+(^i 7% - o,,b)- 


(23) 


Eliminating A, it is found that 

7a7b{L - h) = PJyl - y&)- 

In order that y^ = l/V^ = y^? it is now clear that we must have 

or + 

Thus our criterion for equal electro-afSnities of atoms a and 6 , or for homopolar 
bonding between a and 6 , is that the sum of the (valence state) ionization potential 
and the electron affinity should be the same for both atoms. If the condition (d) 
defining the atomic fields vl be dropped, and the overlap integral—^which is large 
for cr bonds—^be included in the argument, the result (23) may again be derived from 
the assumption ( 12 ). This criterion is identical with that of Mulliken ( 19346 ), who 
derived it with certain plausible simplifying assumptions by means of the pairing 
approximation. Thus he showed that, if is the antisymmetrical HLSP function 
for the electron pair bond between a and 6, and T(a—6), *T((3^+6-), T(a”6+) are the 
corr^ponding covalent and two-ionic structures respectively, then the condition 

that a = /? m = YCa - 6 )+ fr¥{a+b-) +a'F(a- 6 +) 


is also == + The absolute electro-affinity scale which may be set up 

using \{I + E) has been shown by Mulliken to correspond closely, in those cases 
where the comparison may be made, to that of Pauling. A discussion of the LCAO 
molecular orbital approximation, including an approximate derivation of Pauling’s 
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thermocliemical scale, has also been given by Mulbken in the li ght , of this. In this 
paper (1935) a procedure for estimating charge distribution was outlined, but this 
was only semi-quantitative and neither very general nor very satisfactory. 


Disottssioit and compaeison with the seottlae equation hethod 

It has been customary hitherto (Wheland & Pauling 1935; Lennard-Jones 1937) 
to use the same fixed set of Coulomb integrals, ej = e^. (all t) for each atom i, for all 
the molecular orbitals of a given configuration. That is, each molecular orbital ^ 
has been expanded in terms of the same set of atomic functions 4 )^. The variational 
theorem, in this case, leads to the famihar secular equations 


+ = 0 ( 7 +i), (24) 

where is the energy of the molecular orbital It is perhaps not generally 

realized that the same set of equations is obtained both by TYii-niTmV.ir>g the energy of 
each individual molecular orbital separately and by miniTnizing the total zeroth- 
order energy of the molecular configuration. (It is a property of this method that 
since ej = for all r, we may always arrange for the matrix to be diagonal.) 
These secular equations may be compared with the equations ( 20 ), to which our 
treatment may be reduced in the absence of orthogonality complications. Whereas 
the set (24) is hnear, and leads to one and the same determinantal equation, among 

whose roots are all the our equations are in general of the fifth degree and 

admit of no such simplification. What may be called the secular equation method 
has recently been generalized and extended in application by Coulson & Longuet- 
Higgins (1947). Unfortunately, however, the relation of the Coulomb integrals 
to observable quantities is not at aU well defined, and, as these authors remarked, 
it is a pity that no precise interpretation can be given to them. 

If the are to be characteristic only of the tt orbital of atom irrespective of the 
nature of the conjugated system in which this atom participates, then the method 
has the severe restriction that the zeroth-order energy of each individual molecular 
orbital is minimized without reference to the total energy of the tt electron con¬ 
figuration. On the other hand, if it is acknowledged that a different set of must be 
used for each molecular state, then much of the utility of the method must be aban¬ 
doned, for the choice of the will in general be different for each configuration—^so 
that the comparison of different configurations will be complicated considerably. 

In any zeroth-order molecular orbital theory of this t 3 ?pe, exchange terms are 
necessarily only included by subsequent antisymmetrization (cf, Wheland 1938 ). 
But there are good grounds for believing that many of the physical properties of 
molecules emerge without this complication. In this case, therefore, the mutual 
interactions of the various 7 r-bonding electrons are represented in the zeroth-order 
treatment by the interdependence of their self-consistent fields. The secular equation 
method is, however, insufi&ciently elastic to permit the inclusion of these Hartree 
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interactions. Self-consistency in a rather restricted sense has been demonstrated 
by Coulson & Rnshbrooke ( 1940 ) for a large class of aromatic hydrocarbons; it was 
shown that the assumption of equal e^’s for these molecules in their ground states, 
and in certain of their excited states, leads to a uniform resultant charge distribution. 

But, of course, even for such conjugated hydrocarbons, our treatment does not 
in general reduce to the secular equation method. In oases of very high symmetry, 
e.g. benzene and graphite, where the wave functions may be completely specified 
by group theory, both methods will predict the same (uniform) charge distribution 
and bond orders. For molecules of lower symmetry, however, this will no longer be 
true. ^Consider, for example, butadiene; as is customary, we assume that the 
(T electron distribution is uniform and may be neglected here. The tt electron con¬ 
figuration for the ground state may be written 

where ijr^, tjr'- transform as irreducible representations Bj, or J.„, Bg respectively, 
according as we are considering the cis (Cgo) or tram {G^) form of butadiene. Indexing 
the carbon atom (a, b, c, d) in that order as we pass from one end of the chain to the 
other, the LCAO forms are 

f^^'fai>a+ — +7d<Ph =7‘a4>' + — +7di>d> 

where by symmetry aiud normalization we have 

= 1 = 2(7‘)a+2(7^)a. 

Equations (19) become 

7%&.+7bP-^'‘Ya = 0 . 7aii>. + 7bfi-^'-Ya = 0 , 

7%il + i7i+7l)P->^'^h = 0 . 7bib + {7a-7b)fi-'^''7b = 0 , 

where = - / -I- (/ - J) - (yj)®} (t = e, t; i = a, h). 

Eliminating A®*, A“ and setting ^2y% = ^<}>, = oos6, we find 

(I—E) (2 cos 2d — cos 2 ^) — 2 yd+4yff cot 2 ^ = 0 , 

(/—E) (cos 2 d —2 cos 2 ^) + 2 yd—4yd cot 2 d = 0 . 

On adding these equations, it is readily verified that, since we are only interested in 
solutions satisfying the inequality 0 d and /d is negative, &o6 = <j>. Accord¬ 
ingly our equations reduce to 

(Z —E) cos 2 d — 2 yd - 1 - 4yd cot 2d = 0 , 


which possesses only one real root in the required interval; the numerical value of 
this root will depend on the ratio (Z—E)/yd. The charge distribution and bond orders 

are given by ^ 2{y%f -|- 2 ( 74)2 = sm 2 ^ + coa^ 9=1, 

ffb = 2(7&)®+2(76)® = cos2 5i-i-sin2d = 1, 

Pab = 2(7*7! 4-7476) = sin^ cos 56-1-sin d cosd = sin 2d, 

Pbc = ^(7b7b—7b7b) - cos*^^—sin2d = cos 2 d. 
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According to the secular equation method, the bond orders are independent of 
the choice of the (negative) resonance integral ^ (Coulson 1939). The same bond 
orders for butadiene' are predicted by both methods only if j yff | > | (I—jE?) j. Since, 
however, (7 —j&)(5al0eV, the bond order of the central Hnlr is increased at the 
expense of that of the outer links. It is interesting that both methods agree in 
gaaigniug a uniform charge distribution to this particular molecule. 

The author would hke to thank Professor Coulson for helpful advice and the 
Board of the British Rubber Producers’ Research Association for a research grant. 
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The electronic structures of carbon monoxide 
and carbon dioxide 

By W. Moipbitt, New College, Oxford 

{Communicated by F. E. Simon, F.M.S.—Received 6 August 1948) 

By means of the self-oonsistent LCAO method, electronic structures are assigned to the 
groimd states of carbon monoxide and carbon dioxide, to their ions and to their more im¬ 
portant excited states (CO:XiS+, Ain.Bi2+;C0+:X»S+, A»n, J5»B+; COj, CO,: “D,, 

*n„, Carbon monoxide, which exhibits mmy imusually interesting features, has been 

treated at some length. It has been possible to compare, systematically, the bonding in 
these different systems and to correlate the various carbon-oxygen intemuclear distances. 
The analysis of the divalent states of carbon has been pursued in detail, since this will also 
have a bearing on the structure of the isonitriles. 


Intkoduction' 

It is proposed to examine the molecules CO, CO"*" and CO^, GO} in their ground 
states and in certain of their excited states. The aim of the discussion will be to assign 
plausible electronic structures to these systems on mainly theoretical grounds. 

’ General consideeaJtions 

We shall use the molecular orbital method and discuss molecular states as arising 
from orbital configurations. Unless two or more alternative configurations, which 
are not widely separated energetically (in zeroth-order approximation, say), each 
give rise to T^’s of the same S3rmmetry, we shall assume that molecular states may 
be described by means of one molecular orbital configuration only. Otherwise states 
miist be described by the superposition of functions from each of the feasible 
constituent configurations. By Tf we mean that many-electron wave function, 
including spin, which may be constructed from the product functions of a con¬ 
figuration £■, so as to have total quantum numbers R; is a threefold symbol 
representing, first, an irreducible representation of the molecule’s spatial symmetry 
group; secondly, a representation of the appropriate symmetric group (or, alter¬ 
natively, since we assume a spin-fi:ee Hamiltonian, of the spin-rotation group); 
and lastly, an ordering symbol. 

Since all the systems with which we shall be dealing are linear, iudividual mole¬ 
cular orbitals and the electrons associated with them may be classified as c or tt 
according to their transformation properties—or, equivalently, according as they 
have zero or unit components of angular momentum (in units of %) about the inter- 
nuclear axis. (We shall have no occasion to invoke the contribution of d electrons.) 
The constituent atomic-orbitals of a <r electron pair bond will overlap to a greater 
extent than those constituting a tt bond. We may therefore reasonably suppose that 
the resonance integrals foru-bonding electrons are considerably greater, numerically, 
than those for u-bonding electrons. And from this it is readily shown that any 

C 624 ] 
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heteropolar character in a multiply-bonded system mil tend to be assimilated by 
its Tt electrons. Briefly, tt electronic shells are more readily polarized than cr electron 
shells—^for which there is, of course, also much empirical justification. In order to 
obtain quantitative estimates of tt bond strength and charge distribution, we shall 
use the self-consistent LCAO method (Moffitt 1949). This method has been shown to 
lead to the absolute electro-affinity scale introduced by MuHiken (1934a), and we 
shall therefore use this scale in discussing cr electrons. 

When describiug polyatomic molecules, such as carbon dioxide, it is sometimes 
more convenient to use not the molecular orbitals themselves, but so-called ‘local¬ 
ized’ molecular orbitals (Hund 1933). This procedure implies the molecular orbital 
equivalent to the principle of additivity—^it presupposes that some of the molecule’s 
electronic charge distribution may be divided up into domains (generally electron 
pair bonds or ‘inert ’ pairs), the properties bf each of which are adequately described 
by an antisymmetric two-electron function. These localized one-electron orbital 
functions, while representing charge distribution and bond strength, will no longer 
transform as if they belonged to irreducible representations of the symmetry group 
of the molecule as a whole. On the contrary, as a set, they may be regarded as 
forming the basis for a reducible representation of this group. The Hartree energy 
parameters associated with such functions will not in general, therefore, be directly 
related to term values of the molecular spectrum. 

For the cr electrons of diatomic systems and, if we use localized molecular orbitals, 
for those of polyatomic systems, the atomic orbitals from which the molecular and 
localized molecular orbitals are constructed, may be characterized, inter alia, by 
hybridization ratios. These determine the proportions of s and p character to be 
associated with the various atomic orbitals, and are obtained from symmetry 
considerations or by application of the variational principle—^that is, by treating 
them as parameters with respect to which the energy is minimized (e.g. Coulson & 
Moffitt 1949). 

The absolute electro-affinity and radius of an atomic orbital are functions of the 
hybridization ratio associated with this atomic orbital. An estimate of the former 
property may be made from spectroscopic data on the atom under consideration 
(Mulhken 1934a). It is found that, with increasing s character, the electro-affinity 
of an atomic orbital increases considerably. Using Hartree field functions or sim¬ 
plified analytical expressions (Slater 1930) for the atomic 2s and ^ orbitals of 
carbon, it has been shown that the radius of a hybrid orbital increases with increasing 
p character (Moffitt & Coulson 1947, and, more particularly, Coulson 1948). Elemen¬ 
tary screening considerations suggest that, since Slater functions contain the same 
radial distribution for both s and p orbitals, this effect may be even more pronounced 
than Coulson’s calculations would suggest. At short distances, therefore, we should 
expect the s atomic orbitals to be more strongly <r-bonding than the p orbitals. 
Consider a <r-bonding electron pair which is strained in the sense that other factors, 
such as high zr-bonding strength, have reduced the intemuclear separation to some 
value below its equilibrium single cr bond distance. Then, ceteris pa/ritrus and pro¬ 
viding the hybridization ratios of the cr-type atomic orbitals have not been pre¬ 
emptively selected by valence or symmetry considerations, there will be a tendency 
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to increase the s character of the bond—even at the expense of some promotional 
energy which will, in general, be required to produce the appropriate atomic valence 
states. 

Lastly it should be explained iu what sense we shall apply the terms bonding, non¬ 
bonding or antibonding to molecular orbitals. If the contribution from some orbital 
to the total bond order between two atoms is positive, zero or negative, then we 
shall use these terms respectively to describe the behaviour of such an orbital 
between these atoms. Our usage corresponds to the usual analytical definition, but 
does not coincide with the customary classifilcation of orbitals according to their 
spectroscopic properties. Thus the removal of a non-bonding electron from a dia¬ 
tomic molecule will, in general, lead to a strengthening or a weakening of the bonding 
between the two atoms owing to the reorganization of the residual electronic 
configuration. 


Concerning divalent carbon 

In its ground state, ®P, the carbon atom in free space may be described as arising 
from the configuration (Is)^ ( 2 s)^ the orientation of the spins of the 2 p electrons 

being parallel. The lowest divalent state (FJ) is obtained by imcoupling the spins 
of these two electrons, so that their mutual inclination is random (with .a^ = 0 in 
the notation of Dirac 1935). Another divalent state (F|) may be similarly constructed 
from the lowest state, ®S, of carbon with configuration (Is)^ (2^) (2jp)®. The quadri¬ 
valent states which arise have been discussed by Van Vleck (1934). 

Now let us suppose the carbon atom to be placed in a field which has rotational 
symmetry about the 2;-axis. If this field is weak, we may continue to discuss 
the configurations of these valence states in terms of one-electron I5, 2 s and 2 p 
orbitals—^that is, the angular momentum, Z, associated with each of these orbitals 
remains a good quantum number. The 2 p degeneracy is partially removed, and we 
may refer to a tt or to a a* electron, according as the component of its angular momen¬ 
tum about the 2;-axis is unity (m^ = ± 1 ) or vanishes — 0 ). We shall be most 
interested in those states of the divalent carbon atom whose two valence electrqps 
are respectively cr and tt, and whose remaining electrons have <r symmetry. Thus 
from F2, we obtain the valence state F|: {lsY{ 2 sY[ 2 pcr'^){ 2 p 7 T'^), the asterisk (*) 
denoting a valence orbital; similarly from V\ we obtain F|: (l^)^ (25*) ( 2 p<xY (2p7r*). 

Now let the field strength be increased. In general, since Fj, F| are the only low- 
l3dng divalent states of carbon, we may treat the lowest resulting valence state 
as a mixture of F| and F|. may no longer be regarded as arising from either of the 

configurations (l5)2(25)2(2p)2 or ( 15 )^ (25) (2f>)^ since the distinction between, 2 s 
and 2 p electrons has been destroyed. Retaining the atomic orbital approximation, 
this divalent state may be most conveniently treated as V^: {Is)^ ( 2 ucr)^ (2^cr*) ( 2 p 7 r*), 
where 2 uor, 2 t(x are mutually orthogonal hybrid 25 - 2 ^ orbitals. We have supposed 
that the field is not sufficiently strong to affect the K shell electrons, which we shall 
therefore omit from subsequent discussion. We may write 

^( 2 t(T) = cos X ^( 25 )+sinX $ 5 ( 2 ^(r), $ 5 ( 2 w) = sin x - cos x 
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where 0 < X ^ Symbolically, therefore, 

= sin^x FJ + oos^x F| = (I-®) Vl+xVl, 

arises from the configuration (25)^"® (2jj)®+®; when a: = 0,1^ = FJ and when a; = 1, 
= F|. The best value x, in any particular case, wiQ depend upon the details of the 
field, treated as a perturbation. From spectroscopic data on the carbon atom, it 
may be shown (MuUiken 1934a) that the energies of VI, F| in very weak fields are 
respectively some 0-6 and 9-9 eV above that of the ground ®P state (®S probably lies 
about 4-3 eV above ®P). For intermediate values of x, therefore, we should expect 
the purely intra-atomic energy of to lie somewhere between these two values: 
say, rather less than 0-6(1 —a;) + Q-QxeY as a first estimate. 

It wO be useful, in discussing the structure of carbon monoxide and other mole¬ 
cules, to have values for the energies associated with the three processes 

0 , 1 ^- (2ucrY{2f(r)^(2p7T*), 

C.F^-^C+Fi: (2«cr)2(2p7r*), 

C, Fa — C+, (2ttcr*) { 2 t<T*) {2p7T*). 

E°, 1 ° represent the electron afBboity and ionization potential respectively of the 
orbital { 2 t<r), and Mulliken’s (19340) tables suggest the estimates (in eV) 

, E° 8’7 ooa^ X> cos*X+10''^®i^®/i;- 

The absolute electro-affinity associated with this orbital is therefore 

J(7 “ -1- jE?®) ~ 14-9 cos® X -f 5-4 sin® x- 


Owing to uncertainties in the 2a term values, more refined calculations are probably 
not worth while; for intermediate values of x, the errors should not exceed 0-6eV 
or so. The ionization potential of a non-bonding (2«(r) electron from V^ is similarly 

given by I*~18-8sin®x+ll'2cos®x- 

It will have been noticed that, by restricting x to the interval (0, ^n), we have 
ensured that the hybrid valence orbital ( 2 tcr*) points in the positive direction of the 
z-axis. On the other hand, the lone pair of (2tt£r) electrons wiU be more densely 
distributed in the opposite direction. And so the valence state will, in general, have 
a non-v a ni shin g intrinsic dipole moment which may be called the atomic dipole 
flo of C, 1^; it will be a function jnoix) of the hybridization parameter x- To make this 
more explicit, let us find where, along the z-axis, the centroid of the electronic dis¬ 
tribution will lie. Clearly it is only the 2 <t electrons whose contribution need be 
considered, and for these 


z(;)^>) = j^{ 2 tcr*) z ^(2fcr*) dT+2 j^( 2 ^ta^) z <p[ 2 /ucr) dr 
= — sin 2xJ^(25) z <f>{2p(T) dr. 


M'cix) = ®®(X) therefore only vanish when x = 0 or Jtt, that is, when becomes 
purely Fg or F|. Since the integral {<f>{ 2 s)z<j>{ 2 p<r)dT is positive, the atomic dipole 
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will be directed along the negative 2-axis whenever 0 < % < Using analytical 
atomic jfnnctions (Zener 1930), the numerical value of this integral may be estimated 
with reasonable accuracy at 0*5 A. When x = therefore, | jUq | attains its maximum 
value of 2*4 Debye units. 

The STRtrcTTJRE oe carbon monoxide 

The carbon atom in the ground state X of carbon monoxide is considered to 
be in a divalent state Vq. Owing to the high promotional energy required to produce 
states arising from the atomic configuration (2^) for oxygen, we shall suppose 
that hybridization is only important for the carbon atom. At large internuclear 
separations, the appropriate carbon Tg will be V\- As this distance is decreased, how¬ 
ever, the cr-bonding strength will be enhanced by decreasing, from the hybridiza¬ 
tion parameter X^ X 

The qualitative features of the ultra-violet spectrum of CO, have been 

successfully explained (Mulliken 193 a) in terms of the configuration cr^a^TT^or^, or, 
more completely, 

CO, X(X) (X) {S(rf {tcrf {u(r)K 

We shall describe these molecular orbitals by assigning plausible LCAO forms to 
them. Since the carbon atom is to be divalent and the oxygen atom is to be in a 
valence state derived from the configuration { 2 sY bwo of the cr electron pairs 
must correspond to an ^inert pair’ of carbon electrons and a pair of oxygen 2^ 
electrons. Accordingly we write 

5= ^0(25) and ^(ucr) = ^o( 2 't 6 cr). 

The LCAO forms for the remaining molecular orbitals must therefore be 

fifa) = r()$5o{2i>o-)+ro^o(2«o-), fiom) = 7t<j>o{2pn) +y^4>G{^), 

where the coefi&cient- and hybridization-parameters, yj (r = ^, = 0,0) and 

are still to be determined. (More strictly, since the three cr molecular orbitals are 
not orthogonal, we should have to construct a set of three slightly different and 
mutually orthogonal orbitals from these; if we were to attempt accurate calculations 
of the cr electron energy, such a process would be essential. Since we are immediately 
only concerned with the total cr electron distribution, it is reasonable, however, to 
suppose that we may arrive at reliable semi-quantitative conclusions without this 
refinement.) 

Consider, first, the hybridization parameter %. At relatively large internuclear 
separations (r> 1*5 A, say), hybridization will be unimportant will be 

almost entirely ^c( 2 i>cr). As r approaches its equilibrium value of = 1 - 1284 A, 
however, a compromise between strong cr-type bonding and the energy of promotion 
required to produce the appropriate C, I4 sets m. We shall suppose that m the neigh¬ 
bourhood of r^, X is changing fairly rapidly and has a value x ^ sin”^ -^/3 at r ~ r^. 
Our particidar value gives the a priori expected order for the hybridization and is 
consistent [vide infra) with the molecule’s chemical properties and electronic charge 
distribution. In this case, f>Q{ 2 tcr) will resemble closely the carbon atom orbitals 
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used in constructing localized molecular orbitals for methane. The carbon atom in 
CO, may therefore be considered as arising from the atomic configuration 

This places an upper limit of 17 eV on the ‘ionization potential’ of 
^ci(2Mcr) and gives an absolute electro-affinity of ~ 8 eV for the (pck^ta) orbital. 

Next we consider the values of the coefficients '/q, The absolute electro¬ 
affinities of oxygen’s 4 >o(^P^) orbitals are some 10-0 and 9-4 eV respec¬ 

tively. We have seen that in general n electrons are more readily polarized ttifl-Ti 
(T electrons. Since, in addition, the electro-affinities of ^o{ 2 pcr) and 0o(2icr) only 
differ by 2 eV, whereas those of (j)o{ 2 pn) and ^oi^P^) differ by 9 - 4 — 6'4 = 4 eV, it is 
reasonable to suppose that the four n electrons account for nearly all the heteropolar 
character of the bonding, and that the electron pair bond (t<r)^ is largely homopolar 
with Yo « 7(3. A good estimate of the cr electron dipole moment is therefore simply 
/i{<T) =1^0 — — 2 ' 4 sin 2 x« —2-1 Debye units; a more detailed calculation would 
encounter orthogonalization difficulties, the attack of which our approximation 
scarcely warrants. This contribution of the cr electrons is directed from the oxygen 
atom towards the carbon atom and may be attributed to the hybridization at the 
carbon atom. 

Lastly, let us deal with the {om) electrons. The parameters yg. To “la’J be deter¬ 
mined by means of the ‘self-consistent’ LCAO method which has been described 
recently (Moffitt 1949). The best choice of these then satisfies the equations 

Yaio +roy^oo - Ayg = 0, yg gg+ y^fioo - Ay8 = 0. 

On setting yg = sin 0 and eliminating A, we find that yg = cos 0 and 

(^g-^8) + 2yffooOOt20 = O. 

Now the four {om) electrons are to be fitted into a skeleton consisting of the two 
atomic nuclei and the cr electrons {K){K){scr)^{t(r)^{ucr)'^-, the field due to this 
system gives a single positive electronic charge on the carbon atom and three positive 
charges on the oxygen atom. Accordingly ^g» 'which determine the self-consistent 
Coulomb terms, are given by 

^g = - Jo + (io - -^c) { 3 (yg)*} = - Jo+(io - -^o) (3 sin® 6 ), 

|g = - Jo + (Jo- ■®o){3(yg)*- 2} = -I 0 + (io- -Eo) (3 cos®0-2), 

where Jq, Iq and Eq, Eq are the ionization potentials and electron affinities of 
^o(2p7r) and d>o{^P^) respectively. Numerical estimates (in eV) of the quantities 
may be formed from spectroscopic data on the carbon and oxygen atoms, from which 
it is found that 

Jo = 11 - 0 , Jo = 15 - 8 , Eo = 0 -S, Eo^ 2 - 9 . 

By consideration of a series of carbon-oxygen bonds, it seems best to take 
_ 3 eYj a value which is very reasonable, a priori. (It is a feature of this self- 
consistent LCAO method that small variations in the choice of the resonance 
integrals do not alter the charge distribution and bond orders greatly.) We must 
therefore solve the equation 

(ii 3 -f- 3 Jo- 3 i?o--®o)- 3 cos 20 [(Jo-.&c) + ( 4 --®o)] + ¥coCot20 = 0, 
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for 6 in the interval (0, in), -with these values. The n bond order is then 

2>oo = = 2sin2(9, 

and the net formal charges associated with the carbon and oxygen^atoms respec¬ 
tively axe Qo = 2 cos 20 — 1 and Qq = l — 2ooa 26. The solution we seek is 

6 = Jcos“^0’629, 

so that = i^co = 1’654, <3 o = 0-259, <2o = -0-259. 

It is interesting to calculate the dipole moment of the n electrons. The centroid 
of the negative charge for the ((ot)* shell electrons lies on the 2-axis and has co¬ 
ordinate 

2 = jir{o)n)z\/r{<im)dT = {y^)^rg+2{y^y^) 

the origin of co-ordinates is taken at the carbon nucleus, with the oxygen on the 
positive 2:-axis. The n electron dipole moment is therefore 

fi(n) = er^{My8)^-^+S{yGyo)jM^P^)^c{^P^)dT. 

Here the first term represents the heteropolar dipole moment due to the imequal 
partition of charge between the singly-charged carbon and the triply-charged 
oxygen atoms. The second term arises fi:om the inequality in the sizes of the {2pn) 
carbon and oxygen atom orbitals; it has been called the homopolar dipole term by 
MuUiken (1935 a). The heteropolar moment is easily shown to be directed from the 
carbon to the oxygen atom, and has a magnitude of ~ 1-3 Debye units. In order to 
calculate the homopolar moment, we use approximate analytical expressions for 
the atomic wave functions (Slater 1930), namely, 

<pi{2pn) = Jiri cos sm 0^ exp (- r^) {i = C, 0), 

and introduce a correction for their non-orthogonahty; the normalizing factors have 
the values -/ff = V and z = cos 0^. The homopolar integral may be evaluated 

in closed form by transforming to spheroidal co-ordinates A, fi, <j>, where 

A=(rc+ro)/re (l:$A<oo), M'= (ro-ro)lre (-l</t<-1-1), 

and ^ (0 < ^ < 27r), the aximuth around the 2-axis. The int^ration reduces 

to the evaluation of the quantities 

dX, a = i{mo+mo) r^, 

/? = \{mo-mo)r^, 

whicK is most easily effected for tke various values of = 0,1,5 by means of 
recursion formulae. (This particular integral is one of the very few which have not 
beenlisted by Coulson (1942).) By these means we find, for our homopolar moment, 
some 0*6 Debye unit in the same direction as the heteropolar moment. The total 
7 T dipole moment is therefore /^(Tr) = 1*3 4-0*6 = 1*9 Debye units. (We have not 
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considered induced moments because our self-consistent LCAO method includes 
these automatically as far as an atomic orbital approximation permits.) 

We are now in a position to discuss the dipole moment of the molecule as a whole. 
At the equilibrium internuolear separation r^, the calculated dipole moment is 

/*co = — 2-1-1-1'9 = — 0-2 Debye unit. 

Our small value is in excellent agreement with the observed moment of 0-118 Debye 
unit and, in addition, gives a direction to this moment. Since the theoretical value 
depends not unappreciably on the choice of the hybridization parameter x, a quan¬ 
tity whose value is, as yet, not amenable to direct calculation, we are hardly in a 
position to insist on the significance of this sign. Nevertheless, the behaviour of the 
molecule in other respects (vide infra) does suggest that the (wtr)® lone pair has rather 
more directional properties than wo\ild be the case if this aigr^ were positive. 

Let us consider the variation of/i^Q with the mtemuclear distance r. Qualitatively, 
we should expect the dipole moment at about 1-6 A, say, to be due, almost entirely, 
to the 7T electrons alone, becoming essentially (2«o)2; this corresponds to a 
modified Long & Walsh structure for carbon monoxide (Long & Walsh 1947; 
Moffitt 1948). As r decreases from 1-5 A, the amount of carbon (2s) character in 
{t<r)^ increases as does the {2p) character of (ucr)^. That is, x is expected to increase 
fairly rapidly with r for values of r near r^. In the neighbourhood of r„ we shall have, 
in our approximation, , . 

M'co = l*9|^j-2-4sin2x, 

so that = l-9-4-8r^cos2x^ = l-9-i-2-7^. 

Now, from an examination of the intensities in the infra-red spectrum of carbon 
monoxide (Matheson 1932; Mulliken 19346), it may be shown, though not unam¬ 
biguously, that most probably = 9*1- Accordingly, in order that our 

model correspond to the observed variations, we must take dxidr = 2*7; this con¬ 
firms our qualitative predictions. The large spectral intensities may therefore be 
consistently explained in terms of the varying <r electron charge distribution due to 
changes of hybridization. It is difficult to see how displacements in the ‘ Pauling 
_+ +» — 

equilibrium’ (1932) {0=0,0=0,0—0} can account for variations of this order. 

The chemical reactivity of carbon monoxide may be discussed on the basis of this 
structure. It is well known that carbon monoxide is readily oxidized to carbon 
dioxide, and that it has electron donor properties which are similar to, but rather 
weaker than those of ammonia. Thus carbon monoxide enables boron to complete 
its valence shell in forming BH 3 . 00, forms carbonyls with metals and complexes 
with their ions; it also combines with haemoglobin. Since the isonitriles possess 
similar properties, we may suppose that these reactions are characteristic of divalent 
carbon. As we have seen, a ‘ lone pair ’ of (2ucr) electrons is associated with the carbon 
atom, which gives rise to the large atomic dipole moment, the ammonia molecule 
possesses a similar pair of electrons which avoid the H3 region. The (u<r)® shell is 
therefore nicely suited, sterically, for combining with groups which approach the 
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molecule, thereby increasing the valence number of the carbon atom. The rearrange¬ 
ment of the CO system accompanying such reactions (compare CO"*", X below) 
win assist the progress of their transition states over the potential barrier and reduce 
what might have been a considerable energy of activation. 


The excited state A oe oaeboit monoxidb 


Consider the upper state A ^11 of the fourth positive bands (~ 64,600 cm."^) in 
the ultra-violet spectrum of carbon monoxide. We shall discuss the structure of this 
excited state on the basis of the configuration (Sponer 1935) 

CO, J. : (K) {K) (scr)^ {f<r)^ {(on)* {u<r) (im); 


it lies some 8eV above the lower, ground state. As before 

‘^(scr) = ^o{2s) and rjr(ucr) = <f>Q{2u<T), 

but the hybridization parameter x» which defines ^Q(2ucr) and <f>Q{2t<r), wiE be dif¬ 
ferent to that used in discussii^ the X state. The LCAO forms for the remaining 

orbitals are ^ '/o 4 >o{^P) + 7oM^t(r), 

fiom) = 78 i>^{2p7T) -h rc$^8(2jJ7r), 


f{v7T) = 785io(2i57r)+7?j^8(2p7r); 

^(ewr) is bonding, whereas ^(tw) is antibonding, so that 78 = -78 and 78 = 78- 
As before, we shall suppose, with possibly rather less justification, that 7if)«7o- 
The determination of the 7? (r = (i),w; i = C, 0) has been discussed elsewhere 
(Moffitt 1949). It is foimd that the tt bond order and charge distribution are given by 

Pco ~ 1 ‘ 132 , Qq = - 1 - 0 * 484 , Qq = — 0 * 484 . 

The n bond strength is thus considerably weaker than that in X This suggests 
that ^ > sin"^ ^.^3, or that less hybridization occurs here. We shall return to discuss 
the bond length and force constants of this excited state. 


The excited state oe cakbon mostoxide 

There remains another excitedstate, namely, the upper state B of theAngstrom 
bands, whose structure has not been discussed hitherto, to which we however, 
assign a single plausible configuration. (Clearly our method, which seeks LCAO 
approximations to the Hartree functions, will be inadequate for dAnling -Hrith the 
triplet states of carbon monoxide—^for these, antis3Tnmetrization is of paramount 
importance.) We write 

CO, B : {K) (K) (scr)^ (tcr)^ (owr)* (ucr) (r<r); 

(ao*), (for), (u(r) wiU have much the same significance as before; we again assume that 
78 « r'c and expect x to have a value near to that for X ^2+. One of the non-bonding 
(w) electrons has been excited to the Rydberg orbital (r<r), which is larger than the 
rest of the molecule. We may therefore discuss the structure of this state on the basis 
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of its CO'*' core, which will be very closely related to X CO'*' (vide infra). We thus 
expect a bond order which is rather less than that of this ion; that is, 1*838. 
Such a .structure enables us to explain the bond shortening which is observed in 
passing from XiS-*- (M284A) to (1*1181), 

The GEOXTiO) state X*S+ oe the iok 00+ 

The first ionization potential of carbon monoxide (~ 14eV) is attributed to the 
removal of a non-bonding (tur) electron. The rearrangement of the resulting ion, in 
particular, the increased Tr-bonding strength, is to account for its low value (the 
‘term value’, or Hartree energy parameter, associated with (vur) was estimated as 
^17 eV). The structure of X is therefore formulated in terms of the conjuration 

C 0 +X 2 S+: (X)(X)(s(r)2(to*)2(w77)4(ttcr). 

Such a configuration was put forward by Mulliken ( 1932 ); but, in order to account 
for the increased bond strength in ( 1 * 1161 ) he assumed that (uu) was 

associated with antibonding characteristics. We suppose that (sar), (to) and (ucr) are 
much the same as for CO, X^S"*". 

Let us determine the n bond order and charge distribution by minimizing the 
zeroth-order energy with respect to the LCIO coefficients yo> To- Since the (an) 
electrons are to be introduced into a cr core, with doubly-charged carbon and triply- 
charged oxygen atoms, we have, on setting yg = sin 0 (0 < d < \n), 

(—/q+ 3/0 — Eq—Eq) — Z\_(1q — Xq) -|- (Iq—Eq)) cos 26 + 4^qo cot 26 = 0. 

By solving this equation for 6 we find that 

ijgo = 2sm2(9= 1*838, Qo = 2 cos 2(9 =+0*788, = l-2cos2(9 =+0*212. 

We notice that pcodr^^j CO'*') is considerably greater than ^^^©(X^S''', 00). 

The excited state A oe the ion CO+ 

We shall identify the upper state of the comet-tail band system, which occurs 
as the lower state of the Baldet-Johnson system, as did Mulliken ( 1928 ), with the 
state ^ . 

in a higher degree of approximation, of course, this doublet state has components 
By a similar analysis to that used above, it is found that, on setting 
yg = sin(9 (O^^^Itt), 

( 2 Jq — Eq — Eq) — [(jTq — Eif) + (Jo— Eq)] cos 26 + 2^00 26 = 0, 

whence the tt bond order and net charge distribution are 

Pco = 3 sin ^ cos 6 — 0*839, Qc— 1 — 3 sin® 6 = + 0*759, 

' ^^0 = 3 - 3008®^ = +0*241. 

The increased bond length of 1 ®n (~ l*24l) is readily understood. 
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The exoiteh state oe the ion CO*^ 

The upper state of the first negative carbon bands and of the Baldet-Johnson 
system for 00 “*", which has not been discussed previously will be described as arising 
from the configuration 

C0+, B 2E+: (Z) (K) {serf (ter) {(onf {u(r)K 

That is, one of the cr-bonding electrons of carbon monoxide has been removed. With 
7 o — sin 0 as usual, we find 

2(27o - ^0 - ^o) - 3[(/o “ ^c) + (4 - ^o)] cos 26 + 4/?oo cot 26 = 0 , 

so that 

plo = 2sin20 = 1-511, = ^cos26>-i = +0-811, 

Qo ~ IJ— 2 cos 2 ^ = +0*189. 

The TT bond strength is therefore slightly weaker than that in CO, X ^S“*", but the 
(T-bonding is only half as strong. If, therefore, both or and n electrons were to con¬ 
tribute equally to the first and second derivatives of the total bond energy with 
respect to the internuclear distance, we should be able to compare the bond distance 
and force constant of 00^, B ^2“*“ with those of, say, CO, X on the basis of their 
total bond orders: (1-511 + 0-500) and (1-554+1-000) respectively. We shall see, 
however, that this is by no means the case. 

The stbtjcttjre of CO^, 

This molecule and various states of its ion CO^ have been discussed in detail by 
Mulliken ( 19356 ), using qualitative molecular orbital considerations. Assuming the 
various K shell electrons to be localized on their respective atoms, and that the 
oxygen ( 2 ^) electrons are non-bonding, he described the remaining electrons on the 
basis of the configuration 

(See also Mulliken 1942 , however.) The LCAO forms are 

= SS{4>U^po-)+^o'(^P<^)}+^M^^)> 

fi^u) = Wo(2i50-')-56S,(2^)cr)}+5g9Jo(i!i)£r), 

= yo{4>o{^P^)+4>0'{^)}+yc^G{^'rr), 

= y6{9^S(2jw)-0S'(2iOT)}. 

We shall assume the self-consistent fields to be such that we may, to good approxi¬ 
mation, describe the cr-bonding by means of two localized molecular orbitals, each 
of which describes the cr-bondii^ between one of the oxygens and the carbon atom. 
That is, we assume that as is easily verified on writing out the corresponding 

T^’s. The hybridization at the quadrivalent carbon atom will be diagonal; its 
valence state may be symbolized by C, 1^: (K) ( 2 fer*) ( 2 fcr*) ( 2 jp 7 r*) 2 , where ( 2 icr*) 
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points at O, and (2f(r*) at O'. Using square brackets to denote localized molecular 
orbitals, we therefore write 

CO 2 , : ... \taf {t'af (ttJ* P^tToI® 

where f{tcr) = 

and similarly for In discussing overall symmetries, we retain Mulliken’s 

configuration, but write 

Wf) = ^ {fito-) - fit'<^)}- 

The absolute electro-affinity of <f>o(^por) is ^ 10 eV and that of 

4>a{2t(T) = ^{95o(2s)+^c(^o-)} 

may be estimated at ~ 10-4eV. Accordingly, we suppose that ybanalysis 
of the rr electron system now shows that y© *^ 7 o- i‘^u) electron moves in the 

field of two oxygens, each with charge + J, and one carbon atom, with charge + 4 
and, for { 2 p 7 r*) orbitals, the term values associated with such atoms are very nearly 
equal. The electron distribution is therefore uniform, each atom having zero net 
charge. The n bond order is easily shown to be 

i»?io = 

for each of the carbon-oxygen bonds. (If the symmetry of the molecule is disturbed, 
however, the charge distribution will be disturbed also; since CO 2 absorbs strongly 
in the infra-red, this reorganization will be considerable.) 

The gbotjutd state *11^ of 00^ 

Consider, now, the ion COf, *11^ which is produced by the first ionization (13-7 eV, 
Price & Simpson 1939 ) of carbon ^oxide. This ion is the lower state in the emission 
bands of 00^, which are observed at A2900 and A3660 (Buesno-Saullehi 1941 ; 
Mrozowski 1941 , 1942 ). The ionization potential of a non-bonding 2 p7r oxygen 
electron is estimated at 14'7 eV (MuUiken 1934 a), so that either (zr^) is antibonding, 
or the ion rearranges. Mulhken ( 1942 ), taking the former view, tentatively explained 
the increase in bond length which accompanies the ionization to the participation 
of the carbon atom’s ddn orbital in. (rr^). This argument, though valid on groimds of 
symmetry, does not seem plausible energetically. We shall show that, on ionization 
of a {Vg) electron, the residual tt electron distribution rearranges in such a way, that 
the TT bond order decreases: CO^, * 11 ^ has the structure 

CO 2 +, ““n,: 

where we assume (Cg) and (cr„) to have the same forms as for the CO 2 ground state. 
Setting yg = sin 6 , we find that 

(37o - 2/0 -2Ec+Eo)- 3{2(/o - -^o) + (4 - ^0)} cos 26+8^2 cot 2d = 0, 
where JSq = 2-87, Jc= 11-17, 7?o = 0-69eV, 
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and we take ^qq = — 3 eV as usual. The tt bond order becomes 

i>5o = '\j2sm2d — 1-378, 
and the net charges are given by 

^0 = 2 cos 2$ = + 0-436, i “ cos 2d = + 0-282 = Qq,. 

The reorganization of the ion is seen to be considerable (for without this we should 
have had Qo = 0 . «o = + 0-600 = Qq, and= ^2). 


The hest excited state oe 00^ 

The upper state of the 00^ emission bands near A3660 has S 3 ?mmetiy and 

the structure 

00^, ®n„: ... (0-^)2 (cr„)2 (7r„)s 


it therefore arises from COg, ii:+ by the removal of a bonding (n^) electron. If 
7 c = sind, as before, we find that 


{Iq 2Jq + Hq)— {2(7(3 ■" -^c) + (-^ 0 —^o)} cos 2d + 4 ^2 cot 2d = 0, 


whence 


7*00 = f V 2 sin 2 d = 1-060, 


- i-f |cos2d = +0-436, Qq = f oos2d = +0-282 = Qq,. 

The TT bond strength is considerably weaker in CO^, therefore, than in the 
ground state. " 


The SEooiTD excited state * 2 + oe C0|' 

The identification of Henning’s Rydberg series ( 1932 ) (of limit 18 eV), with the 
removal of a (a-J electron from CO^, ^ 2 + to leave the upper state of the A2900 
emission bands of CO^, is now well established. Let us discuss the structure of this 

excited ion, by attributing any reorganization to the more polarizable tt electrons 
alone: 

CO^, 2 S+: ... ((r ^)2 

By a now famihar argument the n bond order and charge distribution may be 
expressed in terms of the root (0 < d < ^tt) of the equation 

2(-2^+7o + .®o)-3cos2d{2(J(3-.&(,) + (7(,_7'Q)} + 8 ^ 2 ydooCot 2 d = 0 , 
i>oo = V2shi2d = 1-413, 

Cc = i+2 cos 2d = + 0-467, Qq = i - cos 2d = + 0-266 = Qq,. 

The n bond order is therefore almost identical -with that found for carbon dioxide 
itself, ^d the reorganization is negligible. In our localized molecular orbital 
aproxmation, however, each carbon-oxygen 0 - bond is only J as strong as before 


Bond orders and bond properties 

Hour ir bond order jpSo is to represent the strength of the zr-bonding in a series of 
should expect it to have the following properties: In such a series 
ot OU bonds, p5o should be a monotonicaJly increasing function of the tt bond energy. 
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It should therefore also represent the contribution of the n electrons to the Gxst and 
second derivatives of the total zeroth-order energy with respect to the internuclear 
distances. So that, ceteris paribus, the bond distances should decrease and the force 
constants should increase monotonically with increasing p'^Q, No such systematic 
correlation has been attempted for these molecules hitherto, since no methods were 
available for calculating the tt bond orders. 

Now, apart from CO'*', and COf , , all the systems which we have dis¬ 

cussed above should furnish us with such a series of comparable CO bonds, if we 
disregard variations in the cr bonds (e.g. differences of hybridization at the various 
carbon atoms); in 00“*’, B and CO^, the cr-bonding is only \ and | as strong, 
respectively. In order to avoid a detailed discussion of interaction constants in the 
triatomic molecules and speculations about dissociation energies (e.g. Herzberg 
1942 ; Gaydon & Penney 1945 ), we shall compare the equilibrium internuclear 
separations in these systems in the light of the calculated tt bond orders. To facilitate 
comparisons table 1 is constructed. 

Table 1 


molecule 

state 

Pof> 

(A) 

ref. 

CO 


1*654 

1-1284 

H 


Am 

1132 

1-232 

S 



1-838 

1-118 

S 

CO+ 


1-838 

1*116 

H 


Am 

0*839 

1-24 

S 



1*611 (-J<r) 

1-168 

S 

COa 


1*414 

1-163 

M 

OOa 


1-378 

1-177 

M 



1*060 

1-228 

M 



1-413 (-icr) 

1-180 

M 


(The authorities referred to are H, Herzberg, 1939 ; S, Sponer, 1935 ; M, MuUiken, 1942 .) 

On plotting the r^ against the p^Q, the curve in figure 1 is obtained. In order of 
increasing p^Q, it is found that the six points 

C 0 +, CO 2 +, cot, CO, X^'Z+; C 0 +, 

may all be connected by a smooth curve. Since the interaction of the Rydberg 
orbital (rcr) with the CO"*" core for CO, B ’•S"*' was not amenable to direct calculation, 
we predicted 1‘664 <p^ ^ 1-838 for this excited state of carbon monoxide; from our 
curve it appears that we should take pgo = 1 ‘ "^^hich is in complete harmony with 
our prediction. At low values ofp^ (near 1 - 0 ), we have deliberately avoided drawing 
the curve by some mean deviation method through CO"*", A^U; COt, and 
CO, A ^n, but have disregarded the last: This state contains five electrons in the 
sub-Rydberg n shell, which normally contains only four or less electrons, so that we 
should expect the exchange forces to give rise to an additional weakening which 
could not appear in our zeroth-order treatment. (Zeroth-order methods seek 
approximations to Hartree’s equations; antisymmetrization is necessary before 
approximate solutions of the more accurate Rock equations can be obtained; for 
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OUT pTxrposes—we have not attempted energy calculations ^the zeroth-order 
approximation should be sufficient, but will not disclose the exchange forces which 
tend to discourage the overcrowding of such sub-Rydberg shells.) In confirmation 
of this, CO, A is found to lie above the curve. 



Our curve exhibits a possibly unexpected feature in its sharp descent and point 
of inflexion between 1-21 and I-ISA. Physically this implies that the tt bond strength 
increases very rapidly in this range—^a not unreasonable conclusion on simple overlap 

considerations. Since the carbon cr-bonding orbitals are ‘diagonal’, in 

OOJ’, most probably, predominantly p in CO'*', A ^11; and near 'tetrahedrar, 
i{S'¥^JZp), in CO, it appears (as we have tacitly assumed) that variations in 

the type of cr-bonding are indeed relatively unimportant: That the first derivatives 
of the 77 electron energy terms are numerically considerably greater than those of 
the or electrons—^although the cr electron energy terms themselves will depend 
significantly on the hybridization ratios. In view of this, we should expect the bond 
lengthening, corresponding to quite large weakenings in the or-bonding, to be 
relatively small at intemuclear separations of less than about 1*25 A. Our conclusion 
is confirmed by CO^, ^2+ and CO"^, These are respectively only 0-017 and 
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0'034A longer than if they contained the usual two o'-bonding electrons instead of 
the 1^ and 1 in these ions. (In our approximation, the as yet unknown state COf, 
2 S+ arising from the removal of a (cr^) electron jfrom COg, ^2 J should have the same 
moment of inertia as CO^, ^2 J. In a Mgher approximation, which includes cr electron 
delocalization, it should be rather larger.) 

Substantially the same results are obtained, if, instead of taking | j == 3 eV, 
we were to use 2 or 4 eV for the numerical value of this integral, which is the only 
‘ semi-empirical ’ parameter entering into our n electron analyses. And it seems fairly 
certain, a priori^ that | Pqq | must lie somewhere in this range. It may he objected 
that, since the tt electron energy terms vary appreciably with changes in the inter- 
nuclear distances, we should take into account the dependence of on the r^’s. 
But, on consideration, it is clear that in our series the resonance integrals are functions 
of the pcQ and therefore that no such refinements are required, providing we re¬ 
cognize that the tt bond energy terms are not linear functions of the —^and we 
have had no occasion to suppose this. It may, however, imply that our formal 
charges are slightly in error. 

The author would like to thank Professor Coulson and Dr Barrow for helpful 
discussion and the Board of the British Rubber Producers’ Research Association 
for a research grant. 
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The kinetics of certain reactions between methyl halides 

and anions in water 

By E. A. MoBLwnsr-HTrGHBS 
Departmevi of Physical Chemistry, University of Cambridge 

{ComTTiunicaiied by iJ. G. W, Norrish, F.M»S»—Received 12 August 1948— 
Revised 4 November 1948) 

The rates at which methyl chloride, methyl bromide and methyl iodide react with the 
hydroxyl and the thiosulphate ions in water have been measured at various concentrations 
and temperatures. The apparent energies of activation in both series increase in the same 
direction as the dipole moment of the methyl halide. The results are discussed in terms of 
a theory of the kinetics of the reactions between ions and polar molecules in solution. 


iNTRODTJCTIOlSr 

It is now generally agreed that a classical electrostatic energy, forms part of the 
total energy which must be acquired by ionic or polar reactants before they can 
undergo chemical change in solution. On this view, the apparent energy of activation, 
Ej^^ for reactions between ions and polar molecules should, in general, be pro¬ 
portional to the electrical moment, of the polar group concerned. Direct experi¬ 
mental evidence on this point seems, however, to be lacking, though relationships 
exist (Nathan & Watson 1933 ) between Ej^ and the polarity of groups substituted in 
the molecule at points remote from the seat of ionic attack. The most that can be 
said from a review of the literature is that the molar energies of activation for 
reactions of alkyl chlorides in hydroxylic media exceed, by about 1 kcal., the energies 
of activation for reactions of the corresponding alkyl iodides with a common ion. 
Such is the case, for example, in ethyl-alcoholic solution, with aUyl halides reacting 
with the ethoxide ion (Conrad & Bruckner 1889) and with ethyl halides reacting 
with the hydroxyl ion (Grant & Hinshelwood 1933). Within the limits of accuracy 
claimed in these experiments,’no difference can be detected between Ej^ for the 
bromide and the iodide. It is true that some early work on the kinetics of the reaction 
of methyl halides with the thiosulphate ion in water (Slator 1904) can be shown to 
reveal a gradual decrease in Ej^ as we ascend the series, chloride, bromide and iodide, 
which is also the order of decreasing polarity, but the velocity constants upon which 
the values of Ej^ rest, have, except in the case of methyl chloride, been measured at 
two temperatures only, differing by 10®, Moreover, Slater’s data on the reactions 
of the same ion with the three ethyl-halogeno-acetates fail to reveal any difference 
between the energies of activation of the bromide and iodide reactions. 

The object of the experiments described here is to measure as precisely as possible 
the energies of activation of the reactions of the methyl halides *with the hydroxyl ion, 


CH3Z+CH3OH+Z~, 

[ 540 ] 
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in aqueous solution, and to inquire into the way in which they may be related to 
the dipole moments, Slator’s reactions, 

CH3Z + S2O3 " CH3S3O3 + XT, 

have also been repeated over wider experimental conditions, yielding results which 
confirm his. 


ExPBRIMENTAIi METHOD 

Solutions of methyl chloride, methyl bromide and methyl iodide were prepared 
by passing the vapours through water. To these, after heating, were added aqueous 
solutions of sodium hydroxide or thiosulphate, and the reaction mixture was 
quickly drawn into a thermostatic, vapour-free reactor which has been previously 
described (Moelwyn-Hughes 1941 ). Ejiown volumes of the solution were expressed 
at intervals, chilled and analyzed. 

In the first set of reactions, the rates were measured by estimating the alkali 
consumed and the halogen ion produced. Bromocresol blue was used as indicator 
in estimating the base, and Volhard’s method was used for estimating inorganic 
haMe. The reaction was followed for a time ten times as great as the time of half¬ 
completion. Generally, the initial concentration a of methyl halide employed was 
between 30 and 30 millimoles per litre, and the initial concentration h of alkali was, 
in most experiments, from two to three times as great. 

In the second set of reactions, the rate with methyl iodide was measured as 
previously described for methyl bromide (Moelwyn-Hughes 1941 ), but most of the 
runs with methyl chloride were done by removing samples of the reaction solution 
from beneath undisturbed films of dodecyl alcohol. 


Kinetic analysis of experiments with the hydroxyl ion 

Methyl halides in aqueous alkaline solution react not only with the hydroxyl ion 
but with the water molecules also. The latter reaction is known to be unimolecular, 
and the former reaction may be assumed on good grounds to be bimolecular. If x 
denotes the concentration of organic halide which has reacted in time we have the 
foUowmg kinetic scheme: 

CH3Z + HgO ^ CH3OH + H+ + X“", ( 1 ) 

(a—a;) 

CHgX + OH'-^CHjOH+X". (2) 

(a-a?) (d-a;) 

The instantaneous rate of reaction is then given by the differential equation 

^ {b-x), (3) 


which gives, on integration, 

._1_1 r / ^ \ hi+k^(b—x)~ \ 


(4) 


VoL 196. A. 


36 
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This expression naturally reduces to the ordinary laws of unimoleoular and bimole- 
cular processes when ig and are, respectively, zero. The fractional change at 
time t is seen to be _ 

(5) 


X 

a 




where 

and 




( 6 ) 

(7) 


Conditions of temperature and concentration must be rather carefully chosen in 
order to allow an accurate evaluation of both and k^ from the chemical analyses 
of a single run. The method is described in a later section. For the present, we note 
that values of k^ are abeady known for the three methyl halides at all accessible 
temperatures (Moelwyn-Hughes It is therefore convenient to define a 

drifting term ¥2 by means of the relation 


^ — k^io^ — x) (6 x). 


( 8 ) 


Table 1. Bimolecular velocity constants fob the reactions oe the 

METHYL HALIDES WITH THE HYDROXYL ION IN WATER 


miIlimoles/1. 


ifca X 10® 


(min.) 

(a^x) 


(l./m 


CH3Clat310-94‘=^K:. 

ki = 

1*27 X 10“’’ sec. 

-1 

0 

33-3 

99-6 

— 


1000 

27-0 

93*2 

3-49] 


2000 

22-0 

88-2 

» 3*66 


3000 ^ 

18-2 

84-4 

3-64 

* 

' i 

4000 

15-1 

81-3 

3-66 


5000 

12-6 

78-7 

3-69. 


00 

0 

66-2 

— 



CHsBr at 308-46° K. 

II 

1-466 xl0-« sec.-’ 

0 

62-8 

104-9 

_ 


50 

63-3 

95-4 

53-3 


100 

45-8 

87-9 

53-4 


176 

36-9 

79-0 

54-3 


260 

30-9 

73-0 

52-9 

- 1 

360 

24-4 

66-6 

53-2 


460 

19-9 

62-0 

62-6. 


00 

0 

42-1 

— 



CHsI at 342-80° K. 

= 

2-46 X 10“* sec.' 

-1 


3-d6±0*06 


y 63-3 ±1-0 


0 

11-76 

103-60 

— 

3-5 

9-79 

101-63 

(828)] 

8-6 

7-62 

99-36 

841 

13-5 

5-57 

97-41 

(897) 

19-5 

4-20 

96*04 

863 

26-5 

2-92. 

94-76 

867 

37-6 

1-76 

93*59 

847 , 

00 

0 

91*84 

— 


[ 855+12 
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Compaxison with equation (3) shows that the true bimolecular constant is thus 

\ = ¥^-hd{b-x). (9) 

Representative values found in this way are given in table 1. Under favourable 
circumstances, the constants found in a given run did not vary by more than 1 % 
from the mean value. For most runs, the deviations were about ± 2 %. The two 
bracketed values indicate titration errors of 0'06 and 0-19ml., respectively, of stan¬ 
dard (0*02 n) reagent per 20 ml. sample of solution. The degree of accuracy of the 
results, however, is better judged by calculating the percentage change according 
to equation (5). Typical results are given in table 2. Had no correction been made 
for the interaction with the solvent, higher values of would have been foimd. 


Table 2. Feactional changes oe the methyl halides 
IN aqueous alkaline soLxmoN(i:i and a in sec.-^) 


millimoles/ 1 . 


lOOixIa) 


(min.) 

(a—a;) 

(b-x) 

observed 

calculated 

33306° = 

2*16xl0“S Jfca 

= 4-88 X 10-«, 

a = 3-60x10" 

3-30x10-1 

0 

36-3 

102-6 

0 

0 

2 

35-1 

102-3 

0-6 

0-6 

30 

32-0 

99-2 

9-3 

8-8 

65 

29-4 

96-6 

16-7 

18-0 

109 

25-6 

92-7 

27*7 

27-7 * 

214 

18-9 

86-1 

46-5 

46-8 , 

1160 

2-1 

69-3 

94-0 

93-9 

00 

0 

67-2 

100-0 

100-0 

fc 297-62° K:fci = 

: 3-21 X 10-’, ki 

i = 1-373 X 10- 

■*, a = 6-88 X 10-«, = 6-33 x 10->- 

0 

67-2 

106-0 

0 

0 

200 

48-4 

96-2 

16-4 

16-6 

500 

38-6 

86-3 

32-7 

32-9 

900 

29-0 

76-8 

49-3 

49-1 

1400 

21-1 

68-9 

63-1 

62-7 

2000 

15-2 

63-0 

73-4 

72-6 

3000 

8-9 

66-7 

84-4 

84-4 

00 

0 

47-8 

100-0 

100*0 

342-80° K: Aii = 

2-46 X 10“®, ^2 

= 8-66 X 10~», 

« = 8-10xlO-*,yff= 1-105x10-1 

0 

11-76 

103-60 

0 

0 

3-6 

9-79 

101-63 

16-8 

17-2 

8-6 

7-62 

99-36 

36-0 

36-6 

13-6 

6*67 

97-41 

60-7 

51-0 

19-6 

4-20 

96*04 

64-3 

64-0 

26-6 

2-92 

94-76 

76-2 

74-7 

37-6 

1-76 

93-69 

86-1 

86-3 

00 

0 

91-84 

100-0 

100-0 


Experiments with excess oe methyl haxide 

It has been assumed in this treatment that the hydrogen ion formed by reaction 
(1) instantly reacts with the hydroxyl ion. Equations (4) and (5) consequently lose 
their physical significance when a is greater than 6. An evaluation of the constants 

36-2 
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\ and Jbg from analyses of systems containing higher concentrations of organic 
halide than of alkali is, however, not excluded. In such experiments, the early part 
of the reaction, while the solution is stiU alkaline, is rapid. After the neutrality point, 
it becomes slow, and indistinguishable from the hydrolysis of the methyl halide in 
water containing some salt. The results of the early portion of a typical experiment, 
in which 10 ml. samples were analyzed for alkali and halide ion, are given in table 3. 


Table 3. The beaotioh oe sodhtm hyuboxide with 
EXCESS OF METBraX. lOBIDE AT 342*81® K 



imcorreoted 


(millimoles/1.) 



t 

thermometer 

r 



A4 x10 S 

(min.) 

reading C) 

(a—ic) 


(a-h) 

(sec.“"^) 

0 

69*86 

46*40 

19*24 

27*16 

— 

13 

69*80 

40*61 

13*44 

27*17 

14*16 

25*6 

69*84 

36*83 

9*60 

27*23 

10*81 

44 

69*86 

33*02 

6*04 

26*98 

8*02 

67 

69*90 

30*20 

3*44 

26*76 

5*67 

100 

69*84 

28*38 

1*04 

27*34 

3*66 

00 

— 

0 

0 

— 

2*64 


The most convenient method of evaluating the constants is to define a drifting term, 
by the relation , 

^ = fci(a-a:). (10) 

Comparison with equation (3) shows that 

= \ + ( 11 ) 

The values given in the last column of table 3 conform with this linear relationship. 
The intercept gives = 2"64x 10 “^sec.“^, which compares favourably with that 
determined directly and in the absence of alkali, which at this temperature is 
2*56 X 10 "^sec."”^ (Moelwyn-Hughes 1938 a). From the gradient of equation ( 11 ), 
we obtain Tc^ = 8*56 x 10 ”®L/mole-sec. It is worth noting that, on account of a zero 
time error, such concordance in the results could not have been achieved had we 
evaluated the constants as a function of time rather than of concentration. 

Experiments in this category were carried out in order to see whether the hydro¬ 
lytic reaction retains its unimolecular character in the presence of alkali, and to 
measure the effect of concentration of organic haUde on the rate. The first point 
seems to be weU enough established. By varying the concentration of methyl iodide 
as far as is possible between the upper limit imposed by its solubility and the lower 
limit consistent with reliable analysis, no effect due to the concentration of methyl 
halide could be detected (table 4) by the present technique. In the region covered, 
a four-fold change in the concentration of either reactant does not affect the velocity 
coefficient by more than 4 %. This finding is in agreement with anticipation, for 
great dilution effects are uncommon in the case of reactions between ions and polar 
molecules in hydroxyhc media. The small effect is now being investigated by a 
conductivity method. 
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Table 4. The ihflitehce of diltjtioh ok the kinetics of the eeaction 

BETWEEN METHYL IODIDE AND THE HYDEOXYL ION IN WATEE 



millimoles/1. 

___A___ 

X 10® 

^r(®K) 

a = [OHsIlo 

h = [OH-]o 

(l./mole-sec.) 

342*85 

39*5 

103*6 

8*63 ±0*39 

342*86 

25*1 

103*6 

8*51 ±0*18 

342*80 

11*8 

103*6 

8*65 ±0*12 

342*81 

46-4 

19*2 

8*66 ±0*21 


Deteemination of the eneegies of ACTIYATION 


The apparent energy of activation, defined by the Arrhenius equation 



is found to be a constant for each of the reactions studied, within the accuracy and 
temperature range of the experiments. The data can thus be represented in the form 

(13) 


where A is a second constant. The applicability of this relation is shown in table 6. 
The numerical values of A and are given in a later section (table 9). 


Table 6. Bimolectjlae velocity constants foe the eeaotions of the methyl 

HALIDES WITH THE HYDEOXYL ION IN WATEE AT VAEIOXJS TEMPEEATUBES 


X 10 ^ (l./mole-seo.) 


T (°K) 

calculated 

observed (equation (13)) 


CHaCl + OH- CHaOH + CI¬ 


310*94 

O-366 

0*368 

322*46 

1*46 

1*46 

328*61 

3*00 

2*98 

333*06 

4*88 ♦ 

4*83 

339*68 

9*97 

9*86 


CHsBr + OH- h. CHsOH + Br 

- 

292*69 

0*708 

0*703 

297-62 

1*37 

1*37 

303*41 

2*87 

2*86 

308*46 

5*33 

6*37 

313*29 

9*31 

9*48 

322*91 

29*1 

28*6 

303*00 

CH 3 I + OH- ^ 6 H 3 OH+1- 
1*16 

1*16 

312-23 

3*46 

3*49 

314*79 

4*62 

4*61 

322*03 

10*6 

10*3 

333*03 

32*1 

32*6 

342*83 

86*4 

83*8 
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RBACnONS OB’ THE MBTHTL HALIDES WITH THE THIOSIILPHATB ION 

With the concentrations of halide and salt used in this work, which were roughly 
20 and 60 millimoles/l., respectively, the extent of reaction with the solvent is slight. 
The exact value at 317'24°K, for example, is 1*2 % of the halide initially present. 
For this reason, the side reaction can be ignored, and equations ( 6 ), ( 7 ) and ( 6 ) 
assume simpler forms: , „ 

a^k^ib-a), (14) 

yff = a/6, (15) 

-a- ^-iaUr <■«) 


Table 6 . The kinetics of the reaction between methyl 

IODIDE AND SODIUM THIOSULPHATE 


5P = 

292*28° K: = 

1-56 X 10”n./mole. 

sec.; a = 3-70 X 10-*sec.-h = 

0-579 

t 

millimoles/l. 

*2 X 10® 

100 (£c/o) 

(min.) 

(a—oj) 

(5-a;) 

(L/mole-sec.) 

observed 

calculated 

0 

32*6 

56-3 

— 

0 

0 

4 

26*7 

50-4 

1*56 

18-1 

17-9 

9 

21-43 

45-13 

1-55 

34-3 

34-6 

13 

18-45 

42-15 

1*51 

43-4 

44-2 

22 

12-97 

36-67 

1-58 

60-2 

59-9 

31-5 

9-60 

33-30 

1*57 

70-6 

70-6 

44 

6-34 

30-04 

1-61 

80-6 

79-7 

64 

3-82 

27-52 

1-57 

88*3 

88-1 

00 

0 

23-70 

— 

100-0 

100-0 


Table 7, Bimoleoular velocity constants for the reactions of the methyl 

HALID ES WITH THE THIOSULPHATE ION AT VARIOUS TEMPERATURES 

^2 X 10 * (l./mole-sec.) 

A- " ■■■ . . . I M .l ,1 I - . . 

calculated 


T (°K) observed (equation (13)) 

cH,a+S20r cHsSjOr+a- 

293-14 4-96 6-12 

298-04 9-09 9-06 

303 07 16-2 16-3 

313-03 47-1 47-6 

322-70 132 130 

CHjBr + SjOr CHjSjOr + Br- 
273-23 19-3 19-2 

277-94 33-6 34.2 

282-26 60-0 69-4 

288-56 130 130 

293-10 219 216 

298-17 377 375 

CHjI -f- SgOr -9- CHjSaOr + 1- 
282-26 48-3 48-2 

286-02 75-6 76-4 

292-28 156 166 

298-59 316 311 
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As the bimoleculaiity of this reaction has already been proved (Slator 1904 ), only 
one set of data is given, to illustrate the kind of result obtained by the different 
technique adopted in the present work (table 6 ). The more extensive data on the 
temperature effect, however, are summarized in faU, as this was the object of 
the repetition (table 7). The two sets of results agree as well with each other as 
the difference in the experimental procedures allows. 


The dirbot dbterminatioit or smaxl-energy mererenobs 

Because the difference between the energies of activation is relatively the 
following scheme has been tried, in order to eliminate the errors a.riamg firom the 
measurement of time and temperature, leaving only errors due to chamiftnl analysis. 
A solution containing roughly the same concentrations of both methyl bromide and 
methyl iodide was allowed to react with more than sufficient alkali to convert both 
into the alcohol. If, after a time t, x moles of bromide ion have been formed from an 
initial concentration of a moles of methyl bromide, and after the same time, y moles 
of iodide ion have been formed from an initial concentration of b moles of methyl 
iodide, the instantaneous rates of reaction are 

^ = h^{a-x) {c-x-y) and ^ = hib-y) (c-x-y), 


where c is the initial concentration of hydroxyl ion. The experiments must be per¬ 
formed under conditions where the reactions with the solvent are unimportant. 
The following functional relationship between the concentrations should then hold 

at all times: , 1 r // m 

h ln[a/(a-*)] 


h ^U>l{b-y)y 


from which AEj, = - JS ?4 = - izf 

L Ji 


(18) 


On analyzing reaction samples for iodide ion and total inorganic halide and testing 
equation (17), it was found that the ratio increased steadily during the run 
until it finally becomes almost double its initial value. The values of the ratio extra¬ 
polated to zero concentrations of x and y compare weU with those obtained from runs 
where the halides were allowed to react separately with alkali (see* table 8 ), and 
indicate a value of about 400 cal. for which is the lower limit according to the • 
s umm arized results given in table 9. The failure of equation (17) in the present case 
is due to the interaction of the products, according to the scheme 


OHal+Br-^OHaBr+r, 

of which the forward reaction is faster than, and the reverse reactions lower than 
those under Investigation (Moelw 3 m-Hughes 19386 ). Owing to this circumstance, the 
method is deprived of its accuracy in the present case, but it is proving helpful in 
other experiments where the attacking ion replaces both halogen atoms more 
rapidly than they can replace each other. 
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Table 8. The comparative rates of reaction of methyl bromide 

AND METHYL IODIDE WITH THE HYDROXYL ION 

from from runs with 

T (® K) separate runs mixed halides 

302-51 2-29 2-32 

312-70 2-39 2-37 


Table 9. Summary of experimental results, with those 
OF Slator shown in brackets 


L/mole-sec. 


reaction 

^S98-l"K 

A X 10-12 

(cal./mole) 

CHaCl+ OH- H. CH3OH+ 01- 

6-67 X 10-» 

4-11' 

24,280 ±120 

OH^Hr -f- OH” -> CH3OH+Br— 

1-436x10-* 

10-4 

23,000 ±160 

CH3I + OH-^ CH3OH +1- 

6-36 X 10-' 

1-24 

22,220 ±230 

OH3CI4- SaOr ” -> GHaSaO" + 01- 

9-14x10-* 

1-01 

20,520 

(8-37 X10-*) 

(1-03) 

(20,680) 

CH3Br4-S207“ ->CH3S20r+Br- 

3-24x10-* 

6-82 

19,540 


(3-47 X10-*) 

(4-68) 

(19,280) 

<^31 + 8307- 

2-84x10-* 

2-01 

18,880 


(3-31X 10-*) 

(2-29) 

(18,880) 


DiscTTSsioiir 


These experiments establish the fact that, in the substitution of the hydroxyl ion 
for the halogen atom X in the reactions 

OH"+CHsOH+X", 

the energy of activation in aqueous solution increases as the dipole moment of the 
methyl halide increases (figure 1 ). Moreover, as could have been anticipated, the 
increase is greater for the smaller molecules. Ignoring this difference, and allovring 
the widest scope to the errors of e3q)eriment, the results are broadly summarized by 

the equation (kcal.) 

•' =10-7 ± 8 - 6 . (19) 


(Debye units) 


In terms of a theory of electrokinetic effects attending reactions between ions and 
polar molecules in solution (Moelwyn-Hughes 1936 ), the bimolecular velocity 
constant is given by the formula: 


= Ze-BnlRT^-S,IRT^ 


( 20 ) 


where Z is the number of collisions between ions and molecules per second in unit 
volume of solution when they are present at a standard concentration. and Eg 
are, respectively, the non-electrostatic and the electrostatic components of the 
energy of activation. As the latter varies inversely with respect to the dielectric 
constant D which generally depends on temperature according to Abegg’s law, 


'dlnD\ ^ 


(21) 
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it follows from equation ( 12 ) that the observed energy of activation is 

E^ = E^+{1-LT)E,. ( 22 ) 

The derivation implies that Z and are independent of temperature. E^ is given 
in terms of the valency of the ion, the dipole moment of the reacting molecule, 
their distance apart in the critical configuration, and the angle 6 subtended by 
the ion from the positive end of the dipole: 

Ee = cos eiDal. (23) 

Nq is the Avogadro number, and e the electronic charge. Hence, 

Ej, = En+ {I- LT) NaZse/ij_ cos 0/I»a§. (24) 



1-5 1-6 17 1-8 1-9 

X10^® (e.s.u.) » 

Figure 1. Apparent energies of activation for reactions of organic 
halides as a function of their dipole moments. 

O Methyl halides with OH”" in water (this work). 

X Ethyl halides with OH”* in ethanol (Grant & Hinshelwood). 

□ Methyl halides with SgOjI in water (this work). 

A Methyl halides with S 2 OJ in water (Slator). 

® Allyl halides with CgHgO” in ethanol (Conrad & Bruckner). 

General arguments based on the optical inversion which accompanies such sub¬ 
stitutions at an asymmetrically saturated carbon atom (Bergmann, Polanyi & 
Szabo 1933 ) suggest that 6 in the present reactions is less than 90°, i.e. that the ion 
approaches the positive end of the molecule. Cos 6 may thus be assumed positive. 

If we attribute the change in to electrostatic effects, and thus regard as 
constant, there are two courses open, according to the choice of dielectric constant. 
If, in the first place, we accept the value for water, the term (1 — LT) at 26° C is 
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found to be — 0*38. Since is — 1, the second term in equation (24) becomes posi¬ 
tive, in agreement with experiment. Its magnitude, how'ever, is so low (0*08 kcal.) 
as to render it insignificant. The numerical estimate is based on a value of 2* 76 A 
for which, determined kinetically in previous work on the reaction between methyl 
bromide and the thiosulphate ion, is probably too high. If, in the second place, we 
take D as unity, and L consequently as zero, the second term of equation (24), 
using the same value of becomes —16*28kcal., which is of the right order of 
magnitude but of the wrong sign. We are thus faced with the same dilemma as has 
appeared in a study of the kinetics of reactions between polar molecules in non¬ 
ionizing media, where the electrostatic contribution to the energy of activation is 
positive though, on chemical grounds, we have every reason to suppose that the 
reactants aline themselves in such positions that the interaction energy is negative 
(Moelwyn-Hughes 1947 ). The method of resolution attempted in that case is, it is 
thought, sufficiently plausible to justify its appHcation to the present problem. 

Let it be supposed that, contrary to what is admittedly required in a complete 
formulation, the total energy u of interaction between the ion and the dipole can be 
represented as a function of their separation a according to the equationf 

u = Aa-^ —(26) 


The equilibrium separation and the energy of the system corresponding to it, 
are obtained from the condition governing a minimum energy, and are given by 

<.e) 


and 


u^ = -lBj9al 


(27) 


By eliminating A and B, equation (26) may be written in the form 


u 




(28) 


A plot of 1 — (u/Ug) as a function of 1 — (ag/a) is shown in figure 2 . 

A datum from extra-Mnetio sources is required for the numerical evaluations, 
and may be obtained by accepting the thermal value for the miriiTwiim energy of 
interaction Ug of the hydroxyl ion with a single water molecule. Because of the 
difficulty in computing the lattice energy of the alkalies, this value is not known 
directly. The fluoride ion, however, is structurally so si-mi1a.r to the hydroxyl ion 
that we can assume the heats of hydration of both to have a common value. If 
the co-ordination number is 6 , then the value required (wj is — (|) times the molar 
heat evolved durir^ the dissolution of the fluoride ion in water. We thus have 
-WjMe = 20*7kcal./gram-ion (Latimer, Pitzer & Slansky 1939 ). On combining this 
datum with the theoretical expression for the attraction constant, which, when 
Q is zero, is 

B = e/t^, (29) 

the repulsion constant is found to be 


A = 4'51 X erg-cm.®,' 


(30) 


■f' 7^6 .4 in tMs equation, and subsequently, denotes the intrinsic repulsion 

ctmstant, and is not to be confused witb the Arrhenius constant of equation (13). 
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which compares well with the values of 3-60 x 10“*® and 4-00 x 10“® obtained, respec¬ 
tively, for the Ne... Ne pair from data on gases and for the F”... Na^ from data on 
crystals (Lennard-Jones 1936 ). As the repulsion in all cases is exerted between the 
hydroxyl ion and the methyl group of atoms, this value of is adopted for the three 
methyl halides. Equilibrium distances and minimal energies are now readily 
obtained (table 10 ). Similarly, by identifying the interaction energy of the 
critical system with the experimental figure for the critical separations % 

are found (see arrow in figure 2 ). They are seen to be about | times the equilibrium 
separations. 



Table 10. Some oonstaitts oe ion-dibole systems rsr states 

OF MIliriMAL AND OF OEITIOAL ENERGIES 



CHsCl 

OH3Br 

CH3I 

X 10^® (e.s.u.) 

1-86 

1-78 

1-59 

(kcal.) 

-20-70 

-19-57 

-16-91 

X 10® (cm.) 

2-17 

2-19 

2-22 

Uq (kcal.) 

24-28 

23-00 

22-22 

X 10® (cm.) 

1-65 

1-66 

1-68 


-1-172 

-M75 

-1-314 


1-316 

1-316 

1-323 

/(a«K) 

0-896 

0-896 

1-011 

Z X 10^* (l./mole-sec.) 

1-69 

1-43 

1-26 


By combining equations (27), (28) and (29), 
may be expressed in the form 


«c 


e;t^r2/aA» 

19 W 


the energy of the critical complex 


(31) 
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The term in the square brackets, which is given m table 10 as f{ajcte)> 
region 0-95 + 0-05 for the three reactions; hence, 

= 0-95e/i^/af. (32) 


On this basis, we obtain, after a conversion of units. 


dEj^ (kcal.) 
d/ij^ (Debye units) 


13-6 ± 0 > 6 , 


(33) 


which, in respect of magnitude and sign, agrees with experiment. It may be inci¬ 
dentally noted that uj\ — itg | is approximately 1*22 for each system. 

The number of collisions, under standard conditions, between molecules and ions 
of reduced mass m* approaching each other with relative velocities exceeding the 
critical value, may be taken as 

Z = a^{S7rkTJm*)i^l - 1 - =alu,{87Tlm*kT)i. (34) 


The special form assumed by utilizing equation (32) is 


Z = 0‘95e/^^ 



{m*kT)^ * 


(36) 


Numerical values of Z calculated by means of the last equation are given m table 10 . 
They are in reasonable agreement with the experimental values of table 9. 

Reference may be made here to the effect of the same polar groups on the energies 
of activation of reactions between the hydroxyl ion and para-substituted ethyl 
benzoates in aqueous alcoholic solution, which, compared with the present values 
of dEj^jd/ij^, is smaller by a factor of 13, and acts in the opposite direction (Ingold 
& Nathan 1936 ; Evans, Gordon & Watson 1937 ). In these reactions, however, the 
polar groups in the pa/ra position do not undergo chemical change, but exert an 
influence across the ring on the interaction of the hydroxyl ion with the polar group 
at its other end. The remoteness of the substituted group accounts for the smallness 
of the effect. The term (1 — LT) in such a case, though not known exactly, must have 
a positive value lying between unity, for vacuo, and 0*74 for benzene. Equation (24), 
with a constant value of E^, is thus applicable, as has been shown in various ways 
(Moelwyn-Hughes 1936 ; Jenkins 1939 ). 


Air ALTERNATIVE MECHANISM OB’ ACTIVATION 

The general dynamical interpretation of the energy of activation (Heftier & 
London 1927 ) has been, after considerable and necessary modification, applied to 
reactions between ions and polar molecules in solution (Ogg & Polanyi 1935 ). The 
dominant idea is that, after removing a solvent molecule from the way, making an 
appropriate adjustment in energy, the critical increment of energy is chieflly ex¬ 
pended in overcoming the strong repulsion exerted between the ion and the molecule 
at the close distances required for chemical change. This also is the idea which, in 
a more direct, but possibly less accurate, manner has been employed in the present 
treatment. 
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Work done recently in this laboratory in collaboration with Mr E. Hurst has 
suggested the possibility of another interpretation, which is that the energy of 
activation for certain reactions between ions and polar molecules in solution consists 
principally in the energy required to remove a solvent molecule from the fairly firm 
shell formed around the ion. If the critical increment of energy were exclusively that 
needed in this partial desolvation, it could be argued that the energy of activation 
of aU reactant molecules with a common ion should have the same value, which is 
contrary to experience. A similar process of liberation from the solvent molecule 
thus seems necessary, though probably on a smaller scale, for the solute molecule. 
Two methods suggest themselves for pursuing the idea. The process of activation 
can be dynamically formulated as the withdrawal of a solvent molecule, in the field 
exerted by the solute molecule, from contact with the ion. Alternatively, statistical 
expressions can be derived for the fractional numbers of solute particles, both ions 
and molecules, which have neighbouring sites unoccupied by solvent molecules, 
and which are, on account of their incomplete solvation, more disposed to chemical 
reaction. 
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The spectral response of a phosphor to infra-red radiation 
By B. B. DaIiT,* Departmemt of Colloid Science, University of Cambridge 
{Ccmmunicated by F, 0. W, Roughton, F.R.8. — Received 16 August 1948) 

[Plate 12] 

A detemiiiiatioii of the iiifra-red spectral response of a copper-activated zinc cadiniuin sul¬ 
phide phosphor at normal and at liquid air temperatures is described. Peaks in sensitivity 
at wave-lengths of 2*1 and 2»7/6 are observed directly for the first time and are correlated 
with glow-curve data. The incidence of room temperature radiation on a phosphor at liquid 
air temperature is shown to make the observation of sensitivity beyond 3/4 impracticable. 

Ioteodtjotion 

The effect of infra-red radiation in stimulating or quenching the emission of light 
from phosphors has been known for a considerable time and has been made use of 
by many workers ia detecting infra-red radiation of wave-lengths between the 
visible and a limit of 1-7 or l-S/i (Biinger & Mechsig 1931 ; Lewschin, Antonow- 
Romanowsky & Tumerman 1934 ; O’Brien 1946 ; Paul 1946 ). An examination of the 
earlier results suggested that phosphors might provide means of detecting infra-red 
radiation of longer wave-length if suitable experimental conditions could be formd, 
and might then be of some practical value in detecting hot objects or in observing 
absorption spectra. The use of phosphors at low temperatures to detect infra-red 
radiation in the 2 to 10/t region has in fact been suggested by Randall & Wilkins 
( 1945 ). In order to explore this possibility some experiments were made, early in 
1940, on the inhra-red sensitivity of phosphors, in particular on that of a copper- 
activated zinc cadmium sulphide, G.E.C. luminescent powder B(P). It was found 
that for this phosphor the stimulation of luminescence by infra-red radiation had 
a limit at 1 ' 8 /t when the specimen was at room temperature, but that the effect could 
be detected to a limit of 2 - 8 /t when the specimen was cooled to liquid air temperature. 
Since observations on spectral sensitivity beyond 2/1 do not appear to have been 
described previously in the literature, a brief account of the experiments is given 
below. 

Expbedcentaij 

The apparatus used in this work consisted of a cell in which a specimen of phos¬ 
phorescent powder could be irradiated while at a low temperature, a mercury arc 
lamp for exciting lu min escence, an infra-red source with either a monochromator 
* or a spectrograph arrangement for projecting infra-red radiation on the phosphor 
specimen and a camera for recording the luminescence of the specimen xmder 
various conditions. The layout of the apparatus using a monochromator was as 
shown in figure 1 , the spectrograph arrangement being similar but with the omission 
of the Wadsworth mirror and final condensing mirror and with the phosphor speci- 
m^ at the focus normally occupied by the monochromator exit slit. 

* I.C.I. Besearch Fellow. 

[ 664 ] 
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A diagram of the phosphor cell is given in figure 2. The central pyrex tube, which 
had a short side-arm near the bottom, could be filled with liquid air for cooling. The 
edges of this side-arm were ground flat and a thin glass cover-slip cemented over 
the opening. A sheet of insulating material about 1 mm. thick and having a rect- 



Figxjbb 1. Monochromator for determining the infra-red spectral response of phosphors. 



Figxjrb 2. Cell for observation of phosphor layers at low temperatures. 

angular hole cut in it was cemented against the outer surface of the cover-slip and 
the hole filled with a layer of phosphor powder bound with a little turpentine. 
Turpentine was used because on evaporation it leaves little residue which may 
absorb infra-red radiation. The resulting 1 mm. thick layer of phosphor was in close 
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contact with the middle of the cover-sKp and thus with the cooling liquid and had 
embedded in it a thermo-junction of fine gauge copper and constantan wire used for 
measuring the temperature of the specimen, A second tube surrounded the inner 
tube to protect it from condensation of moisture at low temperatures and contained 
a small quantity of drying agent. This outer tube also had a side-arm closed with 
either a rocksalt or a cover-slip wdndow located opposite the phosphor sample, the 
window being kept free from condensed moisture when in use by means of a jet of 
warm air directed against its outer surface. 

Short wave-length light for exciting luminescence was provided by a small 
mercuiy arc in a silica envelope used in a position which was not varied with respect 
to the phosphor surface. A tungsten filament lamp in a silica bulb was used as the 
source of infra-red radiation and was run at a temperature such that its radiation 
maximum occurred at about 1-2/a. 

For measurements on the variation with wave-length of sensitivity of the phosphor 
towards infra-red radiation a technique was adopted by which the effects of both 
stimulation of luminescence and quenching were added but by which a fairly high 
photographic contrast was obtainable between irradiated and normal parts of the 
specimen. In experiments using the monochromator system the phosphor was first 
illuminated for 30 sec. by mercury arc light, and an infra-red image of the spectro¬ 
meter exit sht then projected on to the surface of the phosphor for 26 sec. Five 
seconds later a photographic exposure lasting 10 sec. was made of the phosphor 
layer. The appearance of the phosphor surface at this stage was that of a rectangle 
of normal phosphorescent brightness crossed by a darker line corresponding to the 
part exposed to the iofra-red image. The effectiveness of the infra-red radiation was 
measured by taking a microphotometer record of the plate blackening in the 
phoi}Ograph of the phosphor surface, traversing the plate at right angles to the 
direction of the infra-red slit image, and obtaining from this record a quantity, g, 
roughly proportional to the percentage change m luminescence on irradiation. 
If 6 represents the light intensity transmitted by the photographic plate at the centre 
of the infra-red slit image, and a and c the intensities corresponding to the back¬ 
ground just clear of this image on either side, q = [6-J(a-hc)]/|(a + c). Here q is 
independent of the absolute values of a, b and c provided that these fall within the 
range over which the optical density of the plate varies as the logarithm of the light 
intensity during exposure. 

Since a single monochromator system was used adequate precautions had to be 
taken against scattered radiation present as impurity in the output. This was done 
by observing and comparing the spectra obtained when a number of infra-red filters 
of different transmission characteristics were used in turn in the beam. Three filters 
were found useful: A, a film of bitumen between thin glass cover-slips, which trans¬ 
mits infra-red radiation well from 1 *4 to beyond 3/a; J5, a combination of the bitumen 
filter with a 2mm. cell of water, which has satisfactory transmission between 1-2 
and 1-8/a but is opaque beyond 2/a; and (7, black mica, which is opaque to 1-4/a 
radiation but transmits well between 2 and 3/a. Infra-red radiation from the tungsten 
lamp which was transmitted by each of these filters is plotted against wave-length 
in figure 3. 
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' A small Hilger infra-red spectrometer with a quartz prism was used as the mono¬ 
chromator and exposures of phosphor luminescence, using an F2*5 camera and 
panchromatic plates, were taken at spectral intervals of 0-2/^ over the range 1 to 
The mean width of the spectral band passed by the monochromator was 0-1/i over 



FiotTBE 3. Tungsten lamp radiation transmitted by various filters. A, bitumen filter; 
B, bitumen 4 - 2 mm. of water; (7, black mica jfilter; D, full tungsten lamp radiation. 



wave-length [/i) 


Fioxnan 4. Spectral response of phosphor to infra-red irradiation at room temperature. 
Ay bitumen filter in beam; B, bittimen+water filter in beam; C, black mica filter in 
beam. 

this range. Plots of <1 against wave-length for the phosphor used are shown for room 
temperature in figure 4 and for liquid air temperature in figure 6, The normal back¬ 
ground phosphorescence is much weaker at liquid air temperature than at room 
temperature, and values of from figures 4 and 5 are not strictly comparable as 
absolute measures of phosphor sensitivity, 
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At both liqiiid air temperature and room temperature the sensitivity of the 
phosphor to infra-red radiation near 1-4/t is very high. Since the infra-red source 
has a maximum radiation intensity near 1-2/t it is to be expected that sufficient 
impurity of this active 1-4/t radiation -will be present in the monochromator output 
at longer wave-lengths to cause spurious effects. Thus in the room temperature 



Fioubb 6 . Spectral response of phosphor to infra-red irradiation at liquid 
air temperature. Filters A, B and as in figure 4. 



Figu^ 6 . Approximate infra-red sensitivity curve of phos p h o r at 
liquid air temperature for uniform spectral energy distribution. 

sensitivity curve for the phosphor, using the bitumen filter (figure 4A), the 1 - 4/4 
band appears to have a tafi extending to 3/t, while in the corresponding experiment 
using the black mica filter, which severely restricts the passage of 1 - 4/4 radiation 

(figure 40), there is no tail although the filter readily transmits wave-lengths in the 
2toZ/i region. 
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At liquid air temperature subsidiary maxima in phosphor sensitivity are observed 
near 2*1 and 2*7/^, though owing to the much lower available infra-red intensity the 
effect is not nearly so obvious as near 1*4/6. From the low temperature sensitivity 
curves using either black mica or bitumen filters (figure 6 A and C) the approximate 
wave-lengths of the two subsidiary maxima may be determined. An approximation 
to the actual variation in efficiency of the infra-red radiation with wave-length is 
made in figure 6. This curve is based on the observed plot of against wave-length 
for the case of the black mica filter (figure 5 G), correction being made for filter trans¬ 
mission and source intensity variation by dividing the values of q by the corre¬ 
sponding transmitted intensity values given in figure 3. 

In table 1 wave-lengths of the three infra-red sensitivity maxima are given, 
together with corresponding energy transition values in eV. 

Table 1 

positions energy differences 
of infra-red of corresponding 
sensitivity transitions 

maxima in [i (eV) 

1*26 0*985 

2*08 0*60 

2*70 0*46 

When the sensitivity of the copper-activated zinc cadmium sulphide phosphor to 
infra-red radiation of wave-length as great as 2 * 8/6 had been established, an attempt 
was made to photograph absorption spectra in this region using the spectrograph 
arrangement mentioned above, with lengthened times of infra-red irradiation &nd 
photographic exposure. Spectra obtained in this way are illustrated in figure 8 , 
plate 12, in which the absorption of a water film near 2/6 and in the 2*7/6 region may 
be detected. The method yields spectra which are not comparable in resolution with 
those obtained by conventional techniques, but it offers an alternative, over a limited 
spectral range, to the method described by Czerny & MoUet (1937) in which the 
infra-red radiation, by partially evaporating a liquid film, gives rise to spectral 
patterns. 

Discussion oe results 

The explanation generally accepted of the mechanism of infra-red interaction with 
phosphors involves the presence of electron traps, presumably associated with 
impurities or imperfections in the crystal lattice, from which electrons may be 
released by thermal agitation in the crystal or by infra-red radiation. It is found in 
the case of the copper-activated zinc cadmium sulphide phosphor used in the above 
experiments that the predominant effect on^ irradiation by infra-red of an excited 
specimen is a brightening of the luminescence. It has also been observed during the 
present work that the emission spectrum of the normal luminescence of this phos¬ 
phor, which is characteristic of the copper activator, appears to be the same whether 
the phosphor is emitting at room temperature or at liquid air temperature. These 
two facts would suggest that, whatever the electron trapping level concerned, the 

, 37-2 
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principal meohaidsHi by which an electron released from a trap reaches the ground 
state involves the same luminescent transition. Thus the presence of structure in the 
infra-red sensitivity curve indicates that the electron trapping levels have some 
characteristic distribution in depth, being concentrated about the values 0'986,. 
0*60 and 0*46 eV below some arbitrary level from which the luminescent transition 
to the ground state may commence. 

A similar conclusion has been reached by Randall & Wilkins (i945) basis 

of the glow curves which they have observed for similar phosphor specimens, and 
attribute to the progressive release of more and more deeply trapped electrons with 
rise in temperature of the phosphor specimen. It is therefore of interest to note that 
in figure 7 there is considerable resemblance between the pattern of trap distribution 
for a copper-activated zinc cadmium sulphide phosphor observed by infra-red 
methods and the corresponding distribution deduced by the simplified method 
suggested by Randall & Wilkins from the glow curve for one of their copper-activated 
zinc sulphide specimens. 



0-2 0*4 0*6 0-8 1-0 1‘2 1-4 

eV 


Figure 7. Approximate distribution of traps according to depth in eV. (Diagrammatic.) 
u, distribution from infra-red sensitivity spectrum, present work; 6, distribution from 
approximate glow-curve data, present work; c, distribution calculated from glow-curve 
data of Randall & Wilkins for a copper-activated zinc sulphide phosphor; d, distribution 
calculated from ^ow-curve data of Wilkins & Garlick for a copper-activated zinc cadmium 
sulphide phosphor. 

It may be noted that during wanning of a phosphor layer which had been excited 
by mercury arc radiation while at liquid air temperature an appreciable increase in 
the rate of rise of temperature occurred near the point of maximum luminescence 
of the glow curve. This effect, while not further investigated, appeared large enough 
to make calorimetric measurements possible and might provide further information 
on the luminescence mechanism. 

It seems fairly clear from the experiments described above and from the results of 
other workers (Randall & Wilkins I945i O’Brien 194 ^) that at room temperature 
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liospJioresceiit zinc cadmiiun sulphide layer at liquid air tein- 
ing caused by infra-red spectra projected on to the layer. A, no 
B, 0-5 inm. layer of water in infra-red beam; O, black mica 
mica filter +0*5 mm. layer of water in beam. 
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thermal agitation in the phosphor crystals ■will not permit electrons to remain trapped 
when the trap depth is less than about 0 ' 6 eV. If the liberation of electrons from 
traps is assumed to be proportional to exp { — EjkT), then the trap depth, E, necessary 
to retain electrons when the temperature, T, is reduced from 300 to 100° K would 
be reduced from O '6 to 0'2 eV. Therefore, if the room ■temperat'ure sensiti'\n.ty 'thres¬ 
hold is at 2 /t ( 0 * 6 eV) the threshold at liquid air ■temperature ought to be in the region 
of 6 /t ( 0 ' 2 eV). In fact no infra-red sensiti'vity has been observed in the phosphor 
between 2'8 and the long wave-length limit of quartz prism transmission. 

Since there does not appear to be any reason why shallow electron traps (0*2 to 
0'4eV) sho'uld not occur in the phosphor investiga'ted, it is of interest to consider 
the significance of the 2 ' 8 /t limit. Precise experimental determination of this thres¬ 
hold is made difficult by the presence of quartz absorption and by the low infra-red 
radiation intensities available near 3/i, but it will be shown on theoretical grounds 
that for the experimental conditions used the threshold imposed by the incidence 
of room temperature black-body radiation on the phosphor would not be greatly 
different from the observed value of 2 - 8 /f. 

From measurements by Urbach, Pearlman & Hemmendinger ( 1946 ) and by 
EUickson ( 1946 ) on the total amormt of light which a phosphor can store and on the 
quantum efficiency of infra-red stimulation of luminescence it may be assumed that 
the incidence of some 10 ^® quanta/cm.® of phosphor, at a wave-length shorter 
than the threshold, would Hberate practically aU the trapped electrons. For the 
liberation of trapped electrons in a phosphor layer 1 cm.® in area and O-Ol cm. thick, 
in a time of 100sec., 10“ quanta/sec./cm.® are required. A black body at 300°K 
will radiate 0-7 x 10“ quanta/sec./cm.® at wave-lengths shorter than 3/t, 1'8 x 10“ 
quanta/sec./cm.® at wave-lengths shorter than 4/t and 1-3 x 10“ quanta/sec./cm.® 
at wave-lengths shorter than 6 / 4 . It is therefore clear that there is little hope of 
observing sensitivity towards radiation of wave-lengths between 3 and 6/4 in a 
phosphor cooled to' 100 ° K unless extreme precautions are taken to exclude room 
temperature radiation, which would be expected to liberate within a short time 
electrons in traps shallower than 0-4 eV. It may thus be assumed, until measure¬ 
ments in the absence of room radiation have been carried out, that the 2 - 8/4 threshold 
obtained in the present work is a consequence of the experimental conditions rather 
than a property of the phosphor. 

In conclusion it may be said that the above discussion indicates the experimental 
limitation to be overcome in searching for longer wave-length infra-red sensitivity 
of phosphors, but also suggests that such a search, carried out by measurements on 
either luminescence or photoconductivity, is likely to lead ■bo interesting results. 
Further investigation of long wave-length infra-red sensitivity in phosphors might 
help in the elucidation of the simfiar but more complex properties of semi¬ 
conductors such as lead sulphide or lead telluride. 

The experimental work was carried out during the tenure of an 1851 Exhibition 
Science Scholarship, the award of which the author gratefully acknowledges. He 
wishes particularly to express his indeb'tedness 'to Dr G. B. B. M. Sutherland, who 
suggested the problem, for his interest and encouragement. 
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The emission of the negative system of nitrogen from the 
upper atmosphere and the significance of the twilight 
flash in the theory of the ionosphere 

By D. R. Bates, Department of Mathematics, University OoUege, London 

{Communicated by H. S.W. Massey, F.B.8.—Received 23 September 1948 

—Read 3 March 1949) 


The cause of the emission of the negative band system of nitrogen from the upper atmosphere 
during twilight is investigated. A study is made of the two possible excitation mechanisms, 

and (X as+)+^v->]Sr3-(.B 

It is shown that the latter is far more effective than the former, irrespective of the assump¬ 
tions adopted regarding the solar flux in the unobservable spectral region. From the transition 
probability associated with it (which is evaluated in the appendix) combined with various 
intensity estimates, an upper limit is obtained forthe number of Nj* ions normally present in the 
B and F layers during twilight. It appears that NJ" ions form but a minute fraction of the 
total ion content. The significance of this in the theory of the formation of the ionized layers 
is discussed. The simplest interpretation is that ionization of molecular nitrogen is unim¬ 
portant; and a reasonable scheme that invokes only the ionization of oxygen atoms and 
molecules is available. However, by introducing certain arbitrary assumptions a more 
elaborate interpretation is conceivable so that the view that the B layer arises from the 
action of high-energy coronal photons, which ionize all atmospheric constituents, cannot be 
finally rejected. Various aspects of the layers are discussed, and observational and experi¬ 
mental work, which might yield evidence on the ionization mechanisms operative, is 
suggested. 

It is pointed out that the remarkable rarity of Nf ions proves conclusively that recombina¬ 
tion between the charged particles present in the ionosphere cannot be the origin of the 
nocturnal radiation of the nitrogen band systems. On some occasions the resonance emission 
at t\^ght is of unusually high intensity. It is presumed that this is due to incident charged 
particles increasing the concentration of Nj ions. The possible contribution that these charged 
particl^ may make to the night-sky light by direct excitation collisions is briefly examined. 

Sunlit aurorae (which are essentially similar to the twilight flash) are also discussed. 
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1 . Introditotiok 

The negative system of nitrogen is emitted by the molecular ion in a radiative 
transition from its first excited state to its ground state lies 

3‘16eV above and 18"7eV above the ground state of the neutral molecule 

X . The bands are situated in the violet end of the spectrum. 

The sunlit and normal aurorae are, of course, the most arresting light source in 
the upper atmosphere, and in the spectra of these the bands of the negative system 
are very prominent as the work of Vegard ( 1939 ) and others has shown conclusively. 
It is possible that they also form a weak and erratic component of the night-sky 
emission. The relevant wave-length region has been carefully studied by several 
groups of workers, but the large number of radiations occurring, together with the 
unavoidable lack of precision in the measurements, make the certain identification 
of any system difdcult as they lead to the possibility of fortuitous coincidences. In 
an analysis of the problem Dufay & D 6 jardin ( 1946 ) point out that some fourteen 
negative bands and some forty-nine night-sky bands are located between A 3086 
and A 3936, but that between these there is only agreement within lA in two in¬ 
stances—^which is just what would be expected if chance alone were responsible. 
This shows that the system is certainly not highly developed. However, if the 
excitation process were the collision between fast electrons and neutral laitrogen 
molecules high development would not occur. Indeed, in a feeble source probably 
the only members of the system that would be observed would be the ( 0 , 0 ) band 
A 3914 and (with about one-third to one-quarter the intensity) the ( 0 , 1 ) band 
A 4278. Irregular night-sky emissions have been reported close to both of these, the 
former being the better established (of. Elvey, Swings & Linke 1941 , A 3914; Dufay 
1943 a, A3914 and A4278). Certain aspects of the general nocturnal luminescence 
suggest that for it, in addition to the main excitation processes, another, of the 
collision type mentioned, may possibly have to be invoked giving essentially a faint 
non-polar aurora (cf. Bates 1948 ).* In this case complete absence of the negative 
system would scarcely be anticipated. Further work on the final establishment of 
the identification of the two emissions referred to, and a study of their variations, 
and how these are correlated with other effects, would be of value. 

The situation during twilight (which is the principal subject of the present discus¬ 
sion) is very different. At first the observational evidence seemed contradictory. 
Slipher ( 1933 ) and later Elvey ( 1942 ), in the United States, found that the negative 
system appeared strongly at sunrise and sunset; but Gauzit ( 1938 ) in France, and 
Cario ( 1938 ) nx Germany, failed to detect the phenomena. Dufay & Dufay ( 1947 ) in 
an important recent paper have elucidated the reason for the apparent discrepancy. 
Working in France they found that the so-called flash varies greatly iu intensity; 
on some occasions it is too weak to be observed, and on others it attains considerable 
prominence. They established too a positive correlation between the intensity and 
the magnetic activity and (what is probably of more direct significance) between 
the intensity and the occurrence of aurorae in Norway. The possibility that the 
variation might not be real, but might instead arise from some effect such as changes in 
the atmospheric transmissibility, would appear to be excluded by these correlations. 

* See also § 6. 
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2 . General remarks on the excitation process yielding the 

TWILIGHT FLASH 

Two different processes have been put forward for the provision of the excited 
nitrogen molecular ions responsible for the twilight flash. Saha ( 193 ?) strongly 
advocated the view that they arise through the action of solar radiation on neutral 
mteogmmotecta, (1) 

This hypothesis appears to have been widely accepted by astrophysicists (cf. Hunter 
1942 ). Wulf & Deming ( 1938 ) have, however, suggested that the process involved 
is simply one of direct resonance, 

N 2 + (X 2S+) + (J? (2) 

It is clearly important to decide which of these alternatives is correct- 

Only photons of energy above 18-7 eV can give rise to process ( 1 ). The flux of 
these from the conventional representation of the sun as a black body at 6000° K is 
much too small, as was fully realized by Saha, who postulated that at such high 
energies the actual emission is many orders greater than that from the black-body 
model. Recent work does not favour this (cf. Hoyle 1949 ), but in the present state 
of knowledge of solar physios'it probably cannot be excluded; and, indeed, Johnson 
( 1947 ) has discussed a possible mechanism. However, it is now known from the 
theory of the production of the layer (cf. Bates & Massey 1946 ) that at, and some 
way beyond, the first ionization potential of atomic oxygen, 13-66 eV, the flux is not 
greatly in excess. Though it might perhaps have been accepted that the solar emis¬ 
sion is extremely intense in the high-energy region, it is much less plausible that it 
approximates to that from the black-body model near 13-66 eV (which almost 
coincides with the Lyman limit 13-63 eV) but rises to be vastly greater than it in 
the neighbourhood of 18-7 eV. Apart from this, molecular nitrogen ions are of 
necessity formed at a rate at least equal to the rate of photon emission through ( 1 ). 
It will be shown later (§ 3-4) that this rate alone is sufficient to ensure their presence 
in sufficient concentration for process ( 2 ) to be predominant; and reasons will be 
given for supposing that a more effective ionizing mechanism is in operation. 

2 - 1 , Otheraspectsof the phenomenonwill now be discussed on the two hypotheses, 
(i) Dufay & Dufay observed that the flash is of short duration. They were rarely 
able to detect any trace of it when the sunlit region lay above 130 km., and they 
found that the main effect is limited to the period when the atmosphere in a layer 
some 60 km. thick centred at about 100 km. is illuminated. This gives directly the 
approximate altitude of the emission if it is process ( 2 ) that is responsible; but if 
it is process ( 1 ) the altitude is much greater since the earth’s effective shadow radius 
is increased because of the rapid attenuation of the active solar radiation by the 
atmospheric gases. The relevant absorption cross-section of atomic oxygen is 
approximately 1-6 x 10 ~^^cm.^ and that of molecular nitrogen is probably at least 
as great (cf. Bates & Massey 1946 ). As a consequence even at vertical incidence there 
can be no appreciable penetration below about 300 km. When twilight is at the stage 
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that low-energy photons are just reaching the 100km. level, high-energy (18"7 eV) 
photons are perhaps only reaching the 500 km. level; thus it is from here that any 
emission of the negative bands that result from process ( 1 ) must arise. Judging from 
the evidence provided by the apparent great scale height of the layer (Appleton 
^937)> luminosity curve of aurorae (Harang 1945 ) and the variation of sunrise 
enhancement of the forbidden red line of oxygen (Elvey & Farnsworth 1942 ), one 
would scarcely expect that if the flash originates at such an altitude it would be as 
brief as is observed. With process ( 2 ) there is no such difficulty. 

(ii) The great variability of the intensity discovered by Dufay & Dufay must 
presumably, on Saha’s hypothesis, be attributed to fluctuations in the solar ftmiggirtTi 
beyond 18-7 eV. Now the rate of production of N^(J5 ) necessary to explain the 
flash (vide infra) would lead to a striking increase in the electron density in the F^ 
layer; furthermore, unless the changeable spectral region did not extend down to 
near 13*66 eV the F^ layer would also be augmented. Such effects do not appear 
to have been recorded; admittedly, however, the associated magnetic storms may 
confuse the issue. The correlation with auroral displays in Norway is of considerable 
interest. It would seem to require that the enhancement of the high-energy solar 
radiation and the emission of the corpuscles responsible for the aurorae are con¬ 
nected. However, the commonly accepted one-day time difference between the 
arrival of radiation and corpuscles is apparently absent. 

On Wulf & Demmg’s hypothesis the lack of regularity of the flash must be due to 
changes in the number of N^ ions present, as, of course, the solar radiation of the 
comparatively low energy (3*16 eV) required for resonance excitation is essentially 
of constant intensity. One obvious possibility is that the change is brought about 
by additional ionization being produced near the 100 km. level by charged particles. 
It may be remarked that Appleton & Naismith ( 1940 ) h?ive foimd some evidence 
for such an effedt in their work on the sporadic E layer. Papalexi ( 1946 ), too, claims 
that measurements during eclipses indicate that solar corpuscles influence all the 
main ionospheric layers. The matter wUl be discussed in more detail below, and it 
will be shown that a weak source of ionization is sufficient. 

In coimexion with the two possible causes of the variability it is clearly desirable 
that the dependence of the flash on latitude be studied; observations near the 
equator should be particularly revealing. 

(iii) Dufay & Dufay commented that the relative intensity of the different bands 
of the negative system as emitted at twilight is peculiar in that there is a greater 
development of those bands arising from excited vibrational levels than is usual in 
aurorae. Calculations have been performed on the intensity distributions that might 
arise from the two mechanisms under consideration. Details have been published in 
another paper (Bates 1949 ). It is sufficient here to note that qualitatively at least 
the observed distribution is consistent with either mechanism; but with ( 1 ) it is 
necessary to assume that the neutral nitrogen molecules in the high atmosphere 
are themselves vibrationaUy excited to an extent corresponding to some thousands 
of degrees absolute, whereas with ( 2 ) no additional postulate need be made. Obser- 
vatioiral work on the rotational structure of the bands would be valuable. 
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3. The absolute intensity 
3-1. The Saha hypothesis 

Direct evaluation of the absolute intensity resulting from process (1) is not at 
present feasible because of lack of basic data on, for example, the solar flux in the 
relevant spectral region. However, an upp&r lifnit to the intensity can be set by using 
information obtained from the study of the ionosphere. As mentioned before the 
incident radiation concerned will be absorbed high in the atmosphere. It will tend 
to form a layer; and the most favourable assumption is that it forms the layer. 
Clearly the photon emission rate that results cannot be greater than the ion produc¬ 
tion rate.* This last can be found, at least approximately, from the radio measure¬ 
ments. 

What is actually required is the total rate of production of ions at twilight in 
a column of unit cross-section lying along the line of observation. The calculation is 
not difficult. 



Referring to figure 1, P is the observer, S the sun, /SQ is a ray just touching the 
earth’s surface (peglecting refraction), 80A is a representative other ray, OQCB 
is the perpendicular to these rays from O the earth’s centre, PP is the tangent line 
at P, and PAB is the line of observation. The following notation is used: 

A 

Angle of depression of sun POQ = a. 

Angle of elevation of line of observation TPB = y?, 

Radius of earth = R km. 

Altitudes of A, B and G = and Jicrkm. respectively (<^P). 

Altitude of noon level of maximum absorption = A^km, ( 4, R)n 

Nitrogen particle densities/cm.® at altitudes Jiq and and 

respectively. 

Scale height in region concerned = E km. 

Noon ion production rate at level of maximum absorption g^/cm.^/sec. 


* It is, in fact, less, as atomic oxygen rwust give a considerable contribution (vide infra). 
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It can readily be seen that 

hj, = ha+{{hs-hofmR + ho))oot^{(x.+f), (3) 

hjs = jR{sec (a+/?) cos (f) — 1}, ' (4) 

= »im(N 2 ) exp {-{hj_- hJjH}, (5) 

»o(Na) = »m(N 2 ) exp {-{ha- hJIH}. ( 6 ) 

jElementary analysis shows that the number of nitrogen molecules traversed by the 
representative ray before reaching A is given by 

^(Na) = ■> 10 (^ 2 ) ± •P(a:)}/cm.2 (7) 

the positive sign being taken if 0 is below B and the negative if G is above B ; P(x) 
is here the probability integral, „ 

( 8 ) 

and aj = {h^ — ha} {2H{B + ha)}~^ cot (a+/?). (9) 

Smce the attenuation of the solar radiation at A is 

exp{-^(Na)/^«JNa)}, ( 10 ) 

the ion production rate there is simply 

(H) 

The necessary integration along the observing direction can be carried out numeri¬ 
cally using the relations (3) to ( 11 ). Two ionospheric parameters H and appear; 
the former was taken to be 100 km., which is probably not greatly in error (even 
during magnetic storms) for the region above the layer (of. Harang 1945 ); the 
latter was taken to be 80/cm.®/sec. (based on the figures adopted by Bates & Massey 
( 1946 ) for their model ionosphere*). B is, of course, 6370km. The computations 
were performed for a = 10 , 16, 20 ° and = 10 , 20 °. This covers the observational 
range. 

For comparison with observation it is desirable to have the rate of emission of 
a single band (rather than of the whole band system) and to make allowance for 
atmospheric extinction. The strong ( 0 - 0 ) band A 3914 seems most suitable for study. 
It may be assumed to contribute about half the full number of photons. The approxi¬ 
mate transmissibilities can be calculated in the usual manner,t the extinction 
coefficient (used as an exponential factor) being 0-378/standard atmosphere (as 
found by interpolating between values at neighbouring wave-lengths given by 
Barbier 1947 ). Corrections can thus be applied to yield the band’s effective rate of 
emission. The final results are given in table 1. Comment on the absolute magnitudes 
will be deferred untfi later. Attention may, however, be drawn to the gradualness 
of the diminution of the intensity as the altitude of the lowest illummated level is 

* "Diiless otherwise specified the data will be &om this source. 

t The simple first-order formula was used. Though admittedly this is far firom a.courate the 
errors caused are Tinlikely to affect the maiu argument—ei^eoially as the same formula is also 
used in calculations on the Wulf-Deming hypothesis (§ 3-2). 
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iacreased. As remarked earlier there is apparently disagreement here between the 
predictions of Saha’s hypothesis and the observational data (cf. § 2 ). The discrepancy 
is enhanced when allowance is made for the background continuum (due to Rayleigh 
scattering) at small angles of depression. 


solar 

observing 

Table 1 

altitude 
of lowest 
illuminated 

total rate 
of ion 

production/cm.® 
column along 

upper limit for 
effective rate of 
emission of 
0-0 band/cm.^ 
column along 

depression 

elevation 

level on line 

line of 

line of 

a 


of observation 

observation 

observation 

n 

n 

(km.) 

(X 10®/sec.) 

(X lO^sec.) 

10 

10 

65 

6-9 

4*0 

15 

10 

110 

4-5 

2-5 

20 

10 

180 

2-6 

1-4 

10 

20 

70 

3*8 

6-3 

15 

20 

140 

2-1 

3-6 

20 

20 

230 

1*0 

1*7 


3*2, The Wulf-Deming hypothesis 

If an atom, with a single excited state at energy hv above the groxmd state, is 
bathed in black-body radiation of temperature T and dilution Q, and if .4 is the 
spontaneous transition probability, then the rate at which it emits photons is clearly 

£14 exp (— hvjkT) /sec. ( 12 ) 

h and k are, of course, Planck’s and Boltzmann’s constants respectively. An equi¬ 
valent expression, more convenient for the present purpose, is 

^<r(v)^/sec., (13) 

where c is the velocity of light and is the energy of the radiation field in ergs/unit 

frequency range/cm.®. The value of c^jSnh is l-62x lO^^cm.^erg'^sec.*^. These 
formulae (with an additional factor allowing for the relative weights of the two states 
which is omitted here as it reduces to unity for the transition under con¬ 

sideration) have frequently been used in discussions of twilight enhancement effects. 

For the case of molecules some modification is necessary because of complioations 
caused by the different vibrational levels. Both in absorption and in emission., 
changes in the vibrational quantum number may occur. As a result even if initially 
all the molecules were in the zeroth vibrational level they would become distributed 
among the other vibrational levels, an equilibrium distribution being rapidly 
reached in which the numbers entering balance those leaving. This equilibrium 
distribution depends, of course, on the values of v, a’(v) and A associated with in¬ 
dividual bands of the system and also on the extent of collision deactivation. It 
has been investigated by Bates ( 1949 ). The results obtained are summarized in 
table 2 which gives for each vibrational level i, the relative population Two 
extreme conditions are represented: in the trivial case ( 1 ) deactivating collisions 
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predominate and in case (2) they are absent—^tbe former distribution is best used 
at low altitudes (200 km. or less) and the latter at great altitudes (400 km. or more).* 
For simplicity, levels with i > 2 are grouped together. The inaccuracy introduced is 
unlikely to be serious. Table 2 

^ 0 12 remainder 

riii case 11 0 0 0 

ca'se 2 0*65 0-25 0-13 0*07 


The photon emission/illuminated ion can now be computed without difficulty. 
Using ( 13 ) it is obviously given by 


P = 




(14) 


the symbols being as before with the first subscript denoting the vibrational quantum 
number of the ground state and the second that of the excited state. can be 

expressed as where G is a constant of the whole band system and is a 
function of the vibrational quantum numbers (but not explicitly of the frequency) 
having tko property ( 16 ) 

i k 

In the appendix G is shown to be about 3*8 x 10"®®sec.^. The p’s have been given by 
Bates (1949); they are quoted in table 3 . There remains cr(v^j.) the energy densities. 
These were determined by integrating over the rotational bands, a weighting corre¬ 
sponding to a temperature of 0° C being assumed. For some of the bands the wave¬ 
lengths were already available; for the others they were computed using the known 
molecular constants (Fassbender 1924; Coster & Brons 1932). The solar flux dis¬ 
tribution curve was taken from the atlas published by Minnaert, Mulders & Houtgast 
(1940), the absolute scale in the various spectral regions being fixed by the measure¬ 
ments of Pettit (1940). By combining the results with those in table 2 and table 3 
the values of S %p<fcO'(Vij.) shown in table 4 were obtained. Substitution in ( 14 ) then 

i 

gives P, the photon emission/illuminated ion, to be 0-11/sec. (case 1) and 0 - 13 /sec. 


(case 2). 


Table 3. Values of p^*. 

‘ ground state 


vibrational quantum number 

0 

1 

2 

remainder 

excited state 0 

0-67 

0*26 

0-06 

0*01 

1 

0*27 

0-24 

0*33 

0-16 

2 

0-06 

0-40 

0:06 

0-48 

remainder 

0-00 

0-10 

0-65 

0-36 


It is desirable as in § 3’1 to derive the rate for the emission of a single band (the 
0-0 band being chosen) and to correct for atmospheric extinction. In addition, it is 
convenient to express the result in terms of the effective photon yield Q for an ioii 
layer of thickness ^ km. and of mean ion concentration 7^/cm.®. Clearly, 

Q = 10 Hn{^x^} oblique column/sec., ( 16 ) 

* The altitudes quoted are rough estimates only. 
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X and. ifr being, respectively, tbe fraction of the total photon emission in the chosen 
band, the transmissibility of the atmosphere to this band, and the ratio of the 
apparent thickness of the layer along the observing direction to the true thickness, 
and being given by the following expressions: 

X = exp {—A cosecy?), ( 18 ) 

f = {l-(i2/(i2 + 2))2cos2/?}"*- (19) 

A is here the extinction coeflSicient/standard atmosphere (already used in § 3 * 1 ), 
z is the altitude of the ion layer, which may be taken to be 100 km., and the re¬ 
maining symbols are as previously defined. Using the numerical data given above 
(in particular tables 2 , 3 and 4 ), these expressions were evaluated and table 5 , which 
contains in its last two columns the final results required, was compiled. 


Table 4 


k 0 

i 

(■units 10“®°erg. cm.”® sec.); case 1 l-S^ 

case 2 l*la 


1 2 remainder 

0-27 0*07 O-OO 

0-45 0*30 0*17 


r " ^. “ ^ 

J3 case 1 case 2 

10° 0-60 0-40 

20° 0-60 0-40 


Table 5 


X f 

0-11 4-1 

0-33 2-6 



case 1 case 2 


3100/seo. 2400/Bec. 

5700 4500 


Before leaving the problem of the intensity on the Wulf-Demmg hypothesis it is 
necessary to investigate the passage through the air of the solar radiation causing 
the excitation. The equivalent path length that the representative ray 8 C (figure 1) 
traverses before encountering the ion layer can be seen from equation ( 7 ) to be 

\n(^ 27 TH (jR+ hci))^}nQH(^ atmospheres, (20) 

where and Hq are respectively the particle concentration and scale height at 
ground-level under standard conditions, and the other symbols are as in § 3-1. This 
expression applies strictly only to an isothermal atmosphere, but if H is taken to be 
the local scale height at ( 7 , it represents a satisfactory approximation for the actual 
atmosphere, since the major contribution to the equivalent path arises from a 
relatively narrow altitude range just above the lowest point passed through by the 
ray. Emowing the equivalent path, the attenuation suffered can be determined at 
once. Calculations were performed for the three wave-lengths AA 3500 , 4000 and 
4500 . The atmospheric parameters adopted were based on the work of Whipple 
(1943), and the extinction coefficients (as before) on that of Barbier (1947). They 
are given, together with the attenuation derived, in table 6. 
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It can be seen that the atmosphere can crudely be regarded as increasing the 
earth’s radius by about 20 km. At any instant during twilight the lowest altitude 
of the ion layer along the observing direction that is struck by the active solar 
radiation is greater than the lowest so-called illximinated altitude by about the 
same amormt. 

altitude Table 6 

of lowest 


point G 
passed 

particle concen¬ 
tration at G 

local 

attenuation factor 


through 

relative to that 

scale 

A 3600 

A 4000 

A 4500 

by ray Qiq) 

at ground-level 

height H 

(^ = 0-689 

(.4 = 0-346 

(A = 0-214 

(km.) 


(km.) 

/atm.) 

/atm.) 

/atm.) 

0 

1-0 

8-3 

0-00 

0-00 

0-00 

10 

2-7 X 10"! 

6-6 

0-00 

0-00 

0-03 

20 

7-0 X 10-2 

6-4 

0-08 

0-23 

0-40 

30 

1 - 6 x 10-2 

6-6 

0-59 

0-73 

0-82 

60 

8 -6x10-^ 

10*0 

0-96 

0-98 

0-99 


Attention may be drawn here to the work of Stormer on the location of divided 
aurorae. The sunlit part of these aurorae (in which the principal excitation process 
is that under discussion) tend to end not exactly on the line of the earth’s shadow 
but instead somewhat higher.* The results are rather scattered, but the average 
distance above does appear to be consistent with the result just reached. 

3- 3 . The observations 

Though, unfortunately, the absolute intensities of the bands appearing in the 
twilight flash have not yet been measured, the work of Dufay & Dufay (1947) at 
least enables crude limits (which for certain purposes are adequate) to be set. 

Attention will be conflned to three cases of interest for later applications. The 
methods used in estimating the limits will only be indicated, as they are not suf¬ 
ficiently precise to merit being given in detail. 

In the following, hj^ denotes the altitude of the lowest iUmninated levd along the 
line of observation and the effective rate of photo/emission/om.® oblique 

column of the (0,0) band A 3914 . 

(i) For = 200 km. the flash does not seem to have been recorded. Judging from 
Babcock & Jonson’s spectrophotometric study of the light of the night sky (1941) 
this means that .©( 200 km.) is always < lO^sec. 

(ii) For = 60 km. the flash has appeared prominently when conditions are 
disturbed, in spite of the strong background arising from Rayleigh scattering. In 
general, the intensity of this latter cannot be calculated accurately, as up to the 
present a complete theqry has only been developed for a plane atmosphere (van de 
Hulst 1948). But the investigations of Hulburt (1938) suggest that for the particular 
Asunder consideration first order scattering is the most important;t and this can 

* Cf. the diagram published by Stdrmer ( 1947 ). 

t It should be noted that in estimatiug first-order scattering Hulburt adopted an atmosphere 
in which the particle concentration falls oif too rapidly with altitude. 
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easily be computed. In order that the flash should show as it does it would appear 
that jS( 60 km.) is sometimes > 10^/seo. 

(iii) Bor = 100 km. the flash is feeble or absent when conditions are quiet.* 
Scattering of the first order may here be negligible compared with that of higher 
orders. Some measure of the background intensity can, however, be obtained from 
the work of Scharonow (1944), who studied the degree of illumination at twilight 
sky', and of Megrelishvili (1946), who studied the colorimetry of the twilight sky. 
From this it was concluded that jE 7 { 100 km.) is normally < lOS/sec. (which is con¬ 
sistent with the fact that many of the true nocturnal emissions can be observed at 
the solar depression involved). 

As need scarcely be emphasized the limits given are estimates only. Direct 
measurements would be invaluable and may lead to some revision of them. Never¬ 
theless, as they are probably conservative it is thought that the main deductions to 
be made later will remain valid. 


3 * 4 . Discussion 

A comparison between the observational estimates and the predictions of 
the two hypotheses under consideration will now be made. Throughout all the 
figures quoted will refer to the (0,0) band A 3914 and will be for a cm.^ oblique 
column. 

It is immediately apparent that the Saha hypothesis in unsatisfactory. The greatest 
effective emission rate from process ( 1 ) that is given m table 1 is only 6-3 x 10 ’^/sec.,t 
whereas it appears that .E( 60 km.) is sometimes greater than 10®/sec. To yield such 
an emission it would be necessary to assume that on the occasion of a flash the 
ionization rate in the Fg layer rises to be many times the normal. Further, the 
effective emission rate from process ( 2 ) is about 6*7 x lOHnlseo. (table 6, case 1 
with = 20®). This is more than the effective emission rate from process (1), if tn 
exceeds { 6-3 x 10 ^ 5*7 x 10 ^} {j^ 2 P 2 (N 2 )/ 80 }, that is, exceeds l* 4 x 102g^jptjj(N2)—^the 
quantity denoted by keing here the rate of nitrogen ionization at the 

maximum of the layer during the period of the supposed enhancement -of the 
incident flux of solar radiation. J It can easily be seen that tn must in fact be far 
greater than the comparatively small number given.§ Hence process (2) predominates. 
In view of this there is no justification for continuing to retain the artificial assump¬ 
tions that had to be made to render the Saha hypothesis even plausible; when these 
are abandoned the contribution from process (1) is utterly negligible. 

Finally, consider the Wulf-Deming hypothesis. So far it has only been shown that 
process (2) is much more rapid than process (1). It has still to be verified that even 
it can account for the flash. This presents no difficulty. 5*7 x lOHnj&eo.^ the predicted 
effective emission rate, is so great that the required order of the intensity can be 
provided even if molecular nitrogen ions form only a small fraction of the total ion 

* That quiet conditions aie considered here, whereas in (ii) disturbed conditions are con¬ 
sidered, is purely due to the particular information it is desired to extract. 

t It will be recalled that this represents a gross upper limit for normal conditions. 

% The corresponding average rate previously used is 80/cm.®/sec. 

§ If £ is taJcen to be 200km. the condition reduces to n^0*7q^J(N2)> which is obviously 
satisfied. 
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content of the tipper atmosphere. Table 7 gives the values of lOHn demanded by the 
limits set in § 3’3 . Clearly the numbers are not unduly high. Their significance will 
be discussed later in connexion with the theory of the origin of the ionized layers. 

Table 7 


altitude range 

> 200 km. (which includes the F layer) 

> 100 km. (which includes the B layer) 

> 60 km. 


number of nitrogen ions/cm.^ vertical 
column present at twilight (10®^?^) 

always < 2 x 10® 
normally < 2 x 10® 
sometimes > 2 x 10^® 


4 . The theoey oe the eoemation oe the iohizbd layebs 
4 -1. The and, F^ layers * 

There no'w seems to be general agreement that the F-y layer is produced by the 
ionization of atomic oxygen by solar radiation of photon energy 13*55 eV and above. 
It is perhaps worth summarizing briefly the arguments in favour of this. While these 
are not sufiicient to prove the theory they are at least plausible. The rate of dis¬ 
appearance of the free electrons in the layer can be expressed as a»(e)*, where a is 
a constant (the effective recombination coefficient) and n{e) is the electron density 
(cf. Appleton & Naismith 1935). In such circumstances Chapman (1931) has shown 
that the maximum of the layer occurs where the particle concentration n^{X) of 
the active atmospheric constituent X attains the value cos x/AH, x being the sun’s 
zenith distance, A the absorption cross-section for the ionizing radiation, and H the 
local scale height. In the case of atomic oxygen it has been shown by quantal methods 
that at, and some distance above, the first ionization potential, A is about 4*6 x 10““ 
cm.* (Massey & Bates 1943); and reasons can be given for supposing that the approxi¬ 
mations made in the course of the calculations do not introduce gross error as they 
would for many elements (Bates 19460).! It can be seen that if the value of A 
quoted is adopted, if cos x is taken as 0 * 9 , and if H the local scale height is assumed 
to be 30 km., then Chapman’s formula yields 6*7 x 10“/cm.® as the value for n^{X). 
This is reasonably consistent with the normally accepted total particle concentration 
in the F^ layer, 1 x 10“/cm.® (Bates & Massey 1946). Further, the observed inte¬ 
grated rate of electron production in the layer is about 1*8 x 10®/om.* oolumn/sec., 
which is not greatly different from 9 x 10 ®/om.*/sec., the incident flux of photons in 
the relevant energy range from the sun, regarding it as a black body at 6000 ° K.J 
In the early stages of the development of the theory of the layers it was natural to 
attempt to attribute the F^ layer to a process different from that responsible for the 

* Attention will be confined throughout to electromagnetic radiation. There is, of course, 
evidence from eclipses indicating the incidence of some corpuscular radiation also, and it has 
been suggested that this may be important dining magnetic storms (cf. Berkner 1939). The 
electromagnetic radiation, however, is the dominant ionizing agency in normal circumstances. 

f Unfortunately, a limit cannot yet be assigned to the extent of the possible error. In view 
of the importance of a reliable knowledge of the cross-section the original calculation is being 
repeated with allowance for such effects as electron exchange. 

t To make the two figures agree exactly it is only necessary to raise the black-body tem¬ 
perature by less than 200“ K. 
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Fi layer; and the most attractive possibility appeared to be the ionization of mole¬ 
cular nitrogen, the main gas in the atmosphere, beyond its lowest limit 15‘6eV. 
Inttle was known concerning the magnitude of the absorption cross-section, but 
crude estimates suggested it might be of the order required to provide a correctly 
located layer. The 6000° K black-body representation of the sun admittedly gives 
the flux of ionizing photons to be only 2*7 x lO’/cm.^sec., considerably less than that 
needed for the observed integrated electron production rate 1*4 x 10*/cm.® column/ 
sec., but too much significance could not be attached to this. Mitra ( 1945 ) 
out that there is some reason for believing that the absorption cross-section at 
15-6eV is actually abnormally low. If this is the case ionization at the second hmit 
18-7 eV would have to be invoked. The absorption cross-section here is probably 
adequate, but the flux of suitable photons from the solar model used as a guide is 
only 7’4x 10*/cm.7sec. A number of writers appear to advocate the hypothesis 
that it is molecules of nitrogen that are the parent particles from which the layer 

is formed. 

More careful consideration of the problem shows that if certain upper atmo¬ 
spheric data are correct then the process proposed for the Fi layer produces, by itself, 
sufficient ionization to give rise to the F^ layer also, the presence of two layers being 
accounted for by the fact that the recombination coefficient changes with altitude.* 
On this view the layer is formed in the standard maimer at the level of the maxi¬ 
mum ionization rate, which, of course, occurs where the radiation is attenuated by 
a factor of e“^; and the F^ layer (for typical summer conditions) is formed at a con¬ 
siderable distance above where the radiation retains almost its incident intensity 
(Sq, being reduced in fact by only the factor exp(—%„iy.j(0)/»,„2!'i(0))4 Hence 
S'otFi(O) ®nd JmFsCO) the electron production rates at the maxima of the two layers 
are respectively iSoe3q)(-l)«.,„y^(P)A and ^oexp(-?i„j^,(0)/?i„y^(0))»„,y,(0) A. 
The ratio of to is 

exp{l - {n^^{0)ln^]s,fO))y, 

t ak in g *0 1^® 6*5 x 10“/cm.® and to be 1-3 x 10“/cm.®, the value 

of this is 0'46. Now radio measurements show that is about 250/cm.®/sec., 

so that on the above theory should be approximately 110/cm.®/sec. Since 

the figure usually adopted for the electron production rate in the F^ layer is only 
80/cm.®/sec., there is clearly no necessity to postulate an ionization process addi¬ 
tional to that responsible for the layer; indeed, a slight adjustment of the data is 
required to prevent the predicted value of being rather greater than the 

value based on observation. Further, it was shown in § 3-4 that the twilight flash 
does not atise from process (1). The presumption that it did was one of the prmcipal 
reasons for supposmg that the solar emission in the 18-7 eV region might be greatly 

* This general idea appears to have been put forward firs* by Bradbury (1938) though on the 
somewhat dubious grounds that there could not be an absorption process so effective as to give 
rise to a layer at the low particle concentration involved. I am grateful to Dr D. F. Martyn for 
drawing my attention to Bradbury’s work. 

t For simplicity an isothermal atmo^here is used. 

t Toavoidinconsistenciesinthesubsequenttreatmentthevalueofwm^. (O) derived from the 
application of Chapman’s formula is used here instead of the value normally assumed. 
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in excess of that &om the black-body model; and if the emission is not in excess then 
the rate of ionization of molecular nitrogen is very small. Consistent with this is 
the minuteness of the concentration of ions present at twilight. Thus the in¬ 
tegrated number/cm.® column is at most 2 x 10 ® (see table 6 ), corresponding to 
perhaps only lO/cm.® at the level of the maximum of the layer—^a value many orders 
less than the total ion concentration. Indeed, it might be thought that here is con¬ 
clusive proof that molecular nitrogen does not make any appreciable contribution 
to the ionization. For, from the formulae in § 3-1, it can readily be verified that even 
where the solar angle of depression is 16° the rate of formation of ions would be 
such that the almost complete absence of them that is demanded could not be 
achieved by any acceptable destructive process. However, this argument must be 
treated with a certain reserve, as it implicitly assumes that molecular nitrogen is 
still a considerable constituent of the atmosphere at altitudes of some 500 to 600 km. 
(which is where the ionization would occur). How spectroscopic evidence leaves no 
doubt that on at least some occasions the nitrogen is partly in the atomic form.* 
The degree of the dissociation and the region where it occurs are unknown. Hence 
the possibility cannot be ignored that at the altitudes mentioned molecular nitrogen 
is rare.f If this is the case the formation of ions would virtually cease shortly after 
the sun sinks below the horizon, and by the time conditions are suitable for the 
observations on the negative band system to be made their concentration might be 
greatly diminished. Consider, for example, dissociative recombination 

N^H-e-^N'+N". (21) 

It is conceivable that the rate coefficient associated with it is as high as 10 “®/cm.®/sec. J 
Adopting this figure and taking the electron density to be 4 x 10 ®/cm.®, it can be 
seen that the mean lifetime of an ion is 250sec.; and after say 3000sec. the 
firaction of the original NJ ions that would remain would be only 6 x 10 -®, which is 
as low as is required. Nevertheless, in spite of this it seems best, for the reasons 
given earlier, to assume that the ionization of molecular nitrogen is unimportant. 

Before leaving the problem of the formation of the layer it is desirable to in- , 
vestigate the possible influence of atomic nitrogen. The basic inforination relevant 
for this purpose is as follows: the ionization potential is 14-46eV; at the spectral 
. head the absorption cross-section as determined by quanta! calcxilations (Bates 
1939 , 1946), is 2 - 2 x 10 “^’cm.®; the flux of ionizing photons available isl- 8 x 10 ® C(v)/ 
cm.®/sec., where C{y) is the correction factor to be applied to the standard solar 
model used (at 13-66 eV 0{v) is about 2 , at 14-46 eV it is probably about the same 
or perhaps slightly greater). 

Table 8 compares, for various degrees of dissociation D, the electron production 
rates in the F^ layer due to g/tomic oxygen and to atomic nitrogen, the total particle 

* Of. Dufay (19436), Stebbing, Whitford&Swings (1945), Gdtz (1947),Bernard {1947), and 
Bates (1948, 1949). 

■j" Auroral spectra, of course, show that there is some molecular nitrogen even at 1000km., 
but its fractional concentration cannot be estimated reliably. 

J It should be noted that the recombination coefficient observed by radio workers (which is 
much smaller than 10"®/cm.®/sec.) must not be identified with the recombination coefficient of 
a particular ionic constituent such as Nf (cf. Bates & Massey 1947). 
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concentration (which is also given) being adjusted so that the sum of these two 
rates remains at 80/cm.^/sec. In compiling the table diffusive separation of the atmo¬ 
spheric constituents was ignored, as was the small interaction of one absorption 
process on the other. Attention may be drawn to the fact that when the nitrogen is 
completely dissociated its concentration is just suf&cient to attenuate the radiation 
ionizing, i.e. by the Chapman factor e“^, at the layer maximum.* 

Table 8 


fraction of 

electron production rates 

atomic oxygen atomic nitrogen 

total particle 
concentration 

nitrogen molecules 


SmP.CN) zero 


dissociated (D) 

(percm.®/sec.) 

(perom.®/sec.) 

(X lOw/cui.®) 

0»00 

80 

0 

2-7 

0*05 

67 

13 

2-3 

0-10 

59 

21 

2*0 

0-20 

49 

31 

1-8 

0*40 

39 

41 

1-6 

0*70 

33 

47 

1-6 

LOO 

30 

60 

1-6 


It is apparent from examination of table 8 that in no case is the value of 
required unacceptable—^the lack of precision in the present knowledge of the upper 
atmosphere is such that the observed ionization in the ^2 layer can be reproduced 
irrespective of the form in which the nitrogen occurs. No fimal decision as to whether 
the parent particles responsible for the layer are solely oxygen atoms or are both 
oxygen atoms and nitrogen atoms is therefore possible; it will be noted, however, 
that the oxygen ionization is always a considerable fraction of the nitrogen ionization 
and indeed exceeds it unless D attains the value 0-4. 

Despite the uncertainties several significant results emerge from the analysis 
that has been given. 

( 1 ) The ions formed in the layer are atomic and not molecular. Account must be 
taken of this in any study of the recombination processes operative (cf. Bates & 
Massey 1947 ). 

( 2 ) For low to medium D the layer is essentially of the low attenuation type, and 

it remains so partially even if D approaches unity. The characteristic of the extreme 
zero-attenuation layer is that the electron production rate at the maximum, is 
proportional to nJ^X)^ the concentration of active particles, and does not vary 
specifically with the solar zenith angle; this is to be contrasted with the normal 
attenuation layer in which is in generalf a function of both The 

recognition from the radio records of the distinctive behaviour to be expected is, of 
course, rendered difficult by a number of complicating effects among which may be 

* The scale height here was taken to be 30 km. This rather low value was adopted because of 
. the comparatively rapid decrease in gas density between the two layers that is required to give 
the observed ionization rates. The general results exhibited by the table are not sensitive to the 
scale height assumed. 

t It is only in special circumstances (constant recombination coefficient; disturbing factors 
absent) that nJ^X) and x ^re simply related so that can be expressed in terms of either. 
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nxentioned the remarkable tidal motions recently discovered by Martyn (1947); 
Mohler (i94o)> however, claims that there is some evidence favouring it. 

( 3 ) The same (or very nearly the same) region of the solar spectrum is responsible 
for the production of the and the F^ layers. Any variation of the emission will 
affect both layers. Kiepenheuer (1945) has published a number of diagrams that 
illustrate beautifully the expected correlation.* The behaviour of the relatively 
simple and well-understood layer should therefore provide some information 
regarding one of the many factors which govern the F^ layer. 

It might be supposed at first that the theory is in conflict with the variation of the 
two layers throughout the sunspot cycle; for as is well known (cf. Berkner 1939) the 
electron density in the Fy layer increases by a factor of about 1-6 from sunspot 
minimum to sunspot maximum, whereas the corresponding factor for the F^ layer 
is about 4 . However, no contradiction is necessarily involved. Thus in the F-i_ layer 
the electron loss rate depends on the second power of the electron density; but in 
the F^ layer it probably depends on the first power (cf. Bates & Massey 1947) which, 
of course, wordd lead to a greater sensitivity to the ionization rate. Again, Bates & 
Massey (1947) have proposed tentatively that the recombination mechanism opera¬ 
tive is the following: 

0 + + Zr^ 0 -t-Zr+ X 7 + + e--s^X'+Y'. (22) 

On this theory the electron loss rate in the F^ layer is proportional to the concentra¬ 
tion there of the unidentified molecule XY which might conceivably be less at sun¬ 
spot maximum than at sunspot minimum. And there are other bbvious possibilities 
which need not be enumerated. 

( 4 ) Finally, it is worth making some mention of the electron production rates in 
the two layers. g'mJ’i taken as 260 /om.®/sec. and as 80 /cm.®/sec. These 
representative values were based respectively on electron densities of 2-5 x 10 ®/cm.® 
and 1 X 10 ®/cm.®, and on recombination coefficients of 4 x 10 -® om.®/seo. and 
8x 10“^^cm.®/sec. The electron densities are not in doubt. The recombination 
coefficient in the Fi layer is also probably reliable; the figure quoted is that adopted 
by Bates & Massey (1946) after consideration of the radio evidence available; it 
lies satisfactorily among more recent determinations.f But as regards the recom¬ 
bination coefficient in the F^ layer there is still controversy. The value 8 x 10-“ 
cm.®/sec. was derived by Appleton (1937) from the asymmetry in the diurnal ioniza¬ 
tion variation; Martyn (1947), however, suggests that tidal motion is so large that 
this procedure is unjustifiable, and Allen (1946) and WooUey (1946) favour the very 
amnll value 1 X 10 -“om.®/seo.j: The present investigation shows that the electron 

* As need scarcely be mentioned this agreement does not prove the theory. 

t Kydbeck (1946) gives 6 x 10-*cm.“/seo., Alpert & Einberg (1947) give 7 x 10 -‘om.»/ 8 ec., 
and Denisse, Seligmann & Gallet (1947) give 2 x 10 -* cm.»/seo. AU were obtained from edipse 
measixTements. 

X According to Martyn the reason for the difference between this and the nighttime value of 
3 X 10”^^ cm.®/sec., deduced directly from the decay rate, is that at sunset the ions and electrons 
move downwards under tidal influence to a region where recombination is comparatively 
rapid. 
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production rate of 80/cm.®/sec. associated with Appleton’s coefificient is reasonable; 
a much lower rate would necessitate the pairticle concentration in the layer being 
considerably less than 2-7 x 10^®/em.®. 

4*2. The E layer 

The absorption cross-section of atomic oxygen seems to be such that photons of 
energy between 13*56 eV and well over 25 eV cannot penetrate much deeper than 
the Ex (Bates & Massey 1946 ). As a consequence of this there is a severe limita¬ 

tion in the processes available for jB-layer ionization. Molecular oxygen is the only 
major atmospheric constituent with ionization potential less than the lower limit; 
ionization of it, which requires only 12 * 2 eV energy, is therefore a natural process to 
consider. Above the upper limit the photon flux from the 6000° K black-body model 
is very many orders of magnitude smaller than the observed ionization rate 
6 X 10®/em.® column/sec. This might at first lead one to suppose that the spectral 
region concerned could be ignored. However, recent work by Bondi, Hoyle & 
Lyttleton ( 1947 ) has shown that the sun’s emission of photons of energy a few hundred 
electron volts may actually be of the required intensity. 

Several groups (cf. Wulf & Deming 1938 ; Bates & Massey 1946 ) have given con¬ 
sideration to the molecular oxygen theory. As has been realized for some time this is 
not attractive in its simplest form. The absorption cross-section at the first ionization 
potential 12*2 eV seems to be very low, perhaps only 10 ~®® cm.* As a consequence 
the location requirement does not appear to be met. The difficulty is particularly 
acute when accotmt is taken of the allotropic form of the oxygen. This has been 
investigated by a number of workers. The treatment of Wulf & Deming ( 1938 ) is 
the most satisfactory, and though not precise gives the main trend. When adjust¬ 
ment is made to the results originally given, to allow for the fact that the total 
particle concentration in the basic atmosphere adopted falls off too rapidly with 
altitude, it appears that dissociation commences sharply at about 105 km. and is 
almost complete at 120 km. 

Though the absorption spectrum of molecular oxygen shows only a feeble con¬ 
tinuum in the energy range 12*2 to 13*66 eV, it shows superimposed a number of 
strong bands in which the absorption cross-section is some 4 x 10 ~^’ cm.® (Schneider 
1940 ). Nicolet ( 194 s) has made the interesting suggestion that these may lead to 
pre-ionization and that this may be the mechanism responsible for the formation 
of the E layer. If the scale height associated with the oxygen molecules is denoted 
by ^(Oa), then their concentration at the layer maximum, is as usual 

eoaxIAHiO^). cosx can be taken to be 0*9 and A has just been given. Instead of 
adopting any particular value for HiO^) it is best to assume that can be 

equated also to « 2 >( 02 ) exp (—zjH{Oz)), where »x»( 02 ) is the concentration of oxygen 
molecules where dissociation first becomes appreciable and z is the distance this is 
below the layer maximum. Ikom the two expressions HiO^) can be determined and 
the figure obtained can then be used in the evaluation of n^iO^). Now is 

* The second ionization potential, 16*1 eV, is of course above the critical energy 13-65 eV. 
Confirmatory measurements on the absorption cross-section are needed. The value quoted 
is an estimate only (cf. Mitra, Bhar & Ghosh 1938, where a somewhat lower value is suggested). 



Th& Qinission of the negative system of nitrogen 579 

some 9 x lO^^/cm.^ and z some 16km. Hence it can be seen that H{0^ and 
are about 3*2km. and 8 xlQ^®/cm.® respectively.* Great significance cannot be 
attached to these values in view of the approximation used in deriving them, but 
at least they appear reasonably consistent with the calculations of Wulf & Doming 
(modified as described above). It might be thought that the aTnfl.nnP,HS of HiOa)! is 
in conflict with Appleton’s measurements { 1937 ) which give the scale height asso¬ 
ciated with the profile of the under-surface of the layer just below the Tna.TiTnnTn to 
be 11 • 4 km. But this is not necessarily the case, since for the absorption process under 
consideration the cross-section varies rapidly with firequency thereby causing a 
spread in the ionization. Other problems regarding the scale height will be taken 
up later. 

As the incident flux of photons in the 12-2 to 13-65 eV energy range is estimated 
from the standard solar model to be some 9 x 10®/om.2/sec., and as the absorption 
bands are quite wide (Schneider 1940 ), the electron production' rate from pre¬ 
ionization may well have the required value 6 x 10 ®/cm.® column/seo. Nicolet ( 1945 ) 
pointed out that the lines Ly (A 973) and (A 931) of hydrogen coincide with two 
of the bands. 

The high-energy photon theory has been investigated by Hoyle & Bates ( 1948 ). 
It was shown that if the sun emitted photon groups at about 426 eV or at about 
ISOOeV an ionized layer would be produced at the required altitude. When con¬ 
sideration was given to the ionizing effect of the secondary electrons ejected in either 
case it was found that the 1300 eV photons were not altogether satisfactory. The 
326 eV photons did not, however, appear to lead to any discrepancies. Further, 
recent developments in solar physics suggests that their flux from the corona may be 
sufficient to yield the observed degree of ionization (of. Hoyle 1949 ). 

Though the pre-ionization theory and the high-energy photon theory (which in 
future wiU be referred to as theories A and B respectively) are plausible, neither can 
as yet be regarded as other than speculative since both depend on an unproved 
assumption. Thus regarding theory A, there is no direct evidence that molecules in 
the excited state resulting firom band absorption do in fact ionize spontaneously 
instead of beconaing stabilized by photon emission; it can oidy be said that, as far 
as can be judged, the relevant selection rules permit this to occur. And regarding 
theory B, lack of knowledge of the chemical composition of the corona makes it 
impossible to state firmly that the flux of the 325 eV photon group is as great as 
required; all that is known is that such a flux is a possibility. But as no acceptable 
alternative has yet been put forward in spite of the efforts of many workers it is 
reasonable to assume that one or other (or a combination of both) is correct. Doubt¬ 
less the matter will be decided finally by laboratory investigations on pre-ionization 
in oxygen, by further advances in information about the corona, and by using rocket 

* For comparison it may be noted that at 120 km. it is generally teiken that the scale hei^t 
of the main atmosphere is somewhat above 10km. (as judged'from the temperature), and that 
the total particle concentration is about 6 x 10^V®“i.®. 

t A much larger value than that given here is deduced by Nicolet (1945) by a different argu¬ 
ment. His treatment involves apparently independent assumptions r^arding the absorption 
cross-section for the photo-dissociation of molecular oxygen and regarding the altitude of the 
level at which dissociation is a maximum. In fact, the two assumptions are inconsistent. 
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projectiles to study directly the radiation responsible for the E layer. Meanwhile, 
it is worth mentioning briefly a few less direct methods of approach. This can most 
conveniently be done under a number of heads. 

Eclipses 

The photons invoked in theory A originate from closer to the sun’s surface than 
those invoked iu theory B. It may, therefore, be possible to distinguish between the 
two theories by careful examination of the change in the layer during the course of 
an eclipse. No systematic study of the records has yet been made. Rydbeck ( 1946 ), 
however, daima that .®-layer measurements at the time of the Swedish eclipse of 
July 1946 gave some indication of ionizing radiation from the corona. This favours 
theory B. The position is comphoated by the fact that smailar indications were 
claimed for the layer. Clearly further work is required. 

Sunspot cyde 

The E and the layers change by almost equal factors from sunspot minimum to 
sunspot TnaxiTrumn (cf. Appleton & Naismith 1939 ); they also show much the same 
dependence on sunspot number (cf. Waldmeier 1944 ). Now there can be little doubt 
that the Fj^ layer is produced by photons of energy 13-56 eV and somewhat greater. 
The photons of theory A ( 12-2 to 13-55 eV) lie on the opposite side of the vital Lyman 
limit to these, and the photons of theory B (326 eV) are far more energetic. This makes 
it difficult to decide which theory the resemblance between the layers favours; but 
solar physicists may eventually provide an answer.* 

Altitude distribution of ionization 

Probably fair representation of the ionization distribution below the mavimum 
of the layer can be obtained from either theory. On theory A, as already mentioned, 
the distribution is governed by the extent of the variation of the absorption cross- 
section. Insufficient information is available to allow a reliable prediction to be 
made, but it is possible that the theory can yield not only the distribution just below 
the layer maximum (where the associated scale height is ll-4km.), but that it can 
also yield the distribution well below the layer maximum (where the associated scale 
height is thought to be less than ll-4km.). On theory B the distribution depends to 
some extent on the degree of non-homogeneity of the high-energy photon group. 
It do^ not, however, differ markedly from the standard Chapman distribution with 
associated scale height that of the main atmosphere (which is about 10km.). For 
example, in a representative case Hoyle & Bates found that the electron density fell 
by faetdrs e-^ and e"® in distances of 17 and 22 km. respectively below the mn.-rimnTn ; 
the corresponding distances m a standard Chapman distribution are 16 and 19 km. 
Theory A seems on the whole to be more satisfactory than theory B—^but, of course, 
its apparent greater flexibility is solely due to lack of basic data. 

Above the layer maximum the predictions of the two theories differ markedly. 
Owing to the very rapid fall off with altitude of the molecular oxygen concentration 
theory A yields very little ionization in the region between the E and layers. In 


♦ The author actually consulted two solar physicists; their views were diametrically opposed. 
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conttast, on theory B there ■would be considerable ionization. Thus if at 170 km. 
(that is the midway level) the total particle concentration and the effective recom¬ 
bination coefficient are taken to be 6 x lO^^/cm.® and 7 x 10—* cm.®/sec. respectively,* 
then the electron density would be smaller than that at Tna.TinmTn of the E layer by 
only a factor of about 0*6. At present there is no information on the actual value of 
the electron density. It is possible that information on it could be obtained by the 
study of the absorption of radio waves. 

Variation vnth solar zenith angle 

Chapman (193 shown that the altitude of the maximum of an ionized layer 
is related to the solar zenith angle by the equation 

z^= C-H{i)\og{Qoax)> (23) 

0 being a constant and H{i) the scale height of the atmospheric constituent respon¬ 
sible for the ionization. According to whether theory A or B is adopted E{i) is the 
scale height of molecular oxygen in the transition region or is the scale height of 
the main atmosphere. In the first case its magnitude is probably only about 3-2 km. 
{vide supra), but ha the second case its magnitude is 10 km. or rather more. It would 
be expected therefore that a guide as to which theory is correct would be pro-vided 
by the variation of ■with x (which, of course, is contained in measurements made 
at different seasons, at different hours of the day, or at different latitudes). Un¬ 
fortunately, in spite of the considerable difference in the two scale heights, dis¬ 
crimination is not easy. 

Consider the seasonal effect. Appleton & Naismith ( 1940 ), working at Slough, 
obtained the results given in table 9. Substitution in (23) immediately yields 


I’W) = 

14 km. or H{i) = 

ll- 4 km. 


Table 9 


season 

xn 

zm (km.) 

summer 

28 

120 

winter 

76 

134 


This is in excellent agreement ■with theory B, and at first seems to be in serious 
conflict "with theory A. However, allowance must be made for the possible seasonal' 
change in the O-Oj distribution. Though an exact investigation of this is scarcely 
feasible at present useful preliminary results can readily be obtained by a crude 
approximate calculation. In this atten'tion will be confined to altitudes close to 
134km. Let * denote the ■winter to summer ratio of the molecular oxygen con¬ 
centration at some particular level, r the corresponding ratio of, the dissociation 
rates/unit concentration and d that of the durations of day light. Clearly, 

xrd=ssl, ( 24 ) 

Owing to the dependence of the absorption cross-section on frequency the dissocia¬ 
tion rate/unit concentra^tion camiot be expressed in exact anal 3 rtical form; but over 

♦ The figures are estimates based on the geometric means of the corresponding figures in the 
two layers. 
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a limited altitude range it can be written as approximately proportional to some 
inverse pow'er p of the amount of molecular oxygen traversed by the radiation before 
reaching the level concerned. Hence from (24), 

a;{ic(sec (25) 

the subscripts to x indicating the season. At the latitude of Slough (51*5®N) d is 
O-Sg, sec;\;^ is 3*86 and sec%g is 1*13. In connexion with their study of the photo¬ 
chemistry of atmospheric oxygen Wulf & Deming ( 1936 ) have published curves 
illustrating how the rate of absorption of the solar radiation varies with altitude. 
From these it can be deduced that p is about 0 * 45 . Hence it can be seen from (25) that 
X is of order 8 . This corresponds to a level of given molecular oxygen concentration 
rising a distance 2 * 1 H( 02 ) from summer to winter. The change in the altitude of the 
E layer itself should therefore be about 3 * 3 jff( 02 )km., that is (taking J?( 02 ) to be 
3*2 km. as before) about 11 km. In view of the many simplifications introduced 
this is in not unreasonable agreement with the observed 14 km. 

Little need be said regarding the diurnal and latitudinal variations. The smallness 
of the altitude changes in the former (cf. Hulburt 1939 ) would, however, seem to 
favour theory B. As far as the latter is concerned measurements at various stations 
yield altitudes ranging from as low as 100 km.to as high as 140 km. (cf.Hulburt 1939 ), 
which would suggest a great scale height; but this must be treated with reserve, since 
the published results are not always strictly comparable due to different criterion 
being adopted; and of course the O-O 2 distribution depends on the latitude. An 
investigation on both variations specifically designed to obtain information re¬ 
garding the scale heights would be valuable. 

Spectroscopic observations 

Finally, the spectroscopic observations have to be considered. Theories A and B 
have a very distinctive difference; on the former only 0 ^ ions are produced, but on 
the latter 0 + ions and (more important) ions are also produced at rates which 
may be presumed to be approximately proportional to the fractional concentra¬ 
tions of the parent neutral particles. If the number of ions/cm.® at the maximum 
of the layer during twilight is denoted by n^jE(t)i'^z)> for a Chapman distribu¬ 
tion* the total number/cm .2 column is given by {27rexp(l)}*H7ijyj^(^)(N^) which 
reduces to 4 :•lff 7 ^^^(^)(N^). Now in §3*4 it was shown that this same number is 
normally less than 2 x 10 ®. Hence 

) < 5 X 10®/£r/cm.® < 5 X 10®/cm.®, 

with H as usual taken to be 10 km. The total ion concentration at the maximum of 
the layer just after sunset is about 2x 10^/cm.®—some 40 times greater than the 
limit just deduced. Theory A is obviously in no difficulty. There is some doubt, 
however, as to whether the comparative rarity of the N^ ions can be reconciled with 
theory B. It is clearly important to investigate this. Assuming the theory to be 
valid the rate of production of N^ ions along a line of observation elevated at an 

* The actual distribution is unknown, but the error introduced by assuming it to be Chapman¬ 
like is not serious. 
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angle ^ above the horizon can be computed for any given solar depression a by naing 
the formulae in § 3’1. If in the region concerned the nitrogen remains mainly mole¬ 
cular as -would seem reasonable from the investigations of Hfl.T a.Tig { 1945 ) t. hen -with 
a = 12 -^° and ^ = 20 ° (which are sufficiently representative values) it can be sho-wn 
that the production rate attains a maximum of order 5 /cm.®/seo. at an altitude of 
some 200 km. Because of the lower electron density, dissociative recombination 
( 21 ) is relatively less important than in the F layer and is probably insufficient to 
maintain the equihbrium number of ions at 5 x 10®/cm.®. The most promising 
process is that of charge transfer 

N^-t- 0 ->N 2 + 0 +. (26) 

Taking the oxygen atom concentration to be about 6 x 10 ’^®/om.®, it can be seen 
that for the ions to be removed rapidly enough the associated coefficient y must 
be at least 2 x 10“^®cm.®/sec. The somewhat meagre information available from 
theoretical and experimental studies of charge transfer collisions do not exclude this 
value. However, account must be taken of the fact that the flash'is sometimes 
emitted strongly from the neighbourhood of the 100 km. level. On such occasions 
the concentration must increase to 6 x 10®/om.® or more (cf. § 3-4 for basic data). 
It is at least plausible to assume that incident charged particles are responsible for 
the additional ionization (cf. § 2 ). These must be a weak source compared -with the 
normal solar electromagnetic radiation, as otherwise the remarkable regularity of 
the E layer could not be preserved, and, furthermore, the negative band system 
would appear prominently in the night-sky hght;* it is difficult to fix an upper limit 
to the total rate of ion production permissible, but perhaps 30/cm.®/seo. is a reason¬ 
able pro-visional figure to adopt,f with the same assumptions as in theory B the 
number of ions formed is therefore 20 /om.®/sec. or less. Now the N^ ions are 
constantly being lost through charge transfer collisions -with oxygen atoms. Since 
the concentration of these latter at the level concerned is about 2 x 10 ^®/cm.®, it 
can be seen that unless the coefficient is lower than 2 x 10 -“om.®/seo. the required 
concentration of ions cannot be established.| In -view of this, the demand of 
theory B that y be greater than 2 x 10 -^®/om.®/seo. is clearly unacceptable. 

While the simple argument that has been given certainly favours the exclusion 
of theory B it should not be regarded as conclusive. By making certain hypotheses 
regarding the variation of the composition of the atmosphere -with altitude and 
introducing in the upper regions alternative loss processes such as 

N 2 +- 1 -N->N 2 - 1 -N-^, (27) 

-with assumed high rate coefficients it is possible to remove the discrepancy. Pro¬ 
posals so conjectural do not, however,- justify lengthy development at present. An 
investigation on the effectiveness of charge transfer collisions should assist in 

♦ Vide infra. 

t For comparison it may be noted that at midday is about 220/cm.*/sec. 

j As can readily be verified if 7 is as great as 2 x 10““ om.*/see. and ions formed near the 
maximum of the layer during the day would rapidly disappear after sunset. This is why attention 
is confined to the high levels that continue to be reached by ionizing radiation. That 7 is of such 
a magnitude is, however^ uncertain (of. § 6). 
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clarifying the issue. It would also be of value to have proper information on the ratio 
of the intensities of the flash when strong and when feeble or apparently absent. 
The value of this ratio has throughout been taken as 10, which is thought to be an 
underestimate —if it should prove to be a gross underestimate theory B would 
become difficult to sustain. 

To summarize, it may be said that the various aspects of the layers that have been 
discussed do not, unfortunately, enable any final decision to be reached at present 
as to whether it is theory A or theory B that is correct; but the former seems to be 
rather more favoured than the latter. When further evidence in the directions that 
have been indicated becomes available it may be possible to form some definite 
conclusion—^though it must be borne in mind that overlooked subordinate effects 
can readily cause a misinterpretation of the detailed properties of any upper atmo¬ 
spheric phenomena. 

5. The nioht-sky light 

It has been suggested by Mitra (1943) and Ghosh (1943) that-the emission of the 
nitrogen-band systems from the upper atmosphere during the night arises from 
recombination of the charged particles in the ionosphere. This view has recently 
been criticized by Bates (1948), but the whole subject is so complex and imperfectly 
understood that it is perhaps worth drawing attention to the fact that the present 
inv^tigation provides more conclusive evidence than any previously available that 
some other source must be sought. Thus it has been shown in § 3*4 that just after 
sunset the total number of Nf ions/om.^/column is normally not more than 2 x 10^. 
Even neglecting loss by process (21), (26) and (27) (which cannot yield band emis¬ 
sion), it is apparent that this number is totally inadequate to account for the 
observed intensity. Consider, for example, the Vegard-Kaplan system alone, and 
suppose that in^ the course of a night one-half of the ions contribute to the thirty 
individual bands of it that have been reported by Oabaimes & Dufay (1946). It can 
readily be seen that the maximum average rate of photon emission in each could 
only be about lO^/cm.^ column/seo. which, of course, is far below what is required. 

To account for the occasional great prominence of the twilight flash it was sug¬ 
gested in §2*1 that additional ions might be produced by incident charged 
particles. Now these presumably might enter the earth’s atmosphere during dark¬ 
ness. It is of interest therefore to investigate whether they could make an appreciable 
contribution to the true nocturnal emission. The ionization rate used in § 4*2’*' was 
30/om.®/sec., which corresponds to about 10®/cm.^ column/sec. The photon intensity 
resulting from excitations would be expected to be comparable and would thus be 
observable—^indeed, it should be possible to detect the emission associated with 
a considerably smaller ionization rate. Among the radiations that would arise would 
be bands of the negative system of nitrogen. As mentioned in § 1 there is some evi¬ 
dence for the sporadic appearance of these. It would be a useful check if a correlation 
could be established between their intensity in the twilight flash and their intensity 
in the night-sky spectrum proper. Data on the maximum absolute magnitude of 

* It will be recalled that this ionization rate was chosen solely to satisfy theory B as far as 
possible; the actnal ionization rate may be less by an order of magnitude. 
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their intensity in this latter ■would also be ■valuable, as it would give a guide ■to the 
maximum ionization ra^te which in t^um would enable a proper upper limit ■to be 
attached to y, the coefficient associa^ted ■with process (26). If this sho^uld prove ■to be 
much smaller than the 2 x 10~^®cm.*/sec. adopted in §4‘2 (as might well happen) 
then even at low levels the day produced ions would disappear so slowly that 
theory B would encounter difficulties additional to those already mentioned. These 
could not be avoided by the elaborations that were proposed in connexion with the 
problem of the disappearance of the ions formed during twilight at high levels. 

6. Sunlit auror a e 

Sunlit aurorae are basically very similar to the twilight flash. Their remarkable 
brilliance is due to the incoming corpuscles sensitizing the atmosphere by producing 
along their track Nj'" ions which, under the influence of the solar radiation, become 
powerful sources of the negative bands. The high degree of the sensitization that 
must occur can readily be demonstrated. Consider first the photon emission Iq that 
results from the simultaneous ionization and excitation of nitrogen molecules. Once 
equilibrium is established the total rate of formation of ions must equal their 
recombination rate.* Now only a fraction of the Nf ions would initially be in the 
B state. Hence Iq must be less than the recombination rate; that is 

Jo<a7i(e)«.(N^)/cm.®/sec., (28) 

where a is the recombination coefficient between electrons and N^ ions, and the 
ji’s represent their concentrations. For resonance excitation the photon emission 

simply by 4 _ J>„(NJ-)/om.*;se»., (29), 

P being defined in § 3'2. Thus IrIIo > {Plomle)}. (30) 

The value of P has been shown to be about 0* 13/sec.; that of a can scarcely be greater 
than 10“®/cm.®/sec. It follows that 

4 /^>{ 10 Xe)}. . ( 31 ) 

Unless n{e) is more than 1 O’/cm.® (which is a very high concentrationt)»41® therefore 
greater than Iq-, and for normal sunlit aurorae it is greater by many orders. The 
di^vided aurorae reported by S'tdrmer ( 1947 ) 'Wfill illustrate this difference between 
Ig and Iq. Above the shadow line there is a section that is rendered luminous by 
resonance excitation in the sensitized J>art of the atmosphere through which the 
auroral stream passes. Immediately below the shadow line is a dark section.arising 
because the relative inefficiency of excitation by collisions is such that at the small 
gas densities involved no detectable photon emission results. Finally, if the auroral 
s stream penetrates to levels where the gas density is sufficiently high a third section, 
luminous like the first, naturally appears. 


In conclusion, I would like ■to thank Professor H. S. W. Massey, F.Er.S., for his 
continued interest and for helpful discussions. 

* At great altitudes loss of NJ" ions by charge transfer is n^ligible. 
t It should be noted too that it is a lower limit. 
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7. Appendix 


The spontaneous transition probability associated with 
emission of the negative bands of nitrogen 

While the calculation of spontaneous transition probabilities associated with 
electronic transitions in molecules is of necessity based on simplifying assumptions, 
the pioneer work of MuUiken (1939 a) indicates that the results obtainable are 
usually not greatly in error. The fundamental quantal formulae involved are, of 
course, the same as in the corresponding atomic problem. Regarding the nuclei 
as jSxed the total /-value for the transition (which it is convenient to evaluate jSbrst) 
is given byf ^ ^ (A. 1 ) 

where E is Rydberg’s constant, a^ is the radius of the first Bohr orbit, A is the wave¬ 
length of the radiation' absorbed and D is the dipole moment factor. 


J^X,(r)SrX;(r)(Zr 


(A. 2 ) 


Xf and X^ being respectively the initial and final normalized electronic wave func¬ 
tions and r the electronic position.vector. Numerical substitution yields 




(A. 3) 


with A now in Angstrom units and D in atomic units. A, the spontaneous transition 
probability, is related to the /-value byf 


A = 


mcX^ 


fseo.-\ 


(A. 4) 


m, c and e having their standard significance. This at once gives 


A = 


6-6 X 101®/ 

A2 


sec.~i, 


(A. 5) 


A as in (3) being in Angstrom units. 

For the transition under discussion the ground state X has the confilguration 
EX((rg2s)^(or„2s)^(n„S^)*(crg2p), and the excited state 5 ^ 2 + has (at moderate 
intemuclear separation) the configuration ZZ(cr^ 2 s) 2 (cr„ 2 s) (of. 

Mu Uik en 1932 ). Neglecting the molecular orbitals not taking any active part, the 
transition may be regarded simply as 


{cr„ 2s)2 {p-g 2 p) - {cr^ 2s) {o-g 2p)K (A. 6 ) 

By writing the wave functions in their determinental form it can be seen that tkia 
can be further reduced to 

(<r^2s)-{(rg2p). (A. 7 ) 

t The orbital degeneracy factors are omitted as in the transition considered here they eaual 
umty. 
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The wave functions of the (o\, 2s) and 2 jp) molecular orbitals can be approximately 
represented by suitable linear combinations of atomic wave functions. Following 
the usual procedure we have 

XK 2s 1 r) = {$5(2,0,0, ^ 1 r) - ^(2,0,0, .8 ] r)}/2i(l - 8(2.0,0))*, (A. 8) 

■ X(<r„2p 1 r) = 1,0, A [ 1,0,5 ] r)}/2i(l - 8(2,1,0))i. (A. 9) 

Here the ^’s are the normalized atomic wave functions with principal, azimuthal 
and magnetic quantum numbers n, I and m respectively as indicated, and with the 
nucleus to which they are referred, denoted by the letters A and B. The 8 ’s which 
are introduced in the normalization are the overlap integrals given by 

8(n, l,m) = j <j>{n, l,m,A\ r) <f>{n, l,m, B | r) dr. (A. 10) 

Substitution of (A. 8 ) for and (A. 9) for Xf in (A. 2 ) gives 

D = {P(2,0,0; 2,1,0) - T{2, 0,0; 2,1,0)}2/{l - 8(2,0,0)}{1 - 8(2,1,0)}. (A. 11) 

where P(2,0,0; 2,1,0) = J 55(2,0,0,A ] r)r?5(2,1,0, A [ r)dT 

^ = J^ 9 i( 2 ,0,0, PI r) 1.0, P j r) dr (A. 12 ) 

and P(2,0,0;2,1,0)=J $5(2,0,0A lr)r$5(2,l,0,P|r)dT 

= J ^6(2,0,0,Plr)r?5(2,l,0,Alr)dT. (A. 13) 

To complete the numerical work it is necessary to choose some form for the atomic 
wave functions. Two different approximations were taken: 

I. Slater type functions with effective nuclear charge 4‘08e. 

II. Hartree-Fock type functions (as calculated by Brown, Bartlett & Dunn 1933 ) 
fitted by exponentials. 

The first of these approximations is probably too compact and the second too 
diffuse. 

Using the ^’s as described the evaluation of P can be carried out immediately. 
The evaluation of the /S’s and of T requires the introduction of elliptic co-ordinates 
and leads to rather cumbersome expressions which need not be given here; the 
internuclear distance appears explicitly and was taken to be 1*117 x 10“®cm., the 
value for the ground state (from Herzberg 1939 ). Table A. 1 gives the magnitude of 


8 ( 2 , 0 , 0 ) 

8 ( 2 , 1 , 0 ) 
F(2,0,0; 2,1,0) 
T(2,0,0; 2, 1,0) 


Table A. 1 

approximation I 
(atomic units) 

+ 0-41 
- 0-33 
- 1 - 0*71 
+ 0*21 


approximation II 
(atomic units) 

+ 0*44 
- 0*23 
+ 0*82 
+ 0*27 



588 


D. R. Bates 


the various integrals as iSnally coraputed. From these the dipole moment factors D 

and the/-values can be derived using (A. 11) and (A. 3). They are given in table A. 2 

with, in addition (under approximation III), the results obtained if it is assumed 

that the configuration ofN^(J52S+) is i:Z(cr^25)2(cr^25)2(7r«2^)^((r^2p) (which is 

probably true at large intemuclear separation (cf. Mulliken 193^)) that the 

transition is essentially , / a i ^ x 

(cr^2p)-(cr^2p), (A. 14) 

and thus is of the resonance type for which, as Mu l li k en (i939^) pointed out, 
D is given by the simple expression 

(r,/2)^/{l->S(2,1,0)2}. (A; 15) 

Approximation TTT should be given less weight than approximations I and II. 

Table A. 2 

approximation I approximation II approximation III 

D (atomic units) 0*32 0*44 1*22 

jf-value* 0*025 0*034 0*096 

* In calculating the/-values A was taken to be 3914 A (vide infra), 

No experimental determination of the/-value associated with the negative bands 
has been made, but White (1940) has carried out quantitative work on the corre¬ 
sponding system of the cyanide radicle (which is isoelectronic with the nitrogen 
molecular ion). Briefly, his experiment consisted of measuring the amount of band 
absorption produced by the cyanide radicles formed through the complete dissocia¬ 
tion, by means of an electrical discharge, of the cyanogen molecules in a cyanogen- 
argon mixture. Careful consideration was given to the timing. The/-value obtained 
was 0-026. White stressed that this should be treated as a lower limit, since it was 
possible that some of the cyanide radicles themselves might be dissociated. He 
suggested that the correct figure might be several times greater, perhaps about 0* 1. 
In a further experiment he investigated the thermal equilibrium of (CN)2^2CN 
by determining the CN concentration from the band absorption. He was able to 
derive in this way the dissociation energy of (CN) 2 . The figure reached naturally 
depends on the/-value assumed. Because of the uncertainty in his measurements 
of this quantity he was only able to show that the dissociation energy must lie 
between 138 and 152kcal. The correct figure is stiU uncertain, and White’s result was 
the subject of some criticism at the time by Herzberg (1942) and by Robertson & 
Pease (1942). However, it is satisfactory to note that 140kcal. (which is within the 
range given) is favoured by Gaydon (1947) in his recent critical survey of the 
position. It may be remarked that the/-value which, ydth the equilibrium data of 
White, yields this dissociation energy is 0*035. Too much significance should not, 
however, be attached to this. Some further evidence on the CN tranktion is provided 
by the work of Roach (1939) on the abundance of molecules in the solar atmosphere. 
While not sufficient to enable the/-value to be estimated this at least supports the 
view that it is not abnormally low. 
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Returning to Nf, the data given above suggests that the/-value for the negative 
bands is about 0*04 (within perhaps a factor of three either way). For the purpose of 
the present investigation it is important to consider whether there is any possi¬ 
bility that the true/-value is actually several orders smaller. This might be the case 
if (i) the normally accepted electron configuration of either of the two states involved 
were erroneous or if (ii) there were gross cancellation in the transition integral (as 
occurs, for example, in that associated with the photo-ionization of atomic potas¬ 
sium (Bates 1947 )). (i) seems unlikely on general grounds, and (ii) can probably be 
excluded, as it would result in the dipole moment being very sensitive to the inter- 
nuclear distance, which would make calculations on the relative intensities of the 
individual bands inaccurate if carried out to the usual degree of approximation 
(based on the Franck-Condon principle), whereas the results of such calculations 
are, in fact, in fair agreement with observation (Bates 1949 ). ^ 

With an/-value of 0-04 it can be seen from (A. 5) that A, the spontaneous transi¬ 
tion probability, is 1-7 x lO'^sec.”'^; the radiative Jifetime r corresponding to this is 
6 x 10 ~®sec.* A and r are not, of course, true constants of the system (they are 
functions of the and A^/^’s of the individual bands); in using the equations given 

at the beginning of this appendix and taking the wave-length A appearing in them 
to be 3914 A, it is implicitly assumed that the vibrational energy is negligible com¬ 
pared with the electronic energy which is not strictly the case. The related quantity 
G (defined in the main text) does not, however, depend on this approximation. Its 
value is given simply by the formula 

Q = X 10~24sec.2 (A. 16) 

«= {X^Ajc^} X lO-^^sec.^, (A. 17) 

both A^/j and A being in Angstrom units. Numerical substitution at once gives G to 
be 3*8 X 10"®®seo.2. 
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